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8Xk .ys T?QiQ@>HH J2bm`2K2Mib X X X X X X X X X X X X X X X X X X X X X NN
8XkXR oM@/2`@Smr T?QiQ@>HH K2bm`2K2Mi X X X X X X X X X X X X NN
8XkXk .ys Hb2` TQr2` BM~m2M+2 QM +``B2` /2MbBiv M/ KQ#BHBiv X RyR
*QMi2Mib As
8Xj AM~m2M+2 Q7 K;M2iB+ }2H/ M/ bi`BM QM i?2 .ys i`MbBiBQM X X X X Rye
8XjXR .ys i`MbBiBQM 2M2`;v X X X X X X X X X X X X X X X X X X X X X Rye
8XjXk S?QbT?Q`mb .ys i`MbBiBQMb K2bm`2/ BM  k3aB 2TBHv2` X X X Ryd
8X9 .ys ?vT2`TQH`BbiBQM Q7 i?2 2H2+i`QM bTBM X X X X X X X X X X X X X X RRR
8X9XR SQH`BbiBQM T`Q+2bb X X X X X X X X X X X X X X X X X X X X X X RRR
8X9Xk 1a_ K2bm`2K2Mi Q7 i?2 /QMQ` TQH`BbiBQM X X X X X X X X X RRj
8X9Xj SQH`BbiBQM /vMKB+b M/ TQH`BbiBQM /2;`22 X X X X X X X X RRj
 $BQBDJUJWF EPOPS CPVOE FYDJUPO NFBTVSFNFOUT 
eXR 1tT2`BK2MiH b2imT X X X X X X X X X X X X X X X X X X X X X X X X X X X Rky
eXk *T+BiBp2 K2bm`2K2Mi Q7 i?2 bKTH2 +QM/m+iBpBiv X X X X X X X X X Rkj
eXkXR AMi2`T`2iiBQM Q7 i?2 +T+BiBp2Hv K2bm`2/ T?QiQ+QM/m+iBp@
Biv bB;MH X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rk9
eXkXk MHvbBb Q7 i?2 2ti`+i2/ bKTH2 +QM/m+iBpBiv X X X X X X X X Rke
eXkXj *QM+HmbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X RkN
eXj *Q?2`2M+2 iBK2 HBKBib Q7 T?QbT?Q`mb BM bBHB+QM X X X X X X X X X X X X Rjy
eXjXR J2bm`2K2Mi i2+?MB[m2 X X X X X X X X X X X X X X X X X X X X RjR
eXjXk .ys bT2+i`mK- KB+`Qrp2 i`MbBiBQM M/ _#B /`Bp2 X X X X Rjk
eXjXj *Q?2`2M+2 iBK2 X X X X X X X X X X X X X X X X X X X X X X X X X Rjj
eXjX9 *QM+HmbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X Rje
eX9 .QMQ` bii2 iQKQ;`T?v #2vQM/ i?2 Tm`2@bii2 TT`QtBKiBQM X X X Rj3
eX9XR ZmMimK bii2 iQKQ;`T?v M/ 2+?Q@#b2/ iQKQ;`T?v b2@
[m2M+2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rj3
eX9Xk S`BM+BTH2 Q7 .ys@bbBbi2/ bii2 iQKQ;`T?v Q7 .y bTBMb X X X R9y
eX9Xj 1tT2`BK2Mi X X X X X X X X X X X X X X X X X X X X X X X X X X X R98
eX9X9 "b2HBM2 T`Q#H2K M/ TQbbB#H2 bQHmiBQM X X X X X X X X X X X X R8R
eX9X8 *QM+HmbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X R8j
 #PVOE FYDJUPO NFBTVSFNFOUT JO TJMJDPO EFWJDFT 
dXR aTBM `2/Qmi BM k3aB /2pB+2b X X X X X X X X X X X X X X X X X X X X X X R8d
dXRXR a2imT- .ys bT2+i`mK M/ TmHb2 b2[m2M+2 X X X X X X X X X X X R8d
dXRXk _#B Qb+BHHiBQMb M/ +Q?2`2M+2 iBK2 X X X X X X X X X X X X X R8N
dXRXj amKK`v M/ b2MbBM; TTHB+iBQMb X X X X X X X X X X X X X X R8N
dXk h`MbTQ`i BM MYMMY bi`m+im`2b i 9E X X X X X X X X X X X X X X X X X ReR
dXkXR .2pB+2- #M/ bi`m+im`2  2tT2`BK2MiH `2bmHib X X X X X X X X ReR
dXkXk a?HHQr /QMQ` BKT+i BQMBxiBQM `2;BK2 X X X X X X X X X X X Re9
dXkXj S?QiQ@2KBbbBQM Qp2` i?2 #``B2` X X X X X X X X X X X X X X X X Red
s *QMi2Mib
dXkX9 *QM+HmbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X Rdy
dXj a+MMBM; T?QiQ+m``2Mi KB+`Qb+QTv X X X X X X X X X X X X X X X X X X RdR
dXjXR a2imT M/ /2pB+2 X X X X X X X X X X X X X X X X X X X X X X X X RdR
dXjXk 1tT2`BK2Mi X X X X X X X X X X X X X X X X X X X X X X X X X X X Rd9
dXjXj .Bb+mbbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rdd
dXjX9 *QM+HmbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X R3y
dX9 1H2+i`B+ }2H/ /2T2M/2M+2 Q7 i?2 .ys i`MbBiBQM X X X X X X X X X X X X R3R
dX9XR h?2Q`2iB+H i`2iK2Mi X X X X X X X X X X X X X X X X X X X X X R3R
dX9Xk 1tT2`BK2MiH `2bmHib X X X X X X X X X X X X X X X X X X X X X X R3j
dX9Xj *QM+HmbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X R3d
 $PODMVTJPO BOE GVUVSF XPSL 
3XR amKK`v X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R3N
3Xk 6mim`2 `2b2`+? /B`2+iBQMb X X X X X X X X X X X X X X X X X X X X X X X RNk
"QQFOEJDFT 
" 'BCSJDBUJPO MPHCPPL PG %9%&7 EFWJDFT 
# %9 öEFMJUZ JO UIF TUSPOH FYDJUBUJPO MJNJU 
$ %FUBJMT PG UIF OOO SFTJTUPS TJNVMBUJPOT 
% 4DBOOJOH QIPUPDVSSFOU NJDSPTDPQZ EFQFOEFODJFT 
#JCMJPHSBQIZ 
$IBQUFS 
*OUSPEVDUJPO
aBHB+QM ?b #22M i i?2 7Q`27`QMi Q7 i2+?MQHQ;B+H M/ 2H2+i`QMB+ BMMQpiBQM Qp2`
i?2 Hbi ?H7 +2Mim`vX h?Bb T`2/QKBMM+2 bi`i2/ rBi? i?2 /2p2HQTK2Mi Q7 bBHB+QM
JPa61h i`MbBbiQ`b BM i?2 2`Hv RNeyb (R)- `Qm;?Hv  /2+/2 7i2` i?2 `2HBxiBQM
Q7 i?2 }`bi bQHB/ bii2 i`MbBbiQ` #v CQ?M "`/22M- qHi2` "`iiBM- M/ qBHHBK
a?Q+FH2v BM RN9d i i?2 "2HH G#Q`iQ`B2bX aBM+2 i?2M- bBHB+QM@#b2/ +QKTmiBM; ?b
7m2HH2/ M biQMBb?BM; ǵ.B;BiH _2pQHmiBQMǶ rBi? i?2 /2p2HQTK2Mi Q7 ?QK2 +QKTmi2`b-
KQ#BH2 T?QM2b M/ i?2 rQ`H/ rB/2 r2#X h?2 M2r i2+?MQHQ;B2b 7m`i?2`KQ`2 +mb2/ 
b?B7i iQr`/b  /i@/`Bp2M H#Qm` K`F2i M/ M BM7Q`KiBQM@?mM;`v bQ+B2iv- r?B+?
+QBM2/ i?2 i2`K ǵAM7Q`KiBQM ;2Ƕ 7Q` i?2 T2`BQ/ 7`QK i?2 Hi2 RNdyǶb mT iQ iQ/vX
hrQ bT2+ib Q7 i?2 AM7Q`KiBQM ;2 ?p2 2bT2+BHHv ?B;?HB;?i2/ i?2 +T#BHBiB2b
Q7 bBHB+QM, 6B`bi- i?2 2p2`@BM+`2bBM; /2KM/ 7Q` +QKTmiiBQMH TQr2` 7Q` /i@
T`Q+2bbBM; M/ bBKmHiBQM H2/ iQ i?2 KQbi@`2K`F#H2 /pM+2b BM i`MbBbiQ` M/
T`Q+2bbQ` /2bB;MX  KBMBim`BbiBQM T`Q+2bb iQQF TH+2 i?i br  /Qm#HBM; Q7
i`MbBbiQ` /2MbBiv 2p2`v irQ v2`b UJQQ`2Ƕb HrV Qp2` KQ`2 i?M 7Qm` /2+/2bX
Ai Bb 2pB/2Mi i?i JQQ`2Ƕb Hr +M MQi T`Q+22/ BM/2}MBi2HvX qBi? i?2 BMi`Q/m+iBQM
Q7 i?2 Ry MK 7#`B+iBQM MQ/2 BM kyRd (k)- /2pB+2 /BK2MbBQMb `2 `TB/Hv TT`Q+?BM;
i?2 /BK2MbBQMb Q7 /QMQ` rp27mM+iBQMbX Ai Bb 2tT2+i2/ i?i i?2 +HbbB+H Hrb Kv
MQ@HQM;2` TTHv 7mHHv M/ i?i [mMimK K2+?MB+H 2z2+ib rBHH THv M BM+`2bBM;Hv
#B; `QH2X .m2 iQ biiBbiB+H bT2+ib Q7 /QMQ` TH+2K2Mi- i?Bb Bb 2tT2+i2/ iQ H2/ iQ
;`2i2` p`BiBQM BM i`MbBbiQ` +?`+i2`BbiB+b M/  ?B;?2` `i2 Q7 /272+i i`MbBbiQ`b
QM  +?BTX
h?2 b2+QM/ bT2+i- r?B+? Bb bQK2iBK2b Qp2`b?/Qr2/ #v i?2 bi2HH` BKT`Qp2K2Mib
BM +QKTmiiBQM TQr2`- Bb i?2 [m2bi Q7 i?2 AM7Q`KiBQM ;2 iQ ;i?2` ++m`i2 /i-
BX2X i?2 BM+`2bBM; /2KM/ 7Q` b2MbBM; TTHB+iBQMbX >2`2- iQQ- bBHB+QM THvb M
BKTQ`iMi `QH2 rBi?  p`B2iv Q7 b2MbQ`b- r?B+? Bb T`iHv /m2 iQ /pM+2/ bBHB+QM
7#`B+iBQM K2i?Q/b bm+? b KB+`QK+?BMBM;- M/ H`;2Hv /m2 iQ i?2 BMi`BMbB+ +QK@
TiB#BHBiv Q7 bBHB+QM b2MbBM; /2pB+2b rBi? BMi2;`i2/ +B`+mBib iQ T2`7Q`K- 2X;X- QM@+?BT
R
k *?Ti2` R AMi`Q/m+iBQM
b2MbQ` +HB#`iBQM rBi? `2bT2+i iQ /`B7i BM i?2 QmiTmi bB;MH Q` i?2 #BHBiv iQ T`QpB/2
#mb bvbi2KbX h?Bb HHQrb 7Q` ?B;?Hv BMi2;`i2/ b2MbBM; +?BTb- rBi? b2MbQ`b /2p2HQT2/
7Q` K2+?MB+H TTHB+iBQMb U++2H2`QK2i2`b- ~Qr  T`2bbm`2 b2MbQ`bV- `/BiBQM /2@
i2+iBQM U**.b- pHM+?2 /BQ/2bV- i?2`KH b2MbBM; b r2HH b K;M2iB+ }2H/ U>HHV
b2MbBM; (j- 9)X
ZmMimK +QKTmiiBQM Bb Q7i2M T`QTQb2/ b  TQbbB#H2 bQHmiBQM iQ i?2 /QQKBM;
bi;MiBQM Q7 +QKTmiiBQM TQr2` #v i?2 7BHm`2 Q7 JQQ`2Ƕb Hr BM i?2 7mim`2X AMbi2/
Q7 i`2iBM; [mMimK K2+?MB+H 2z2+ib b  bQm`+2 Q7 2``Q`- [mMimK +QKTmi2`b BK
iQ /2p2HQT bvbi2Kb i?i KMBTmHi2 M/ 2MiM;H2 [mMimK K2+?MB+H irQ@H2p2H
bvbi2Kb U[m#BibV BM Q`/2` iQ `mM M2r ivT2b Q7 H;Q`Bi?Kb- r?B+? 72im`2 bmT2`BQ`
b+HBM; Q7 +QKTmiiBQMH /2KM/ rBi? T`Q#H2K bBx2X 6m`i?2`KQ`2- [mMimK bvbi2Kb
`2 BM+`2bBM;Hv T`QTQb2/ 7Q` b2MbBM; TTHB+iBQMb BM  p`B2iv Q7 }2H/bX AM i?2
7QHHQrBM;-  #`B27 BMi`Q/m+iBQM iQ #Qi? [mMimK +QKTmiiBQM M/ [mMimK b2MbBM;
Bb ;Bp2M M/ i?2 +m``2Mi bii2 Q7 i?2 `i M/ T`QbT2+i 7Q` bBHB+QM #b2/ bvbi2Kb Bb
/Bb+mbb2/X h?2 b2+iBQM 2M/b rBi? M QmiHBM2 Q7 i?Bb i?2bBb- r?B+? BKb iQ +QMi`B#mi2
iQ i?2 /2p2HQTK2Mi Q7  Hb2`@#b2/ K2bm`2K2Mi Q7 bBHB+QM /QMQ` bTBM [m#Bib- rBi?
TQi2MiBH TTHB+iBQMb #Qi? BM [mMimK +QKTmiiBQM M/ [mMimK b2MbBM;X
 2VBOUVN JOGPSNBUJPO QSPDFTTJOH
h?2`2 `2 b2p2`H `2[mB`2K2Mib 7Q`  [mMimK K2+?MB+H bvbi2K BM Q`/2` 7Q` Bi iQ
#2 mb2/ iQ #mBH/ M QT2`iBQMH [mMimK +QKTmi2`X h?2b2 `2 +HH2/ i?2 .BoBM@
+2MxQ +`Bi2`B (8) M/ b2p2`H [m#Bi bvbi2Kb `2 QM i?2 p2`;2 Q7 7mHH}HHBM; HH +`Bi2`B
(e)X hQ/v- `;m#Hv i?2 KQbi /pM+2/ [m#Bi bvbi2Kb `2 BQM@i`Tb (dĜN)- HBM2`
[mMimK +QKTmi2`b #b2/ QM T?QiQMb (RyĜRk) M/ [m#Bib K/2 7`QK bmT2`+QM/m+i@
BM; +B`+mibX b M 2tKTH2- 7Q` i?2 Hii2`- bBM;H2 [m#Bi ;i2- irQ@[m#Bi ;i2 M/
K2bm`2K2Mi }/2HBiB2b BM 2t+2bb Q7 NNW (Rj) 2M#H2/ i?2 /2KQMbi`iBQM Q7 #Bi@~BT
bm`7+2 +Q/2 2``Q` +Q``2+iBQM QM N [m#Bib BM  HBM2` +?BM Q7 ǳsKQMǴ [m#Bib (R9- R8)X
6m`i?2`KQ`2- i?2 }`bi bi2Tb iQr`/b +QKK2`+BHBbiBQM ?p2 bi`i2/- rBi? [mMimK
MM2HBM; +QKTmi2`b #b2/ QM bmT2`+QM/m+iBM; +B`+mBib #2BM; bQH/ #v .@qp2 M/
A"J T`QpB/BM; r2#@++2bb iQ  8@[m#Bi bmT2`+QM/m+iBM; [mMimK +QKTmiiBQM i2bi
#2/X
 4JMJDPO RVCJUT
Zm#Bib 7#`B+i2/ BM bBHB+QM ?p2 MQi v2i `2+?2/ bm+? H2p2H Q7 Kim`BivX q?BH2 KMv
/Bz2`2Mi `;mK2Mib +QmH/ #2 /Bb+mbb2/ b `2bQMb 7Q` i?Bb-  rB/2Hv ++2Ti2/ TQBMi
RXR ZmMimK BM7Q`KiBQM T`Q+2bbBM; j
Bb i?2 KQ`2 /pM+2/ 7#`B+iBQM `2[mB`2K2Mib 7Q` bBHB+QM [m#BibX *QKT`2/ iQ i?2
#Qp2 K2MiBQM2/ [m#Bi bvbi2K r?Qb2 BMi2`@[m#Bi /BbiM+2 M/ bvbi2K /BK2MbBQMb
`2 QM i?2 Q`/2` Q7 ƒK iQ KK- i?2 ?B;? 2z2+iBp2 Kbb M/ 2H2+i`B+ +QMbiMi Q7
bBHB+QM H2/b iQ "Q?` `/BB M/ [mMimK /Qi bBx2b QM i?2 MMQK2i`2 H2M;i? b+H2X
*QMb2[m2MiHv- 7#`B+iBQM T`2+BbBQM /QrM iQ i?2 MMQK2i`2 Bb `2[mB`2/- r?B+? `2M@
/2`b ibFb bm+? b +QMbBbi2Mi bBM;H2 2H2+i`QM `2/@Qmi Q` 2p2M KmHiB@[m#Bi 2MiM;HBM;
KQ`2 /B{+mHiX aiBHH- `2K`F#H2 /pM+2b ?p2 #22M +?B2p2/ Qp2` i?2 Hbi +QmTH2 Q7
v2`b- M/ i?2 ?QT2 Bb i?i- QM+2 i?2 7#`B+iBQM Bbbm2b `2 bQHp2/- i?2 [m#Bi /2MbBiv
+?B2p#H2 BM bBHB+QM Kv #2 bB;MB}+MiHv #Qp2 i?2 `BpHHBM; [m#Bi bvbi2KbX h?Bb
rQmH/ `2/m+2 i?2 bBx2 M/ +Qbi Q7  TQi2MiBH bBHB+QM [mMimK +QKTmi2`- r?B+? Kv
i?mb QmiT2`7Q`K BM i?2 HQM; `mM i?2 KQ`2 Kim`2 [m#Bi bvbi2Kb Q7 iQ/vX
hvTB+HHv irQ /Bz2`2Mi ivT2b Q7 bBHB+QM [m#Bib `2 /BbiBM;mBb?2/ě/QMQ` bTBM [m#Bib
M/ ;i2 /2}M2/ [mMimK /Qi UbTBMV [m#BibX AM #Qi? +b2b M ii`+iBp2 TQi2MiBH
7Q` QM2 UQ`  bKHH MmK#2` Q7V 2H2+i`QMb /2}M2b i?2 [m#BibX ZmMimK /Qi [m#Bib
2Bi?2` mb2 i?2 +?`;2 Q` i?2 bTBM bii2 Q7 i?2 +Tim`2/ 2H2+i`QM b i?2 [mMimK
K2+?MB+H irQ@H2p2H bvbi2K- #mi `2 MQi 7m`i?2` /Bb+mbb2/ BM i?2 +Qm`b2 Q7 i?Bb
i?2bBbX AMbi2/- i?2 `2KBM/2` Q7 i?2 b2+iBQM /Bb+mbb2b i?2 +m``2Mi bii2 Q7 i?2 `i
Q7 /QMQ` bTBM [m#BibX
 %POPS TQJO RVCJU QFSGPSNBODF
.QMQ` bTBM [m#Bib `2 T`iB+mH`Hv ii`+iBp2 bBM+2 i?2B` ivTB+H bBM;H2 2H2+i`QM bTBM
[m#Bi KMBTmHiBQM iBK2 U∼Ry MbV Bb mT iQ 2B;?i Q`/2` Q7 K;MBim/2b 7bi2` i?M i?2
#2bi K2bm`2/ [mMimK BM7Q`KiBQM biQ`;2 iBK2 U [mMiBiv FMQrM b +Q?2`2M+2
iBK2V- rBi? pHm2b 7Q` M 2H2+i`QM bTBM mT iQ #Qmi QM2 b2+QM/ (Re- Rd)X 6m`i?2`KQ`2-
HH ;`QmT@o /QMQ` BKTm`BiB2b +``v  }MBi2 Mm+H2` bTBM- r?B+?- /m2 iQ Bib bKHH2`
K;M2iB+ KQK2Mi- 72im`2b M 2p2M HQM;2` +Q?2`2M+2 iBK2 Q7 mT iQ j ? (R3)X b bm+?-
i?2 /QMQ` bTBM@bvbi2K Kv T`QpB/2 #Qi? 7bi QT2`iBQMb pB i?2 2H2+i`QM bTBM M/ M
BMi`BMBbB+ HQM;@i2`K biQ`;2 Q7 [mMimK BM7Q`KiBQM BM i?2 Mm+H2` bTBM (RN)- r?2`2
i?2 iBK2@b+H2 7Q` M 2t+?M;2 Q7 BM7Q`KiBQM #2ir22M Mm+H2` M/ 2H2+i`QM bTBM
bii2 Bb QM i?2 Q`/2` Q7 Ry ƒb Q` b?Q`i2`X AM Q`/2` iQ +?B2p2 i?2 HQM;2bi +Q?2`2M+2
iBK2b- i?2 Mm+H2` bTBM@+``vBM; kNaB BbQiQT2- r?B+? Bb 7QmM/ BM Mim`H bBHB+QM rBi?
M #mM/M+2 Q7 9XdW M22/b iQ #2 `2KQp2/ 7`QK i?2 ?Qbi HiiB+2X am+? BbQiQTB+HHv
Tm`B}2/ k3aB bm#bi`i2b ?p2 #22M `2HBx2/- 2X;X BM i?2 pQ;/`Q T`QD2+i (ky)- r?B+?
+?B2p2/ k3aB bBHB+QM +`vbiHb rBi? kNaB +QM+2Mi`iBQMb Q7 ! 8y TTKX aiBHH- iQ/v
k3aB bBHB+QM r72`b `2 ``2 M/ +M MQi +m``2MiHv #2 Tm`+?b2/ +QKK2`+BHHvX AM
MiaB- 2H2+i`QM +Q?2`2M+2 iBK2b `2 mbmHHv QM i?2 Q`/2` Q7 RKb- /m2 iQ i?2 ?B;?2`
9 *?Ti2` R AMi`Q/m+iBQM
(a)
(b)
(c) (d)
t (µs)
'JHVSF  aTBM@iQ@+?`;2 +QMp2`bBQM Q7  /QMQ` 2H2+i`QM mbBM; bTBM@/2T2M/2Mi
imMM2HBM; iQ  M2`#v bBM;H2@2H2+i`QM@i`MbBbiQ` Ua1hVX U-#V a+MMBM; 2H2+@
i`QM KB+`Q;`T? M/ 7mM+iBQM T`BM+BTH2 Q7 i?2 /2pB+2X U+V aTBM@/2T2M/2Mi
imMM2HBM; T`BMB+TH2 iQ i?2 M2`#v `2b2`pQB` U?2`2 i?2 a1hV r?B+? H2/b iQ
i?2 +Q``2bTQM/BM; +m``2Mi i`+2b Q7 U/VX AK;2b `2T`Q/m+2/ 7`QK (kj)X
K;M2iB+ }2H/ MQBb2 7`QK i?2 kNaB Mm+H2` bTBM- 2t+2Ti 7Q` QT2`iBQM Q7 i?2 /QMQ`
bTBM bvbi2K i K;M2iB+ }2H/ BMb2MbBiBp2 TQBMib- r?2`2 +Q?2`2M+2 iBK2b > RyyKb
+QmH/ #2 `2+?2/ U(Rd)  *?X jX9X9VX
h?2 K2MiBQM2/ +Q?2`2M+2 iBK2b `2 pHm2b 7Q` 2Mb2K#H2b Q7 /QMQ`b BM i?2 #mHFX
q?BH2 bm+? 2Mb2K#H2 bTBMb Kv ?p2 TTHB+iBQMb b [mMimK K2KQ`v BM ?v#`B/
b+?2K2b rBi? bmT2`+QM/m+iBM; `2bQMi2`b (kR)- [mMimK +QKTmiiBQM `2HB2b QM i?2
KMBTmHiBQM- 2MiM;H2K2Mi M/ K2bm`2K2Mi Q7 bBM;H2 2H2+i`QM bTBMbX .m2 iQ i?2
bKHH K;M2iB+ KQK2Mi-  /B`2+i K;M2iB+ K2bm`2K2Mi Q7 i?2 bTBM@bii2 Bb 2t@
i`2K2Hv /B{+mHi M/ ?2M+2 i?2 bBM;H2 2H2+i`QM bTBM@K2bm`2K2Mi `2HB2b ivTB+HHv QM
i?2 bTBM@/2T2M/2Mi +`2iBQM Q7  +?`;2- r?B+? Bb FMQrM b bTBM@iQ@+?`;2 +QMp2`@
bBQMX h?2 }`bi /2KQMbi`iBQM Q7 i?Bb T`BM+BTH2 ?b #22M `2HBx2/ rBi? bTBM@/2T2M/2Mi
imMM2HBM; BM  :b [mMimK /Qi (kk) M/ i?2 bK2 T`BM+BTH2 ?b Hi2` #22M /QTi2/
#v JQ`2HHQ 2i HX 7Q` i?2 K2bm`2K2Mi Q7  bBM;H2 /QMQ` 2H2+i`QM bTBM (kj) BM bBHB+QMX
h?2 T`BM+BTH2 Bb /2TB+i2/ BM 6B;X RXRX i i?2 iBK2 BM i?2 [mMimK H;Q`Bi?K
i r?B+? i?2 [m#Bi `2/Qmi Bb /m2- i?2 w22KM@bTHBi /QMQ` bii2b |↑⟩ M/ |↓⟩ `2
imM2/ #v M 2H2+i`B+ ;i2 iQ HB;M #Qp2 M/ #2HQr i?2 2M2`;v H2p2H Q7  M2`#v
2H2+i`QM `2b2`pQB`X .2T2M/BM; QM i?2 bTBM@bii2- i?2 2H2+i`QM /Q2b U|↑⟩V Q` /Q2b
MQi U|↓⟩V imMM2H iQ i?2 2H2+i`QM `2b2`pQB`- i?2`2#v BQMBxBM; i?2 /QMQ` /2T2M/BM; QM
i?2 bTBM@bii2X h?2 BQMBx2/ /QMQ` BM im`M +?M;2b i?2 2H2+i`QbiiB+b Q7  M2`#v
+?`;2 /2i2+iQ` U?2`2 i?2 bK2 bBM;H2 2H2+i`QM i`MBbiQ` Ua1hV M/ ;Bp2b `Bb2 iQ 
+m``2Mi bTBF2 i?`Qm;? i?2 +?`;2 /2i2+iQ` mMiBH M 2H2+i`QM imMM2Hb #+F 7`QK i?2
`2b2`pQB` iQ i?2 /QMQ` |↓⟩ bii2 M/ M2mi`HBx2b BiX PTiBKBbiBQM Q7 i?Bb `2/@Qmi
b+?2K2 Qp2` i?2 Tbi 72r v2`b (k9- k8) ?b Tmb?2/ i?2 K2bm`2K2Mi }/2HBiv iQ
pHm2b Q7 NdW 7Q` i?2 2H2+i`QM bTBM M/ NNXNN8W 7Q` i?2 Mm+H2` bTBM (ke)X .m`BM;
RXR ZmMimK BM7Q`KiBQM T`Q+2bbBM; 8
i?Bb QTiBKBbiBQM T`Q+2bb- KB+`Qrp2 bi`BT HBM2b M/  k3aB bm#bi`i2 ?p2 #22M
BM+Q`TQ`i2/ M/ Bi ?b #22M b?QrM i?i i?2 ;QQ/ [m#Bi T2`7Q`KM+2 BM i?2 #mHF
+QmH/ #2 KBMiBM2/ BM MMQ@/2pB+2b +HQb2 iQ i?2 BMi2`7+2 M/ 2H2+i`B+ ;i2bX aBM;H2
[m#Bi +QMi`QH }/2HBiB2b Q7 NNXN8W UNNXNNWV +QmH/ #2 +?B2p2/ (kd)- rBi? +Q?2`2M+2
iBK2b #2ir22M RKb iQ 8eyKb UkyKb iQ j8 bV /2T2M/BM; QM i?2 2t+i /vMKB+H
/2+QmTHBM; b2[m2M+2 mb2/ 7Q` i?2 2H2+i`QM UBQMBb2/ Mm+H2`V bTBM (ke)X
AM Q`/2` iQ 2Mbm`2 bTBM@b2H2+iBpBiv Q7 i?2 imMM2HHBM; T`Q+2bb- i?2 w22KM bTHBi@
iBM; M22/b iQ #2 bB;MB}+MiHv H`;2` i?M i?2 2H2+i`QM i2KT2`im`2 Q7 i?2 `2b2`pQB`X
h?Bb `2bi`B+ib i?2 b+?2K2 iQ T ≈ RyyKE M/ ?B;? K;M2iB+ }2H/b U> RhVX b
`2HtiBQM iQr`/b i?2`KH 2[mBHB#`BmK U+?`+i2`Bx2/ #v T1V #2+QK2b BM+`2bBM;Hv
KQ`2 2{+B2Mi iQr`/b ?B;? K;M2iB+ }2H/b UT1 ∝ B−4V- ?B;? K;M2iB+ }2H/b ?p2
i?2 TQi2MiBH iQ /2+`2b2 i?2 [m#Bi T2`7Q`KM+2 U+7X *?X jX9X9XRVX 6m`i?2`KQ`2- Bi Bb
[m2biBQM#H2 B7 2H2+i`QM i2KT2`im`2b BM i?2 KE `M;2 +M #2 KBMiBM2/ r?2M b+H@
BM; mT i?2 bvbi2K iQ i?QmbM/b M/ KBHHBQMb Q7 [m#Bib rBi? 2+? i?2B` QrM +QMi`QH
2H2+i`QMB+bX
MQi?2` T`Q#H2K Q7 i?2 bTBM@/2T2M/2Mi imMM2HHBM; `2/Qmi b+?2K2 +QmH/ `Bb2
7`QK i?2 2tTQM2MiBH /2T2M/2M+2 Q7 i?2 imMM2HHBM; `i2 QM i?2 /BbiM+2 #2ir22M
/QMQ` M/ 2H2+i`QM `2b2`pQB`X AM ivTB+H [mMimK +QKTmiiBQM b+?2K2b- i?2 `2/@Qmi
iBK2@b+H2 ?b  `2HiBp2Hv M``Qr rBM/Qr, PM i?2 QM2 ?M/- B7 i?2 imMM2HHBM; `i2
Bb iQQ 7bi- i?2 K2bm`2K2Mi }/2HBiv /2+`2b2b /m2 iQ i?2 2H2+i`QMB+ K2bm`2K2Mi
#M/rB/i?X PM i?2 Qi?2` ?M/- B7 i?2 imMM2HHBM; `i2 Bb iQ bHQr- i?2 Qp2`?2/ T2`
+H+mHiBQM +v+H2 BM+`2b2b- BX2X i?2 K2bm`2K2Mi rQmH/ iF2 bB;MB}+MiHv HQM;2` i?M
i?2 [m#Bi QT2`iBQMb- i?mb `2/m+BM; i?2 ǳ+HQ+F 7`2[m2M+vǴ Q7 i?2 [mMimK +QKTmi2`X
h?2`27Q`2- ;QQ/ +QMi`QH Q7 i?2 imMM2HHBM; `i2 Bb `2[mB`2/ r?B+? `2[mB`2b /QMQ`
TH+2K2Mi ++m`+v i i?2 MMQK2i`2 b+H2- KBMiBM2/ +`Qbb  H`;2 MmK#2` Q7
bBM;H2@/QMQ` /2pB+2bX AM bmKK`v- r?BH2 p2`v bmBi#H2 7Q` T`QQ7@Q7@T`BM+BTH2 BM bBM;H2
[m#Bi /2pB+2b-  b+H2 mT Q7 i?2 bTBM@/2T2M/2Mi imMM2HHBM;@#b2/ /QMQ` BQMBbiBQM iQ
H`;2` [m#Bi /2MbBiB2b KB;?i T`Qp2 +?HH2M;BM;X
M Hi2`MiBp2- QTiB+H bTBM@iQ@+?`;2 +QMp2`bBQM Kv HH2pBi2 i?2 7#`B+iBQM
M/ QT2`iBQMH /2KM/b M/ Bb i?2 KBM 7Q+mb Q7 i?Bb i?2bBb, h?2 /QMQ` #QmM/
2t+BiQM U.ysV i`MbBiBQMX 1t+BiQMb `2 2H2+i`QM@?QH2 TB`b BM  b2KB+QM/m+iQ` M/
`2 Q7i2M /Bb+mbb2/ BM i?2B` 7`22- mM#QmM/ 7Q`KX h?2v Kv ?Qr2p2` #BM/ iQ  /QMQ`
2H2+i`QM- r?2`2- /m2 iQ i?2 #b2M+2 Q7 FBM2iB+ 2M2`;v M/ /m2 iQ i?2 HQM; HB72iBK2
Q7 i?2 .ys bii2 Ukdk Mb (k3)V-  p2`v +H2`Hv /2}M2/ 2M2`;v H2p2H Bb 7Q`K2/X h?2
#QmM/ 2t+BiQM i`MbBiBQM HBM2rB/i? Bb M``Qr 2MQm;? iQ `2bQHp2 i?2 w22KM bTHBiiBM;
Q7 i?2 M2mi`H /QMQ` 2H2+i`QM bTBM M/- BM k3aB- 2p2M i?2 ?vT2`}M2 bTHBiiBM; (R3- kNĜ
jR)X h?2 #QmM/ 2t+BiQM /2+vb pB M m;2` i`MbBiBQM r?2`2 2H2+i`QM M/ ?QH2
e *?Ti2` R AMi`Q/m+iBQM
`2+QK#BM2 M/ i`Mb72` i?2 .ys 2M2`;v QMiQ i?2 `2KBMBM; 2H2+i`QM Q7 i?2 M2mi`H
/QMQ`- i?2`2#v BQMBxBM; i?2 /QMQ` (k3)X h?2 .ys i`MbBiBQM Kv i?mb #2 mb2/ iQ
bTBM@b2H2+iBp2Hv BQMBx2  M2mi`H /QMQ`X
h?2 #2M2}ib BM+Hm/2 QT2`iBQM i Mv K;M2iB+ }2H/ bi`2M;i? M/ HB[mB/@?2HBmK
i2KT2`im`2b (jk)- i?mb bB;MB}+MiHv 2bBM; +QQHBM; TQr2` `2[mB`2K2MibX 6m`i?2`@
KQ`2- i?2 ?QT2 Bb i?i i?2 K2bm`2K2Mi iBK2 b+H2 +M #2 imM2/ bBKTHv rBi? i?2
Hb2` BMi2MbBiv M/ i?mb rQmH/ MQi /2T2M/ QM i?2 7#`B+iBQM T`2+BbBQMX "v TmKTBM;
QM i?2 .ys i`MbBiBQM 7Q`  MmK#2` Q7 2H2+i`QM +Tim`2 M/ BQMBbiBQM +v+H2b Bi Bb
7m`i?2`KQ`2 TQbbB#H2 iQ BMBiBHBx2 i?2 /QMQ` bTBM bii2 M/ TQH`BxiBQM pHm2b Q7
2H2+i`QM M/ Mm+H2` bTBM Q7 NyW ?p2 #22M +?B2p2/ (R3- jj)X
 bQK2r?i /Bb`2;`/2/ bT2+i Q7 i?2 .ys T`Q+2bb `2 i?2 +QKT2iBM; K2+?MBbKb
QM /QMQ` M/ +QM/m+iBQM #M/ 2H2+i`QMb mTQM BHHmKBMiBQM rBi? .ys T?QiQMb- r?Qb2
2M2`;v Bb +HQb2 iQ i?2 #M/@;TX PM2 Q7 i?2 Q#D2+iBp2b Q7 i?Bb i?2bBb Bb iQ b?2/ KQ`2
HB;?i QM bTBM@BM/2T2M/2Mi- Qz@`2bQMMi /QMQ` BQMBxiBQM T`Q+2bb2b M/ iQ i?mb #2ii2`
bb2bb i?2 TQi2MiBH Q7 i?2 .ys i`MbBiBQM b  bTBM@iQ@+?`;2 +QMp2`bBQM K2i?Q/ 7Q`
[m#Bi `2/Qmi BM bBHB+QM #b2/ [mMimK +QKTmiiBQMX
 4JMJDPO EPOPS RVBOUVN DPNQVUBUJPO BSDIJUFDUVSFT
 bBM;H2- BbQHi2/ [m#Bi /Q2b MQi +QMbiBimi2  [mMimK +QKTmi2` M/ K2i?Q/b `2
`2[mB`2/ iQ 2MiM;H2 i H2bi M2`2bi@M2B;?#Qm` [m#BibX  +QmTH2 Q7 /2bB;M T`QTQbHb
7Q` 7mHHv b+H2/ bBHB+QM [mMimK +QKTmi2`b ?p2 #22M /2p2HQT2/ Qp2` i?2 v2`b M/
`2 bmKK`Bx2/ ?2`2X
h?2 b2KBMH rQ`F- B;MBiBM; BMi2`2bi 7Q` bBHB+QM #b2/ [m#Bib- Bb i?2 EM2 T`QTQbH
(j9)X h?2 [m#Bib `2 `2T`2b2Mi2/ #v i?2 Mm+H2` bTBM Q7 T?QbT?Q`mb iQKb r?B+? `2
TH+2/ rBi? /QMQ` b2T`iBQMb Q7 10− ky MKX aBM;H2 [m#Bi `QiiBQMb `2 2MpBbBQM2/
#v imMBM; BM/BpB/mH Mm+H2` bTBMb BMiQ `2bQMM+2 rBi?  ;HQ#HHv TTHB2/ `/BQ 7`2@
[m2M+v U`7V }2H/ mbBM; 2H2+i`B+H }2H/b 7`QK bQ@+HH2/ ǳA@;i2bǴ TH+2/ #Qp2 2+?
/QMQ`X h?2 TTHB+iBQM Q7 M 2H2+i`B+ }2H/ KQ/mHi2b i?2 rp27mM+iBQM Qp2`HT Q7
2H2+i`QM M/ Mm+H2` bTBM M/ ?2M+2 i?2B` KmimH ?vT2`}M2 BMi2`+iBQM M/ i`M@
bBiBQM 7`2[m2M+vX AM bm#b2[m2Mi v2`b- bm+? ai`F b?B7iBM; ?b #22M /2KQMbi`i2/
#Qi? 7Q` i?2 Mm+H2` (j8- je) M/ 2H2+i`QM bTBM (jd- j3)X AMi2`+iBQMb M/ 2MiM;H2@
K2Mi Q7 M2`#v Mm+H2` bTBMb Bb T`QpB/2/ mbBM; ǳJ@;i2bǴ- TH+2/ BM@#2ir22M /QMQ`
bBi2b- r?B+? ii`+i i?2 2H2+i`QM rp27mM+iBQMb 7`QK i?2 /D+2Mi /QMQ`b M/ K2@
/Bi2 i?2 BMi2`+iBQM #2ir22M i?2 Mm+H2` bTBMb mbBM; i?2 2t+?M;2 BMi2`+iBQM (jN-
9y)X
RXR ZmMimK BM7Q`KiBQM T`Q+2bbBM; d
h?2 T`QTQbH `Bb2/ bB;MB}+Mi +?HH2M;2b- bQK2 Q7 r?B+? ?p2 bBM+2 #22M /@
/`2bb2/- r?BH2 Qi?2`b `2KBM mMbQHp2/X 6B`bi- i?2 7#`B+iBQMH /2KM/b `2 iQm;?,
h?2 `2HB#H2 TQbBiBQMBM; Q7 i?`22 ;i2b Qp2` i?2 bTM Q7 Ry MK Bb +?HH2M;BM; 2p2M iQ
i?2 KQbi /pM+2/ HBi?Q;`T?B+ T`Q+2bb2bX 6m`i?2`KQ`2- Hi?Qm;?  HQi Q7 T`Q;`2bb
?b #22M +?B2p2/ `2;`/BM; i?2 TH+2K2Mi Q7 bBM;H2 /QMQ`b rBi? ++m`+B2b BM i?2
`M;2 Q7 yX8 MK- +?B2p#H2 MQr mbBM; b+MMBM; imMM2HBM; KB+`Qb+QT2 HBi?Q;`T?v
UahJGV (9R- 9k)- biBHH  HQi Q7 T`Q;`2bb Bb `2[mB`2/ mMiBH i?2 `2HB#H2 7#`B+iBQM Q7
7mHH ;`B/b rBi? i?Bb ++m`+v Bb +?B2p2/X MQi?2` TQBMi Q7 +`BiB+BbK Bb i?2 HvQmi Q7
i?2 T`QTQbH- r?B+? 2z2+iBp2Hv Bb  QM2 /BK2MbBQMH +?BMX q?BH2 2``Q`@+Q``2+iBQM
QM bm+? HBM2`- TQbbB#Hv b2;K2Mi2/ +?BMb Bb TQbbB#H2 U2X;X (9j)V-  bi`QM;2` 2``Q`@
+Q``2+iBM; +Q/2- FMQrM b bm`7+2 +Q/2 (99)- +M QMHv #2 BKTH2K2Mi2/ QM  k. ;`B/X
h?2`2 Bb MQ +H2` 7#`B+iBQMH Ti? 7Q`r`/ iQ b+H2 i?2 EM2 T`QTQbH iQ  irQ
/BK2MbBQMH HvQmiX 6BMHHv- M/ HBF2Hv i?2 KQbi +`BiB+H TQBMi Q7 +`BiB+BbK Bb i?2
7+i i?i i?2 2t+?M;2 BMi2`+iBQM bi`2M;i? p`B2b #Qi? 2tTQM2MiBHHv M/ Qb+BHH@
iQ`v rBi? /QMQ` b2T`iBQM-  i`Bi /m2 iQ i?2 HiiB+2 T2`BQ/B+Biv Q7 i?2 i?2 /QMQ`
2H2+i`QM rp27mM+iBQMX h?Bb `2bmHib BM H`;2Hv /Bz2`BM; irQ@[m#Bi ;i2 iBK2b 7`QK
KBMmb+mH2 7#`B+iBQM p`BiBQMb M/ `2M/2`b i?2 EM2 T`QTQbH BM Bib Q`B;BMH 7Q`K
mM72bB#H2X
AM `2+2Mi v2`b  MmK#2` Q7 T`QTQbHb i`B2/ iQ BKT`Qp2 QM i?2 Q`;BMH EM2
+QM+2TiX >QHH2M#2`; (98) i`B2b iQ 2b2 i?2 7#`B+iBQMH `2[mB`2K2Mib #v b?m|BM;
2H2+i`QMb #2ir22M /QMQ` bBi2b iQ HQ+HBx2/ A@ M/ J@;i2bX >BHH (9e) T`QTQb2b  /2@
bB;M `2KBMBb+2Mi Q7 _J KmHiBTH2tBM; rBi? b?`2/ +QMi`QH HBM2b M/ imMM2HBM; 7`QK
T`2+BbbBQM UahJG@V 7#`B+i2/ bBM;H2@2H2+i`QM [mMimK /Qib U+iBM; b i?2 K2@
bm`2K2Mi [m#Bib BM i?2 bm`7+2 +Q/2 2``Q`@+Q``2+iBQMV iQ i?2 /QMQ` [m#Bib U+iBM; b
/i [m#BibVX SB+ 2i HX (9d) T`QTQb2/  bBKBH` +QM+2Ti rBi? #BbKmi? /QMQ`b b
/i [m#Bib M/ ;i2@/2}M2/ [mMimK /Qib QM i?2 aB/aBPk BMi2`7+2 b K2bm`2@
K2Mi [m#Bib- rBi? QM2 Q7 i?2 #2M2}ib #2BM; i?2 QT2`iBQM +HQb2 iQ  K;M2iB+@}2H/
BMb2MbBip2 bTQi Q7 i?2 #BbKmi? 2M2`;v H2p2H@/B;`K- r?2`2 K;M2iB+ MQBb2 /Q2b MQi
z2+i i?2 +Q?2`2M+2 iBK2 Q7 i?2 2H2+i`QM bTBM (Rd)X 6BMHHv- JQ`b2 2i HX (93) bm;@
;2bi iQ T`QpB/2 HQM;@/BbiM+2 2MiM;H2K2Mi #2ir22M bBHB+QM [m#Bib #v 2tTHQBiBM; i?2
bm#@#M/;T QTiB+H i`MbBiBQMb iQ 2t+Bi2/ bii2b Q7 /22T U;`QmT@oAV bBHB+QM /QMQ`b-
r?BH2 hQbB 2i HX (9N) rMi iQ +?B2p2 irQ@[m#Bi QT2`iBQMb #2ir22M ?v#`B/ /QMQ`@/Qi
[m#Bib 7Q` `M;2b mT iQ kyy MK mbBM; i?2 2H2+i`B+H /BTQH2 KQK2Mi Q7 i?2 /QMQ` mTQM
i?2 TTHB+iBQM Q7 M 2H2+i`B+ }2H/X
AM *?Xk Q7 i?Bb i?2bBb- M Hi2`MiBp2 TT`Q+? Bb BMp2biB;i2/- r?B+? miBHBx2b i?2
/BTQH` +QmTHBM; #2ir22M irQ /Bz2`2Mi bTBM bT2+B2b iQ T`QpB/2 i?2 7Qm` [m#Bi bi#B@
HBx2` K2bm`2K2Mi Q7 i?2 bm`7+2 +Q/2X h?2 T`QTQb2/ /2pB+2 72im`2b irQ b2T`i2
3 *?Ti2` R AMi`Q/m+iBQM
[m#Bi ;`B/ bi;2b i?i Kv #2 i`MbHi2/ rBi? `2bT2+i iQ 2+? Qi?2` M/ ?b i?2 KBM
/pMi;2 i?i i?2 /2pB+2 ;2QK2i`v M/ QT2`iBQM bT22/ Kv #2 b+H2/ ++Q`/BM;
iQ i?2 pBH#H2 7#`B+iBQM T`2+BbBQMX
RXk ZmMimK b2MbBM; N
 2VBOUVN TFOTJOH
h?2 b2MbBiBpBiv Q7 [m#Bib iQ MQBb2 7`QK i?2 2MpB`QMK2Mi Bb i?2 T`BK`v `2bQM 7Q`
[m#Bi /2+Q?2`2M+2X _2p2`bBM; `QH2b- ?Qr2p2`- i?Bb b2MbBiBpBiv Kv #2 ?`M2bb2/ iQ
/2i2+i M/ K2bm`2 bB;MHb Q7 i?2 `2bT2+iBp2 }2H/bX h?Bb Bb i?2 `2HK Q7 [mMimK
b2MbBM; r?B+? #Qi? /2b+`B#2b i?2 mb2 Q7 [mMimK K2+?MB+H bvbi2Kb 7Q` b2MbBM;
TTHB+iBQM mbBM; 2X;X +Q?2`2Mi [m#Bi bii2b- #mi Bb HbQ Q7i2M mb2/ b  /2b+`BTiBQM
7Q` 2tTHQBiBM; 2MiM;H2K2Mi +`Qbb KmHiBTH2 [m#Bi iQ Tmb? i?2 b2MbBiBpBiv +HQb2` iQ
i?2 >2Bb2M#2`;@HBKBi (8y)X >2`2- r2 7Q+mb QM i?2 7Q`K2` /2}MBiBQM- r?2`2  `M;2
Q7 b2MbQ`b 2tTHQBiBM; +Q?2`2Mi [m#Bi bii2b ?p2 #22M /2p2HQT2/ Qp2` i?2 v2`b (8y)-
`M;BM; 7`QK 2X;X ;`pBK2i2`b (8R) iQ 2H2+i`B+ }2H/ b2MbQ`b (8k- 8j)X
.m2 iQ i?2 K;M2iB+ /BTQH2 KQK2Mi- bTBMb Q7 /QMQ` +M #2 mb2/ [mBi2 Mim@
`HHv b K;M2iB+ }2H/ b2MbQ`bX h?2 K;M2iB+ }2H/ /2i2`KBM2b i?2 bTBM T`2+2bbBQM
7`2[m2M+v M/ Mv +?M;2b Q7 K;M2iB+ }2H/ ?2M+2 2bi#HBb? i?2Kb2Hp2b b T?b2
b?B7ib BM i?2 `QiiBM; 7`K2X  H`;2 p`B2iv Q7 K;M2iQK2i2`b ?p2 H`2/v #22M
2bi#HBb?2/- r?B+? 2Bi?2` b?Qr 2ti`Q`/BM`v b2MbBiBpBiv #mi `2[mB`2 H`;2 U∼ KKjV
b2MbBM; pQHmK2b UiQKB+ pTQ` +2HH K;M2iQK2i2`b (89- 88)  aZlA. HQQTb (8eĜ83)V-
2b2 Q7 QT2`iBQM- #mi HBKBi2/ b2MbBiBpBiv U>HH #`b (8N)V Q` HBKBi2/ 2b2 Q7 QT2`iBQM
#mi 2t+2TiBQMH b2MbBiBpBiv M/ KQ/2 pQHmK2 UK;M2iB+ `2bQMM+2 7Q`+2 KB+`Qb+QTv
(ey)VX
 HQi Q7 ii2MiBQM ?b #22M ;Bp2M iQ i?2 Lo +2Mi2` /272+i Q7 /BKQM/ Hi2HvX h?2
Lo +2Mi2` Bb  MBi`Q;2M BKTm`Biv M/ /D+2Mi p+M+v /272+i Q7 i?2 /BKQM/ HiiB+2-
r?Qb2 M2;iBp2 +?`;2 bii2 7Q`Kb M S = 1 bTBM bvbi2KX PM2 Q7 i?2 i`MbBiBQMbms±
1⇔ 0 Kv #2 mb2/ b i?2 [m#Bi M/ i?2 G`KQ` 7`2[m2M+v Q7 i?Bb [m#Bi `2bTQM/b iQ
+?M;2b Q7 i?2 TTHB2/ K;M2iB+ }2H/X h?2 Lo +2Mi2` bTBM +M #2 K2bm`2/ QTiB+HHv
M/ rBi?BM Bib +Q?2`2M+2 iBK2 /Bz2`2Mi 1a_ TmHb2 b2[m2M+2b Kv #2 mb2/ iQ /2i2+i
2Bi?2` biiB+ U.*V Q` T2`BQ/B+HHv KQ/mHi2/ U*V K;M2iB+ }2H/b (eRĜej)X h?2
+?2KB+H BM2`iM2bb Q7 /BKQM/- +QK#BM2/ rBi? i?2 ?B;? K;M2iB+ }2H/ b2MbBiBpBiv
M/ i?2 TQbbB#H2 QT2`iBQM i `QQK i2KT2`im`2 KF2 Bi B/2HHv bmBi#H2 7Q` UBM@
pBpQV #BQ@b2MbBM; TTHB+iBQMb (e9- e8)X >Qr2p2`- K;M2iQK2i`v TTHB+iBQMb `2+?
#2vQM/ i?Bb rBi? TQi2MiBHb BM b2+m`Biv- QM@+?BT b?Q`i@+B`+mBi /2i2+iBQM- bi`m+im`H
#BQHQ;v- +QM/2Mb2/ Kii2` T?vbB+b M/ i?2 /2i2+iBQM Q7 #`BM M/ ?2`i /Bb2b2b (8e-
8d- ee- ed)X
>Qr /Q2b i?2 bTBM Q7 /QMQ`b BM bBHB+QM +QKT`2 ;BMbi i?2 Lo +2Mi2` BM i2`Kb Q7
T2`7Q`KM+2\ i HQr i2KT2`im`2b- i?2 /QMQ` bTBMb 2t?B#Bi bB;MB}+MiHv HQM;2` +Q@
?2`2M+2 iBK2b U7Q`  /2iBHH2/ bTBM@T`QT2`iv +QKT`BbBQM b22 *?X kX8XjV- r?B+? b?QmH/
`2bmHi BM #Qi? ?B;?2` K;M2iB+ }2H/ b2MbBiBpBiB2b M/  H`;2` #M/rB/i? rBi? *
Ry *?Ti2` R AMi`Q/m+iBQM
K;M2iB+ }2H/ /2i2+iBQM TQbbB#H2 /QrM iQ i?2 HQr 7`2[m2M+v `2;BK2 Q7 ∼Ry>xX 6m`@
i?2`KQ`2- 2{+B2Mi ~mQ`2b+2M+2 /2i2+iBQM- BX2X 2{+B2Mi QTiB+H K2bm`2K2Mi Q7 Lo
+2Mi2`b Bb /B{+mHi- H2pBM; i?2 T2`7Q`KM+2 Q7 Lo +2Mi2`b b2p2`H Q`/2`b Q7 K;MB@
im/2 #2HQr i?2B` i?2Q`2iB+H HBKBi (8y)X Ai Bb HBF2Hv i?i +?`;2 /2i2+iBQM BM bBHB+QM
Kv #2 ++QKTHBb?2/ KQ`2 2{+B2MiHv- b 2X;X BM/B+i2/ #v i?2 T2`7Q`KM+2 Q7 **.
``vb Q` pHM+?2 /BQ/2bX *2`iBMHv- i?2 `2[mB`2K2Mi 7Q` +`vQ;2MB+ i2KT2`im`2
Bb  /`r#+F 7Q` bBHB+QM K;M2iQK2i`v- #mi i?2 2z2+ib Kv MQi #2 b ;`p2- bBM+2
2X;X b[mB/ HQQTb `2[mB`2 bBKBH` i2KT2`im`2b M/ +M biBHH #2 mb2/ 7Q` K2/B+H Tm`@
TQb2b mbBM; bT2+BH +`vQbii /2bB;Mb i?i HHQrb 7Q` rQ`FBM; /BbiM+2b QM i?2 Q`/2`
Q7 kKK #2ir22M +QH/ b2MbQ` M/ `QQK i2KT2`im`2 bT2+BK2M (8e)X
h?2 KBM /`r#+F 7Q` bBHB+QM /QMQ` K;M2iQK2i`v Bb +m``2MiHv i?2 `2/Qmi
K2+?MBbKX hvTB+H 2H2+i`QM bTBM `2bQMM+2 U1a_V 2tT2`BK2Mib +[mB`2 i?2 bB;MH
BM/m+iBp2Hv pB 2Bi?2` j. +pBiB2b UbiM/`/ 1a_V Q` QM@+?BT 7#`B+i2/ bmT2`+QM@
/m+iBM; `2bQMiQ`b (e3- eN)X "Qi? Q7 i?2b2 `2[mB`2 bi`m+im`2 bBx2b QM i?2 Q`/2` Q7 i?2
KB+`Qrp2 rp2H2M;i? ∼j +K- `2bmHiBM; BM p2`v H`;2 b2MbBM; pQHmK2bX >2`2- i?2
bTBM@iQ@+?`;2 +QMp2`bBQM Q7 i?2 .ys i`MbBiBQM Kv T`QpB/2 i?2 `2[mB`2/ BKT`Qp2/
`2/@Qmi Q7 bKHH- ƒK@bBx2/ /QMQ` 2Mb2K#H2b Ti+?2bX  +?BT Kv #2 2MpBbBQM2/
rBi?  **.@HBF2 ``v Q7 /2pB+2b i?i T`Q/m+2b M 2H2+i`B+ bB;MH T`QTQ`iBQMH iQ
i?2 KQmMi Q7 2H2+i`QMb BQMBx2/ #v i?2 bTBM@b2H2+iBp2 .ys BQMBxiBQM Q7 /QMQ`bX A7
i?Bb +?BT Bb +QM}M2/ rBi?BM  j. +pBiv i?i bmTTHB2b i?2 `2[mB`2/ KB+`Qrp2 K@
MBTmHiBQM bBKmHiM2QmbHv iQ HH 2Mb2K#H2 Ti+?2b- K;M2iQK2i`v bTBM `2bQMM+2
2tT2`BK2Mib +QmH/ #2 +QM/m+i2/- r?BH2 biBHH `2iBMBM; i?2 bTiBH ++m`+v b2i #v
i?2 /2pB+2 ``vX
Ai Bb QM2 Q7 i?2 KBM ibFb Q7 i?Bb i?2bBb iQ /2p2HQT- i2bi M/ /Bb+mbb i?2 `2H@
2pMi T?vbB+b Q7  ƒK@bBx2/ bBHB+QM /2pB+2 i?i +QMp2`ib i?2 bTBM TQH`BxiBQM Q7 
/QMQ` bTBM 2Mb2K#H2 BMiQ M 2H2+i`B+H U+m``2MiV bB;MH pB i?2 bTBM@/2T2M/2Mi /QMQ`
BQMBxiBQM Q7 i?2 .ys i`MbBiBQMbX
RXj h?2bBb QmiHBM2 RR
 5IFTJT PVUMJOF
h?Bb i?2bBb Bb Q`;MBx2/ BM i?2 7QHHQrBM; rv,
*?Ti2` k /Bb+mbb2b  MQp2H bBHB+QM [mMimK +QKTmi2` T`QTQbH #b2/ QM i?2
bm`7+2 +Q/2 [mMimK 2``Q` +Q``2+iBQMX h?2 bm`7+2 +Q/2 Bb BMi`Q/m+2/- 7QHHQr2/ #v
 /Bb+mbbBQM Q7 i?2 /2pB+2- QT2`iBQM T`BM+BTH2 M/ 2``Q` i?`2b?QH/ }/2HBiB2b 7Q` 
p`B2iv Q7 2``Q` bQm`+2bX i i?2 2M/- i?2 72bB#BHBiv Q7 7#`B+iBM; i?2 /2pB+2 BM i?2
7mim`2 Bb bb2bb2/ #b2/ QM i?2 T2`7Q`KM+2 Q7 b2p2`H bii2@Q7@i?2@`i bTBM [m#Bi
bvbi2KbX
*?Ti2` j ;Bp2b  #`B27 BMi`Q/m+iBQM BMiQ  p`B2iv Q7 7mM/K2MiH bT2+ib Q7
/QMQ`b BM bBHB+QMX 6B`bi i?2 T?QMQMB+ M/ 2H2+i`QMB+ #M/ bi`m+im`2- BM+Hm/BM; i?2
/2T2M/2M+2 Q7 i?2 Hii2` QM K;M2iB+ }2H/ M/ bi`BM `2 /Bb+mbb2/- r?B+? Bb 7QH@
HQr2/ #v i?2 2M2`;v bT2+i`mK Q7 i?2 b?HHQr /QMQ` BKTm`Biv BM bBHB+QMX h?2M- M
BMi`Q/m+iBQM iQ bTBM `2bQMM+2 2tT2`BK2Mib M/ i?2B` mM/2`HvBM; i?2Q`v Bb ;Bp2M M/
 p`B2iv Q7 /2+Q?2`2M+2 K2+?MBbKb `2 +QKT`2/X h?2 +?Ti2` 2M/b rBi?  b2+iBQM
QM +?`;2 i`MbTQ`i BM bBHB+QM- BM+Hm/BM; i?2 2z2+ib Q7 +``B2` 7`22x2@Qmi- 2H2+i`QM
KQ#BHBiv M/ K;M2iQ`2bBbiM+2X
*?Ti2` 9 BMi`Q/m+2b i?2 bKTH2b mb2/ i?`Qm;?Qmi i?2 i?2bBb BM+Hm/BM; i?2 7#@
`B+iBQM T`Q+2bb Q7 i?2 ƒK@b+H2 .ys /2pB+2b mb2/X 6m`i?2`KQ`2- i?Qb2 b2imT +QK@
TQM2Mib +QKKQM iQ HH 2tT2`BK2Mib Q7 i?2 i?2bBb `2 2tTHBM2/X
*?Ti2` 8 bi`ib rBi?  i?Q`Qm;? i?2Q`2iB+H `2pB2r Q7 i?2 .ys i`MbBiBQM M/ i?2
+QKT2iBM; bTBM@BM/2T2M/2Mi T?QiQ@+``B2` ;2M2`iBQM K2+?MBbKb- r?B+? H2/b iQ
M 2biBKi2 7Q` i?2 #2bi@+?B2p#H2 K2bm`2K2Mi }/2HBiv Q7 i?2 /QMQ` 2H2+i`QM bTBM
mbBM; i?2 .ys bTBM@iQ@+?`;2 +QMp2`bBQMX h?2 +?Ti2` i?2M /Bb+mbb2b 7mM/K2MiH
bT2+ib Q7 i?2 .ys i`MbBiBQM rBi? i?2 B/ Q7  72r #bB+ 2tT2`BK2Mib, 6B`bi- T?QiQ@
>HH 2tT2`BK2Mib b2T`i2 i?2 Hb2` 2z2+ib QM T?QiQ+QM/m+iBpBiv- +``B2` /2MbBiv M/
+``B2` KQ#BHBiv- #Qi? QM@ M/ Qz@`2bQMM+2 rBi? i?2 .ys i`MbBiBQMX h?Bb Bb 7QHHQr2/
#v  /Bb+mbbBQM Q7 i?2 K;M2iB+ }2H/ M/ bi`BM `2Hi2/ b?B7ib Q7 i?2 .ys i`MbBiBQM
2M2`;vX 6BMHHv- i?2 #mBH/@mT Q7 bTBM TQH`BbiBQM /m`BM; +QMiBMmQmb TmKTBM; QM i?2
.ys i`MbBiBQM Bb K2bm`2/ mbBM; 2H2+i`QM bTBM `2bQMM+2 2tT2`BK2MibX
*?Ti2` e BM+Hm/2b 2tT2`BK2Mib T2`7Q`K2/ QM #mHF bKTH2b- r?Qb2 bTBM@/2T2M/2Mi
T?QiQ@+QM/m+iBpBiv Bb K2bm`2/ +T+BiBp2Hv BM  T`HH2H THi2 +T+BiQ`X  KQ/2H
Bb /2p2HQT2/ 7Q` i?2 Q`B;BM Q7 i?2 +T+BiBp2 .ys bB;MH- 7QHHQr2/ #v  .ys K2bm`2@
K2Mi Q7 i?2 2H2+i`QM bTBM +Q?2`2M+2 iBK2 Q7 T?QbT?Q`mb BM  HQr@/QT2/ k3aB bKTH2X
h?2 +?Ti2` 2M/b rBi?  MQp2H K2i?Q/ iQ T2`7Q`K [mMimK bii2 iQKQ;`T?v r?B+?
Bb #b2/ QM #bQHmi2 bii2@TQTmHiBQM K2bm`2K2Mib mbBM; i?2 .ys i`MbBiBQMX
Rk *?Ti2` R AMi`Q/m+iBQM
*?Ti2` d /2Hb rBi? .ys 2tT2`BK2Mib T2`7Q`K2/ QM /2pB+2bX 6B`bi-  T`QQ7@Q7@
T`BM+BTH2 2tT2`BK2Mi b?Qrb i?i ivTB+H bTBM `2bQMM+2 2tT2`BK2Mib `2 TQbbB#H2 BM
k3aB /2pB+2b mbBM; /B`2+i 2H2+i`B+H .ys bTBM@`2/QmiX h?2`27i2`- i?2 +QKTHB+i2/
+m``2Mi@pQHi;2 +?`+i2`BbiB+b Q7 bBKTH2 `2bBbiBp2 n+nn+ `2bBbiQ`b i 9E `2 K2@
bm`2/ M/ KQ/2HH2/- #Qi? BM i?2 /`F M/ mM/2` Hb2` BHHmKBMiBQMX 6m`i?2`KQ`2-
 b+MMBM; T?QiQ+m``2Mi KB+`Qb+QTv 2tT2`BK2Mi BMp2biB;i2b i?2 `QH2 Q7 i?2 +QMi+i
`2 iQ i?2 Q#b2`p2/ T?QiQ@+QM/m+iBpBivX 6BMHHv- i?2 Hbi b2+iBQM BMp2biB;i2b i?2
b?B7i Q7 i?2 .ys i`MbBiBQM 2M2`;v /m2 iQ 2H2+i`B+ }2H/b- r?B+?ěBM /Bb;`22K2Mi
rBi?  `2+2Mi iB;?i@#BM/BM; +H+mHiBQMěb22Kb iQ #2 [mBi2 bKHH M/ BMbi2/ ;`22b
rBi? M QH/2` 2z2+iBp2 Kbb i?2Q`v 7Q` 2t+BiQMb BM bBHB+QMX
*?Ti2` 3 BM+Hm/2b  bmKK`v Q7 i?2 i?2bBb M/ TQbbB#H2 7mim`2 `2b2`+? /B`2+@
iBQMbX
$IBQUFS 
" TJMJDPO BSDIJUFDUVSF GPS TVSGBDF DPEF
RVBOUVN DPNQVUBUJPO
h?Bb +?Ti2` BMi`Q/m+2b  bBHB+QM /QMQ`@#b2/ `+?Bi2+im`2 iQ T2`7Q`K mMBp2`bH
[mMimK +QKTmiiBQMX Aib irQ@/BK2MbBQMH HvQmi Bb /2bB;M2/ 7Q` i?2 bm`7+2 +Q/2
TT`Q+? iQ [mMimK 2``Q` +Q``2+iBQMX  KQ#BH2 bi;2 ?Qbib i?2 T`Q#2 [m#Bi ;`B/
r?B+? Bb K/2 iQ BMi2`+i rBi? i?2 biiB+ /i [m#Bi #2HQr pB /BTQH` bTBM@bTBM
+QmTHBM;X JQiBQM Q7 i?2 THi7Q`K KQ/B}2b i?2 BMi2`+iBQM bi`2M;i? #2ir22M T`Q#2
M/ /i@[m#Bib M/ T2`KBib i?2 7Qm` /i [m#Bi T`Biv K2bm`2K2Mi +2Mi`H iQ i?2
bm`7+2 +Q/2 H;Q`Bi?KX
h?Bb +?Ti2` Bb bi`m+im`2/ b 7QHHQrb, 6B`bi- i?2 /B{+mHiB2b Q7 [mMimK 2``Q` +Q`@
`2+iBQM M/ i?2 mM/2`HvBM; B/2 Q7 bi#BHBx2` K2bm`2K2Mib `2 /Bb+mbb2/ BM a2+X kXRX
h?Bb Bb 7QHHQr2/ #v  /Bb+mbbBQM Q7 i?2 KBM QT2`iBM; T`BM+BTH2b Q7 i?2 bm`7+2 +Q/2
BM a2+X kXkX h?2 T`QTQb2/ `+?Bi2+im`2 Bb BMi`Q/m+2/ BM a2+X kXj- rBi? Bib iQH2`M+2
iQ [m#Bi KBbTH+2K2Mib M/ Qi?2` bQm`+2b Q7 2``Q` +H+mHi2/ BM a2+X kX9X 6BMHHv-
a2+X kX8 //`2bb2b ?Qr `2HBbiB+ i?2 T`QTQbH Bb- //`2bbBM; [m2biBQMb `2;`/BM; i?2
7#`B+iBQMH M/ K2+?MB+H 72bB#BHBiv- i?2 [m#Bi T2`7Q`KM+2 Q7 +M/B/i2 bQHB/
bii2 bTBM [m#Bi bvbi2Kb M/ i?2 +QKTiB#BHBiv Q7 i?2 /2pB+2 QT2`iBQM rBi? i?2
`27Q+mbbBM; TmHb2b `2[mB`2/ 7Q` bQHB/ bii2 bTBM [m#BibX
h?2 `2bmHib Q7 i?Bb +?Ti2` `2 /2`Bp2/ BM +QHH#Q`iBQM rBi? S`Q7X aBKQM "2M@
DKBMǶb ;`QmT 7`QK i?2 lMBp2`bBiv Q7 Pt7Q`/X *`2/Bi 7Q` i?2 i?2Q`2iB+H bBKmHiBQM
Q7 i?2 /2pB+2 M/ i?2 T`2b2Mi2/ 2``Q` iQH2`M+2b ;Q iQ CQ2 PǶ:Q`KM UlMBp2`bBiv Q7
Pt7Q`/V M/ LQKB LB+F2`bQM UAKT2`BH *QHH2;2 GQM/QMVX h?2 `2bmHib ?p2 #22M
Tm#HBb?2/ BM MTD ZmMimK AM7Q`KiBQM (dy)X
Rj
R9 *?Ti2` k  bBHB+QM `+?Bi2+im`2 7Q` bm`7+2 +Q/2 [mMimK +QKTmiiBQM
 *OUSPEVDUJPO UP RVBOUVN FSSPS DPSSFDUJPO
6Q` +HbbB+H BM7Q`KiBQM biQ`2/ BM #Bib- /2p2HQTK2Mi Q7 bBKTH2 2``Q` +Q``2+iBM; +Q/2b
#b2/ QM KDQ`Biv pQiBM; +M #2 `2/BHv mM/2`biQQ/, AMbi2/ Q7 biQ`BM; i?2 BM7Q`@
KiBQM BM  bBM;H2 T?vbB+H mMBi- i?2 BM7Q`KiBQM Bb +QTB2/ QMiQ KmHiBTH2 `2/mM/Mi
T?vbB+H bvbi2KbX AM i?2 2p2Mi Q7 #Bi@~BT 2``Q`b /m`BM; i?2 i`MbKBbbBQM pB  MQBbv
+?MM2H- i?2 Q`B;BMH BM7Q`KiBQM Kv biBHH #2 `2i`B2p2/ mbBM; i?2 KDQ`Biv pQi2- b
HQM; b i?2 T`Q##BHBiv 7Q` 2``Q` p Bb bKHHX qBi? k #2BM; i?2 MmK#2` Q7 T?vbB+H
+QTB2b- i?2 2``Q` `i2 Q7 i?Bb KDQ`Biv@pQi2 2``Q` +Q``2+iBQM b+?2K2 b+H2b ++Q`/BM;
iQ p(k−1) ě i?2 KQ`2 +QTB2b- i?2 #2ii2` (dR)X
6Q` [mMimK K2+?MB+H BM7Q`KiBQM biQ`2/ BM- 2X;X- i?2 irQ@/BK2MbBQMH >BH#2`i
bT+2 Q7  [m#Bi- bm+? bBKTH2 T`QiQ+QHb `2 MQi TQbbB#H2 7Q` b2p2`H `2bQMbX 6B`biHv-
i?2 MQM@+HQMBM; i?2Q`2K Q7 [mMimK K2+?MB+b T`2p2Mib i?2 +`2iBQM Q7 //BiBQMH
[m#Bi +QTB2b rBi? i?2 bK2 [mMimK bii2 b i?2 Q`B;BMH bQm`+2 [m#BiX a2+QM/Hv-
BM +QMi`bi iQ +HbbB+H #Bib- 2``Q`b `2 MQi /Bb+`2i2 7Q` [m#BibX q?BH2 BM +HbbB+H
bvbi2Kb i?2 QMHv TQbbB#H2 2``Q` Bb  +QKTH2i2 ~BT 7`QK 0 → 1 Q` pB+2 p2`b- 7Q`
[m#Bib- 2``Q`b +QMbiBimi2 `QiiBQMb QM i?2 "HQ+? bT?2`2 Q7 Mv- 2p2M i?2 bKHH2bi
/2;`22X >2M+2- [m#Bi 2``Q`b `2 +QMiBMmQmb M/ `#Bi``BHv bKHH- #mi biBHH Kmbi
#2 +Q``2+i2/ 7Q`X h?B`/Hv- M/ T2`?Tb KQbi BKTQ`iMiHv- Mv K2bm`2K2Mi Q7 i?2
[m#Bi bvbi2K H2/b iQ i?2 /2bi`m+iBQM Q7 Bib bii2 /m2 iQ i?2 T`QD2+iBp2 Mim`2 Q7
[mMimK K2bm`2K2MiX >2M+2-  K2bm`2K2Mi Q7 i?2 bvbi2K Bib2H7 rQmH/ MQi HHQr
i?2 [mMimK bii2 iQ #2 bm#b2[m2MiHv mb2/ BM M H;Q`Bi?KX AMbi2/-  T`QiQ+QH
Bb `2[mB`2/ i?i /2i2+ib i?2 Q++m``2M+2 M/ FBM/ Q7 2``Q` QM  [m#Bi- #mi /Q2b MQi
+[mB`2 Mv BM7Q`KiBQM #Qmi i?2 [m#Bi bii2 Bib2H7- i?mb T`2p2MiBM; Bib /2bi`m+iBQMX
b rBi? i?2 +HbbB+H 2tKTH2- `2/mM/M+v Bb F2v iQ +?B2pBM; [mMimK 2``Q`
+Q``2+iBQMX h?2 7QHHQrBM; b2+iBQM `2pB2rb i?2 #2M2}ib Q7 //BM; KQ`2 T?vbB+H [m#Bib
iQ i?2 `2T`2b2MiiBQM Q7 QM2 HQ;B+H [m#Bi- 2M/BM; rBi?  #`B27 `2pB2r Q7 a?Q`Ƕb
H;Q`Bi?K i?i T`Qi2+ib  HQ;B+H [m#Bi 7`QK `#Bi``v [m#Bi 2``Q`b- #v bT`2/BM; Bib
[mMimK bii2 +`Qbb N T?vbB+H [m#BibX
h?2 bi`iBM; TQBMi Bb  bBM;H2 [m#Bi rBi? 2M2`;v [mMiBxiBQM tBb HQM; Zˆ rBi?
2B;2Mbii2b |1⟩ rBi? Zˆ |1⟩ = +1 |1⟩ M/ |0⟩ rBi? Zˆ |0⟩ = −1 |0⟩X SQbbB#H2 2``Q`b QM
i?Bb [m#Bi bvbi2K +QKT`Bb2 #Bi@~BT 2``Q`b rBi? QT2`iQ` Xˆ- T?b2 ~BT 2``Q`b UZˆV
Q` bBKmHiM2Qmb #Bi@~BT M/ T?b2 ~BT 2``Q`b UYˆ = XˆZˆVX PMHv 7mHH T?b2 Q` #Bi
~BT 2``Q`b `2 +QMbB/2`2/ ?2`2 M/ i?2 /Bb+mbbBQM Q7 `#Bi``v bKHH 2``Q`@M;H2b Bb
/272``2/ iQ Hi2`X
Ai Bb bi`B;?i7Q`r`/ iQ b22 i?i  #Bi ~BT 2``Q` +M #2 /2i2+i2/ #v  `2T2iBiBp2
K2bm`2K2Mi HQM; ZX aBKBH`Hv- T?b2 ~BT 2``Q`b +M #2 /2i2+i2/ #v `2T2iBiBp2 Xˆ
kXR AMi`Q/m+iBQM iQ [mMimK 2``Q` +Q``2+iBQM R8
K2bm`2K2Mib Q7 i?2 [m#Bi T`QD2+iBQM iQ i?2 X tBbX 1+? K2bm`2K2Mi H2/b iQ 
+QHHTb2 Q7 i?2 rp27mM+iBQM QMiQ QM2 Q7 i?2 2B;2Mbii2b Q7 i?2 QT2`iQ`- /2bi`QvBM;
Mv [m#Bi T?b2 BM7Q`KiBQM 7Q` Zˆ K2bm`2K2Mib M/ Mv 2M2`;v BM7Q`KiBQM 7Q`
M Xˆ K2bm`2K2MiX h?2 mM/2`HvBM; Ki?2KiB+H T`BM+BTH2 Bb i?i Xˆ M/ Zˆ /Q
MQi +QKKmi2 [Xˆ, Zˆ] ̸= 0- i?2`27Q`2 i?2b2 irQ QT2`iQ`b +M MQi b?`2 i?2 bK2
2B;2Mbii2bX
h?2 bBimiBQM +?M;2b bHB;?iHv r?2M irQ [m#Bib M/ irQ@[m#Bi QT2`iQ`b `2 +QM@
bB/2`2/X h?2 QT2`iQ`b XˆaXˆb M/ ZˆaZˆb- QT2`iBM; QM [m#Bib a M/ b Q7 bii2
|ψ⟩ = |ab⟩ /Q +QKKmi2- M/ i?2 7Qm` b?`2/ 2B;2Mbii2b Q7 i?2b2 irQ QT2`iQ`b
`2,
ZˆaZˆb XˆaXˆb |ψ⟩
YR YR (|11⟩+ |00⟩)/√2
YR −1 (|11⟩ − |00⟩)/√2
−1 YR (|01⟩+ |10⟩)/√2
−1 −1 (|01⟩ − |10⟩)/√2
_2T2iBiBp2 K2bm`2K2Mi Q7 i?2b2 irQ QT2`iQ`b +QMiBMmQmbHv T`QD2+ib i?2 +QK@
#BM2/ [m#Bi bii2 #+F BMiQ QM2 Q7 i?2b2 7Qm` 2B;2Mbii2bX PM+2 BM i?Bb 2B;2Mbii2-
i?2 `2T2iBiBp2 K2bm`2K2Mi Q7 ZˆaZˆb  XˆaXˆb T`Qi2+ib i?2 [mMimK bii2- ?2M+2
i?2 i2`K bi#BHBx2` K2bm`2K2Mi Bb +QBM2/ 7Q` i?Bb FBM/ Q7 `2T2iBiBp2 KmHiB@QT2`iQ`
K2bm`2K2MiX
LQr +QMbB/2` 2``Q`b QM i?2 BM/BpB/mH T?vbB+H [m#Bib,  #Bi ~BT Q7 i?2 }`bi [m#Bi
iF2b- 2X;X- M BMBiBH (|11⟩+ |00⟩)/√2 bii2 iQ  (|01⟩+ |10⟩)/√2- r?B+? Bb /2i2+i2/
b  +?M;2 Q7 i?2 K2bm`2K2Mi Qmi+QK2 Q7 ZˆaZˆbX AM i?2 bK2 rv-  T?b2 ~BT 2``Q`
Q7 M BM/BpB/mH [m#Bi +M #2 /2i2+i2/ b  +?M;2 Q7 XˆaXˆbX h?mb Bi Bb TQbbB#H2 iQ
/2i2+i r?i FBM/ Q7 2``Q` Q++m``2/ QM i?2 T?vbB+H [m#Bi #v KQMBiQ`BM; i?2 bi#BHBx2`
K2bm`2K2Mi Qmi+QK2X lM7Q`imMi2Hv-  HQ;B+H [m#Bi 7Q`K2/ Q7 irQ T?vbB+H [m#Bi
Bb MQi mb27mH b i?2 HQ+iBQM Q7 i?2 T?vbB+H [m#Bi 2``Q` Bb mMFMQrMX M 2``Q` QM
i?2 }`bi T?vbB+H [m#Bi +?M;2b i?2 K2bm`2K2Mi Q#b2`p#H2 BM i?2 bK2 rv b
M 2``Q` QM i?2 b2+QM/ T?vbB+H [m#BiX 6m`i?2`KQ`2- i?2 irQ@[m#Bi HQ;B+H [m#Bi
/Q2b MQi ?p2 Mv /2;`22b Q7 7`22/QK mM/2` `2T2iBiBp2 K2bm`2K2Mi Q7 i?2b2 irQ
bi#BHBx2`b- bBM+2 Mv bmT2`TQbBiBQM Q7 i?2 7Qm` 2B;2Mbii2b rQmH/ #2 BKK2/Bi2Hv
+QHHTb2/ #v i?2 bi#BHBx2` K2bm`2K2MiX
L2ti- +QMbB/2`  bvbi2K Q7 i?`22 T?vbB+H [m#BibX h?2 HQ;B+H [m#Bi |ψ⟩G = α1 |1⟩+
α2 |0⟩ Bb 2M+Q/2/ #v 2MiM;HBM; i?2 Q`B;BMH [m#Bi bii2 rBi? irQ KQ`2 M+BHH [m#Bib-
`2bmHiBM; BM i?2 "2HH bii2 |ψ⟩ = α1 |111⟩+ α2 |000⟩X
Re *?Ti2` k  bBHB+QM `+?Bi2+im`2 7Q` bm`7+2 +Q/2 [mMimK +QKTmiiBQM
hrQ U+QKKmiBM;V irQ [m#Bi Z@T`QD2+iBQM QT2`iQ`b `2 +?Qb2M 7Q` `2T2iBiBp2 K2@
bm`2K2Mi- 2X;X- +iBM; QM i?2 }`bi irQ [m#Bib UZˆaZˆbV M/ QM i?2 b2+QM/ irQ [m#Bib
UZˆbZˆcVX LQr +QMbB/2`  #Bi ~BT 2``Q` QM QM2 Q7 i?2 T?vbB+H [m#BibX h?2 K2bm`2@
K2Mi Qmi+QK2b 7QHHQrBM;  #Bi ~BT 2``Q` QM MQ [m#Bi- QM i?2 }`bi- b2+QM/ Q` i?B`/
[m#Bi- `2bT2+iBp2Hv- `2,
ZˆaZˆb ZˆbZˆc |ψ⟩
YR YR α1 |111⟩+ α2 |000⟩
−1 +1 α1 |011⟩+ α2 |100⟩
−1 −1 α1 |101⟩+ α2 |010⟩
+1 −1 α1 |110⟩+ α2 |001⟩
"v +QK#BMiBQM Q7 i?2 K2bm`2K2Mi `2bmHib Q7 ZˆaZˆb M/ ZˆbZˆc- Bi Bb TQbbB#H2 iQ
/2/m+2 i?2 TQbBiBQM Q7 i?2 #Bi@~BT 2``Q`X h?2 b2[m2M+2 /Q2b MQi ;BM Mv BM7Q`KiBQM
`2;`/BM; i?2 +QKTH2t T`27+iQ`b α1 M/ α2- Bi QMHv ;BMb BM7Q`KiBQM r?2i?2`  #Bi
~BT Q++m``2/ M/ QM r?B+? [m#Bi Bi ?TT2M2/X h?Bb K2Mb i?i i?2 HQ;B+H [m#Bi
bii2 Bb MQi T`QD2+i2/f/2bi`Qv2/ #v i?2 bi#BHBx2` K2bm`2K2Mi M/  ~BT Q7 i?2
2``QM2Qmb T?vbB+H [m#Bi `2biQ`2b i?2 Q`B;BMH- +QKTH2t- HQ;B+H bii2 |ψ⟩GX
Ai b?QmH/ #2 MQi2/ i?i i?Bb 2M+Q/BM; QMHv +Q``2+ib 7Q` #Bi ~BTb QM i?2 T?vbB+H
[m#Bib- r?BH2 T?b2 ~BT 2``Q`b- r?B+? +?M;2 α1 M/ α2 `2KBM mM+Q``2+i2/ 7Q`X AM
M MHQ;Qmb rv- i?2 HQ;B+H [m#Bi +M #2 2M+Q/2/ b  "2HH bii2 Q7 i?2 2B;2Mp2+iQ`b
Q7 i?2 Xˆ QT2`iQ`- |ψ⟩ = α1 |+++⟩ + α2 |−−−⟩X J2bm`2K2Mi Q7 i?2 +QK#BM2/
XˆaXˆb M/ XˆbXˆc QT2`iQ`b i?2M HHQrb 7Q` i?2 /2i2+iBQM M/ +Q``2+iBQM Q7 T?b2 ~BT
2``Q`b- r?BH2 #Bi ~BT 2``Q`b `2 mM++QmMi2/ 7Q`X
6BMHHv- i?2 a?Q` +Q/2 +QK#BM2b i?2 #Qp2 j@[m#Bi #Bi@~BT M/ T?b2@~BT +Q``2+@
iBQM +Q/2b BMiQ  K2bm`2K2Mi b2[m2M+2 i?i bi#BHBx2b M/ /2i2+ib i?2 HQ;B+H [m#Bi
;BMbi #Qi? 2``Q` ivT2b (dRĜdj)- mbBM; i?`22 ;`QmTb Q7 i?`22 T?vbB+H [m#Bib 2+?-
BX2X- N [m#Bib BM iQiHX h?2 HQ;B+H [m#Bib Bb 2M+Q/2/ b  T?b2 ~BT +Q/2 rBi? i?2
;`QmM/ M/ 2t+Bi2/ bii2 #2BM; |0a⟩ = 1√2 |+++⟩ M/ |1a⟩ = 1√2 |−−−⟩- `2bT2+@
iBp2HvX LQr 2+? Q7 i?2b2 i?`22 [m#Bib Bb ;BM +QKT`Bb2/ Q7 i?`22 T?vbB+H [m#Bib
b, |+⟩ = 1√
2
(|000⟩+ |111⟩)X >2M+2 i?2 irQ 2B;2Mbii2b Q7 i?2 HQ;B+H [m#Bi bii2 Q7
i?2 a?Q` +Q/2 `2/,
|0⟩a =
(|000⟩+ |111⟩)⊗ (|000⟩+ |111⟩)⊗ (|000⟩+ |111⟩)
2
√
2
UkXRV
|1⟩a =
(|000⟩ − |111⟩)⊗ (|000⟩ − |111⟩)⊗ (|000⟩ − |111⟩)
2
√
2
UkXkV
kXR AMi`Q/m+iBQM iQ [mMimK 2``Q` +Q``2+iBQM Rd
AM Q`/2` iQ /2i2+i #Bi ~BT 2``Q`b- i?2 +Q/2 QT2`i2b rBi?BM i?2 i?`22 ;`QmTb rBi?
i?2 ZˆaZˆb M/ ZˆbZˆc QT2`iQ`bX S?b2 ~BTb Q7 bBM;H2 [m#Bib `2 +?`+i2`Bx2/ #v
α |0⟩+β |1⟩ → α |0⟩−β |1⟩X h?2 #2?pBQm` Q7 i?2 HQ;B+H Xˆ #bBb bii2b Bb MHQ;Qmb
mM/2` T?b2 ~BTb Q7 bBM;H2 T?vbB+H [m#Bib, α |000⟩+ β |111⟩ → α |000⟩− β |111⟩X AM
Q`/2` iQ /2i2+i bm+? T?b2 ~BTb Q7 bBM;H2 T?vbB+H [m#Bib- 7i2` i?2 +Q``2+iBQM 7Q` #Bi
~BTb rBi?BM i?2 ;`QmTb- i?2 XˆbXˆc QT2`i2 QM i?2 `2/m+2/ bii2b Q7 i?2 i?`22 ;`QmTb-
+QKT`BM; i?2 T?b2 Q7 i?2 }`bi ;`QmT iQ i?2 T?b2 Q7 i?2 Qi?2` irQ ;`QmTbX AM i?Bb
rv- #Qi? T?b2 M/ #Bi ~BTb QM BM/BpB/mH [m#Bib +M #2 /2i2+i2/X
h?2 +Q/2 #`2Fb /QrM r?2M irQ T?b2 ~BTb Q++m` i i?2 bK2 iBK2- i?mb Bi Bb
T`272`#H2 iQ bT`2/ i?2 HQ;B+H [m#Bi Qp2` 2p2M  ?B;?2` MmK#2` Q7 [m#BibX aQ 7`
QMHv 7mHH T?b2 ~BT Q` #Bi ~BT 2``Q`b ?p2 #22M +QMbB/2`2/X AM/22/- i?Bb i`2iK2Mi Bb
DmbiB}2/ #v i?2 T`QD2+iBp2 FBM/ Q7  K2bm`2K2MiX amTTQb2  T?b2 2``Q` Q7 QMHv 
bKHH M;H2 Bb Q++m``BM; QM  T?vbB+H [m#BiX h?2 +i Q7 i?2 bi#BHBx2` K2bm`2K2Mi
7Q`+2b i?2 [m#Bi bii2 BMiQ M 2B;2Mbii2 Q7 i?2 K2bm`2K2Mi- r?B+? rBHH 7Q` bKHH
2``Q` M;H2b #2 i?2 Q`B;BMH- 2``Q`@7`22 bii2 rBi?  ?B;? T`Q##BHBiv- Q` rBi?  HQr2`
T`Q##BHBiv  T?b2 ~BTT2/ bii2- r?Qb2 7mHH T?b2 ~BT Bb i?2M /2i2+i2/ M/ +Q``2+i2/
7Q`X >2M+2- `#Bi``BHv bKHH 2``Q`b b?Qr mT BM i?2 bi#BHBx2` K2bm`2K2Mi KQbi Q7
i?2 iBK2 b MQ 2``Q` M/- B7 i?2v Q++m`- QMHv b /2i2+i#H2 7mHH@~BT 2``Q`bX
Ai Bb `2HiBp2Hv +QKTH2t iQ b+H2 i?2 a?Q` +Q/2 iQ H`;2` MmK#2`b Q7 HQ;B+H [m#BibX
6m`i?2`KQ`2- bBM;H2 [m#Bi ;i2b Q` 2MiM;HBM; ;i2b `2 MQi bi`B;?i7Q`r`/ iQ BKTH2@
K2Mi QM i?2 HQ;+BH [m#Bi H2p2HX M 2H2;Mi Hi2`MiBp2 iQ i?2 a?Q` +Q/2 Bb /Bb+mbb2/
BM i?2 M2ti b2+iBQMěi?2 bm`7+2 +Q/2ěr?B+? 72im`2b [mBi2  Mim`H b+HBM; Q7
i?2 +Q/2 iQ H`;2` [m#Bi MmK#2`b- r?BH2 biBHH `2iBMBM;  bi`B;?i7Q`r`/ K2i?Q/ iQ
T2`7Q`K HQ;B+H ;i2bX
R3 *?Ti2` k  bBHB+QM `+?Bi2+im`2 7Q` bm`7+2 +Q/2 [mMimK +QKTmiiBQM
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'JHVSF   bKHH bm`7+2 +Q/2 ;`B/X h?2 K2bm`2K2Mi [m#Bib U2KTiv +B`+H2bV
K2bm`2 i?2 T`Biv Q7 i?2B` 7Qm` bm``QmM/BM; /i [m#Bib U#H+F /QibV 2Bi?2`
BM i?2 Zˆ@#bBb Uv2HHQrV Q` BM i?2 Xˆ@#bBb UQ`M;2VX h?2 #H+F HBM2 `2T`2b2Mib
i?2 #Q`/2` Q7 i?2 bm`7+2 +Q/2- r?2`2 i?`22 [m#Bi T`Biv K2bm`2K2Mib `2
K2bm`2/ BMbi2/X qBi? i?Bb b2H2+iBQM Q7 #Q`/2`b i?2`2 Bb QM2 2ti` /i
[m#Bi i?M T`Q#2 [m#Bib BM i?2 bm`7+2 +Q/2 ;`B/ U?2`2 9e iQ 98VX
 5IF TVSGBDF DPEF
 TQTmH` 2tKTH2 Q7 bi#BHBx2` 2``Q` +Q``2+iBQM b+?2K2b Bb i?2 bm`7+2 +Q/2- r?B+?
?b  72r /pMi;2b +QKT`2/ iQ Qi?2` 2``Q` +Q``2+iBM; HQ;B`i?KbX 6B`biHv- i?2
HvQmi Q7 i?2 [m#Bib Bb BM  k. ;`B/- r?B+? +M #2 ``M;2/ BM  rv iQ 2Mbm`2
bm{+B2Mi bT+2 7Q` i?2 `2[mB`2/ 2H2+i`QbiiB+ ;i2b Q7 bQHB/ bii2 [m#BibX 6m`i?2`@
KQ`2- i?2 i?B`/ /BK2MbBQM +QmH/ #2 mb2/ 7Q` i?2 /2HBp2`v Q7 i?2 `2[mB`2/ rB`BM;X
h?2 b2+QM/ #B; /pMi;2 Bb i?i QMHv M2`2bi M2B;?#Qm` 2MiM;H2K2Mi QT2`iBQMb
`2 `2[mB`2/- r?B+? Bb 2bT2+BHHv BMi2`2biBM;- B7 MQi  M2+2bbBiv 7Q` QTiB+HHv BM+@
iBp2 bQHB/ bii2 [m#Bib- 7Q` r?B+? 2MiM;H2K2Mi QT2`iBQMb rBi? /BbiMi [m#Bib KB;?i
T`Qp2 +?HH2M;BM;X h?2 i?B`/ `2bQM r?v i?2 bm`7+2 +Q/2 +[mB`2/  HQi Q7 BMi2`2bi
Bb Bib ?B;? 2``Q` iQH2`M+2, _2TQ`i2/ i?`2b?QH/b 7Q` 7mHi@iQH2`M+2- BX2X i?2 2``Q`
`i2 #2HQr r?B+? M BM+`2b2 BM ;`B/ bBx2 H2/b iQ  bi`QM;2` T`Qi2+iBQM Q7 i?2 HQ;B+H
[m#Bi `2 QM i?2 Q`/2` Q7 RW (99- d9- d8)X h?Bb K2Mb i?i B7 i?2 p2`;2 2``Q` /m`@
BM;  bm`7+2 +Q/2 bi#BHBx2` +v+H2 Bb F2Ti #2HQr i?Bb i?`2b?QH/- i?2 +QKTmi2` +QmH/
BM i?2Q`v #2 K/2 7mHi@iQH2`Mi #v bBKTHv BM+`2bBM; i?2 ;`B/ bBx2 /`biB+HHvX
h?2 HvQmi Q7 i?2 bm`7+2 +Q/2 Bb /2TB+i2/ BM 6B;m`2 kXRX h?2 [m#Bi ;`B/ Bb /BpB/2/
BMiQ /i [m#Bib U#H+F /QibV- BX2X i?2 [m#Bib i?i +imHHv +``v i?2 [mMimK bii2
7Q` +QKTmiiBQM- M/ K2bm`2K2Mi [m#BibR U2KTiv +B`+H2bV- i?i `2 mb2/ iQ T2`@
RAM i?2 Hii2` b2+iBQMb Q7 i?Bb *?Ti2` i?2 K2bm`2K2Mi [m#Bib `2 HbQ H#2HH2/ b T`Q#2 [m#BibX
kXk h?2 bm`7+2 +Q/2 RN
7Q`K i?2 7Qm` [m#Bi bi#BHBx2` K2bm`2K2MiX h?2 K2bm`2K2Mi [m#Bib `2 /BpB/2/
BMiQ irQ FBM/b, ǵJ2bm`2@ZǶ [m#Bib Uv2HHQrV- i?i K2bm`2 i?2 ZˆaZˆbZˆcZˆd QT2`iQ`
Q7 Bib 7Qm` bm``QmM/BM; /i [m#Bib M/ ǵK2bm`2@XǶ [m#Bib UQ`M;2V- `mMMBM; i?2
XˆaXˆbXˆcXˆd bi#BHBx2` QM Bib M2B;?#Qm`BM; [m#BibX h?Bb QT2`iBQM Bb 2bb2MiBHHv 
T`Biv K2bm`2K2Mi Q7 i?2B` M2B;?#Qm`BM; /i [m#Bib BM i?2 `2bT2+iBp2 K2bm`2@
K2Mi tBbX qBi? i?2 T`Biv 2p2M- BX2X M 2p2M MmK#2` Q7 |1⟩ /i [m#Bib BM i?2
Zˆ@#bBb- i?2 K2bm`2K2Mi ;Bp2b ZˆaZˆbZˆcZˆd |ψ⟩ = +1 |ψ⟩- r?BH2 M Q// T`Biv `2bmHib
BM i?2 M2;iBp2 K2bm`2K2Mi pHm2X h?2 +Q``2bTQM/BM; Bb i`m2 7Q` i?2 K2bm`2@s
bi#BHBx2`- rBi? XˆaXˆbXˆcXˆd |ψ⟩ = +1 |ψ⟩ 7Q` M 2p2M MmK#2` Q7 /i [m#Bib rBi?
+X T`QD2+iBQM- M/ XˆaXˆbXˆcXˆd |ψ⟩ = −1 |ψ⟩ 7Q` M Q// MmK#2`X PM i?2 2/;2 Q7
i?2 bm`7+2 +Q/2- i?2 +Q``2bTQM/BM; i?`22 /i [m#Bi T`BiB2b `2 K2bm`2/X Ai Bb
BKTQ`iMi iQ MQi2 i?i /m2 iQ i?2 /Bz2`2Mi ;`QmTBM; Q7 /i [m#Bib 7Q` i?2 Xˆ M/
Zˆ bi#BHBx2`- ZˆaZˆbZˆcZˆd QM QM2 /i [m#Bi b2i M/ XˆcXˆdXˆeXˆf QM i?2 M2B;?#Qm`BM;
/i b2i +QKKmi2- HHQrBM; 7Q`  b?`2/ 2B;2Mbii2X
h?2 QT2`iBQM Q7 i?2 bm`7+2 +Q/2 +QMbBbib Q7 Hi2`MiBM; K2bm`2K2Mi `QmM/b
Q7 i?2 X@ M/ Z@bi#BHBx2`b- `2bT2+iBp2Hvk- r?B+? T`2b2`p2b QM2 T`iB+mH` [mMimK
bii2 +`Qbb i?2 r?QH2 /i [m#Bi ;`B/ (99)X
>Qr /Q2b i?2 bm`7+2 +Q/2 ?M/H2 2``Q`b Q++m``BM; QM i?2 T?vbB+H [m#Bib\ 1+?
Q7 i?2b2 2``Q`b b?Qrb mT rBi?  /Bz2`2Mi bB;Mim`2- r?B+? HHQrb 7Q` Bib +Q``2+iBQM, A7
 /i [m#Bi Bb bm#D2+i iQ  #Bi ~BT 2``Q`- i?2 `2bmHib Q7 #Qi? M2B;?#Qm`BM; Z T`Biv
K2bm`2K2Mib +?M;2 bB;M- bB;MHHBM; r?B+? FBM/ Q7 2``Q` U#Bi@~BT- #2+mb2 i?2 Z
T`Biv +?M;2/V ?b Q++m``2/ M/ i?2 2``Q` HQ+iBQM U#2ir22M i?2 irQ K2bm`2K2Mi
[m#Bib z2+i2/ #v  bB;M +?M;2VX MHQ;QmbHv-  T?b2 ~BT 2``Q` +?M;2b i?2
2B;2MpHm2 Q7 i?2 irQ /D+2Mi X T`Biv K2bm`2K2Mib- r?BH2  Yˆ 2``Q` z2+ib
#Qi? i?2 X M/ Z T`Biv K2bm`2K2MiX >2M+2- /i [m#Bi 2``Q`b `2 +?`+i2`Bx2/
#v bB;M +?M;2b Q7 irQ M2B;?#Qm`BM; T`Biv K2bm`2K2MibX AM i?2 iBK2@/QKBM-
#Bi@ Q` T?b2@~BT 2``Q`b ?p2  bB;Mim`2 Q7  bm//2M +?M;2 Q7 irQ M2B;?#Qm`BM;
T`Biv K2bm`2K2Mib- rBi? i?2 M2r T`Biv K2bm`2K2Mi Qmi+QK2 MQi +?M;BM; BM
+QMb2+miBp2 +v+H2b Ub HQM; b i?2 2``Q` Bb MQi M2;i2/VX AM +QMi`bi- 2``Q`b /m`BM;
`2/Qmi Q7 i?2 K2bm`2K2Mi [m#Bi- bm+? b  K2bm`2K2Mi `2bmHi i?i bB;MHBx2b 2p2M
T`Biv- Hi?Qm;? i?2 `2H /i [m#Bi T`Biv rb Q//- `2 +?`+i2`Bx2/ b BbQHi2/
2p2Mibě#Qi? bTiBHHv UQMHv QM2 K2bm`2K2Mi [m#Bi i`B;;2`bV M/ i2KTQ``BHv Ui?2
kh?2 QT2`iBQM ZˆaZˆbZˆcZˆd Bb +``B2/ Qmi #v i?2 BMBiBHBbiBQM Q7 i?2 K2bm`2@w [m#Bi- 7QHHQr2/
#v 7Qm` *LPh ;i2b Q7 i?2 7Qm` /i [m#Bib rBi? i?2 T`Q#2 [m#Bi M/ i?2 K2bm`2K2Mi Q7
i?2 K2bm`2K2Mi [m#BiX h?2 Xˆ K2bm`2K2Mi Bb /QM2 p2`v bBKBH`Hv- 2t+2Ti 7Q` irQ >/K`/
;i2b QM i?2 K2bm`2K2Mi [m#Bi #27Q`2 M/ 7i2` i?2 *LPh ;i2X "Qi? i?2 X M/ Z bi#BHBx2`
+M i?mb #2 K2bm`2/ bBKmHiM2QmbHvX *?Ti2` kXj BMi`Q/m+2b  /Bz2`2Mi- Kv#2 KQ`2 BMimBip2
rv iQ +QM/m+i i?2 bi#BHBx2`fT`Biv K2bm`2K2Mi mbBM; 7Qm` +QMi`QHH2/ T?b2 ;i2b Q7 i?2
K2bm`2K2Mi [m#Bi rBi? i?2 /i [m#BibX
ky *?Ti2` k  bBHB+QM `+?Bi2+im`2 7Q` bm`7+2 +Q/2 [mMimK +QKTmiiBQM
K2bm`2K2Mi `2bmHi Bb #+F iQ Bib Q`B;BMH pHm2 7i2` QM2 `QmM/VX h?2 QMHv rv BM
r?B+? M 2``Q` H2/b iQ M mM`2+Qp2`#H2 #`2F /QrM Q7 i?2 bm`7+2 +Q/2 Bb r?2M
bBKmHiM2Qmb 2``Q`b ?TT2M QM  +?BM Q7 /i [m#Bib i?i +QMM2+ib 7`QK QM2 bB/2
Q7 i?2 ;`B/ iQ i?2 Qi?2`X AM i?i +b2- 2+? T`Biv K2bm`2K2Mi +QMiBMb irQ #Bi
UT?b2V@~BTT2/ /i [m#Bib- i?2`27Q`2 MQi +?M;BM; i?2 T`Biv K2bm`2K2Mi `2bmHi
M/ ?2M+2 i?2 2``Q` `2KBMb mM/2i2+i2/ 7Q`  HQM; +?BM Q7 /i [m#Bi 2``Q`bX h?2
T`Q##BHBiv Q7 bBKmHiM2Qmb 2``Q`b QM HH /i [m#Bib rBi?BM  +?BM `2/m+2b rBi? i?2
MmK#2` Q7 /i [m#Bib rBi?BM i?2 +?BMX >2M+2- HQ;B+H [m#Bib `2 #2ii2` T`Qi2+i2/
BM bm`7+2 +Q/2b rBi? H`;2` ;`B/ bBx2bX Ai b?QmH/ #2 MQi2/ i?i r?BH2 Bi Bb +2`iBMHv
TQbbB#H2 iQ ?`/r`2@+Q``2+i 7Q` /2i2+i2/ 2``Q`b #v TTHvBM; i?2 +Q``2bTQM/BM; #Bi
Q` T?b2 ~BTb- i?2 bm`7+2 +Q/2 +imHHv Qz2`b  #2ii2` bQHmiBQM, Ji?2KiB+HHv
2[mBpH2MiHv- i?2 2``Q`b +M bBKTHv #2 /2i2+i2/ M/ biQ`2/- M/ 2p2`v bm#b2[m2Mi
K2bm`2K2Mi +M Hi2` #2 /Dmbi2/ 7Q` i?2 2``Q` i?i ?/ Q++m``2/ mbBM; i?2 +QMi`QH
bQ7ir`2X AM i?Bb rv- MQ //BiBQMH 2``Q`b `2 BMi`Q/m+2/ #v UMQM@B/2HV ǵ`2TB`Ƕ
QT2`iBQMbX 6m`i?2`KQ`2- +2`iBM 2``Q`b i2M/ iQ +M+2H 2+? Qi?2` /m`BM; HQM;2`
+QKTmiiBQMbX
h?2 [m2biBQM `2KBMb r?B+? /2;`22b Q7 7`22/QK i?2 bm`7+2 +Q/2 ;`B/ TQbb2bb2b
M/ i?mb- r?i QT2`iBQMb 7Q`K i?2 HQ;B+H [m#BibX i }`bi ;HM+2- Bi b22Kb b B7
i?2 X M/ Z T`Biv K2bm`2K2Mib +QKTH2i2Hv HQ+F i?2 [mMimK bii2 Q7 i?2 /i
[m#Bib BMiQ QM2 T`iB+mH` 2B;2Mbii2X h?Bb- ?Qr2p2`- Bb MQi i`m2, q?2M +QmMiBM; i?2
MmK#2` Q7 /i [m#Bib M/ K2bm`2K2Mi [m#Bib BM i?2 ;`B/ HvQmi Q7 6B;X kXR- Bi Bb
7QmM/ i?i i?2`2 Bb QM2 KQ`2 /i [m#Bi i?M K2bm`2K2Mi [m#BiX 1p2`v /i [m#Bib
//b irQ /2;`22b Q7 7`22/QK- r?BH2 2p2`v K2bm`2K2Mi [m#Bi `2/m+2b Bi #v irQX
>2M+2- irQ /2;`22b Q7 7`22/QK b?QmH/ `2KBM BM i?2 ;`B/- BX2X- irQ QT2`iBQMb b?QmH/
2tBbi i?i +M #2 mb2/ iQ 2M+Q/2  HQ;B+H [m#BiX h?2b2 QT2`iBQMb ?p2 H`2/v
#22M 2M+QmMi2`2/, h?2v `2 i?2 QMHv QM2b i?i i?2 bm`7+2 +Q/2 /Q2b MQi ;BM Mv
BM7Q`KiBQM #Qmi U?2M+2 `2 bm#D2+i iQ TQbbB#H2 2``Q`bV,  +?BM Q7 QT2`iBQMb QM
i?2 /i [m#Bib- bTMMBM; 7`QK QM2 bB/2 Q7 i?2 ;`B/ iQ i?2 Qi?2` QM2X 6B;m`2 kXkUV
/2TB+ib i?2 irQ QT2`iBQMb XˆG = Xˆ8Xˆ7Xˆ3Xˆ6 M/ ZˆG = Zˆ1Zˆ2Zˆ3Zˆ4 i?i KMBTmHi2
i?2 >BH#2`i bT+2 Q7 i?2 HQ;B+H [m#Bi Q7 i?2 /i [m#Bi ;`B/X
 bBM;H2 HQ;B+H [m#Bi Bb QMHv mb27mH b [mMimK K2KQ`vX hQ +QMbi`m+i  [mMimK
+QKTmi2`- Bi Bb TQbbB#H2 iQ BMi`Q/m+2 KQ`2 HQ;B+H [m#Bib, q?2M2p2`  bi#BHBx2` Bb
+?Qb2M MQi iQ #2 K2bm`2/- MQi?2` irQ /2;`22b Q7 7`22/QK `2 //2/ iQ i?2 bm`7+2
+Q/2 ;`B/- ?2M+2- MQi?2` HQ;B+H [m#Bi Bb //2/X h?Bb Bb /2TB+i2/ BM 6B;m`2 kXkU#V-
r?2`2  Z bi#BHBx2` Bb /2+iBpi2/- H2pBM;  ?QH2 BM i?2 ;`B/X h?2 irQ HQ;B+H
QT2`iBQMb 7Q`  Z bi#BHBx2` ?QH2 `2 }`biHv Zˆ QT2`iBQMb QM HH /i [m#Bib bm`@
`QmM/BM; i?2 ?QH2 M/ b2+QM/Hv  +?BM Q7 Xˆ QT2`iQ`b 7`QK i?2 Z bi#BHBx2` ?QH2
kXk h?2 bm`7+2 +Q/2 kR
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'JHVSF  UV h?2 HQ;B+H [m#Bi QT2`iBQMb Q7  ?QH2@7`22 bm`7+2 +Q/2 ;`B/
`2 bBKmHiM2Qmb Xˆ Q` Zˆ QT2`iBQMb QM HH /i [m#Bib bTMMBM; 7`QK QM2
bB/2 Q7 i?2 ;`B/ iQ i?2 Qi?2` QM2X Ai +M #2 b?QrM i?i 2p2`v M2B;?#Qm`BM;
+?BM Q7 QT2`iQ`b Bb T?vbB+HHv 2[mBpH2Mi iQ i?2 QM2b ?B;?HB;?i2/X U#V b?Qrb
i?2 BMi`Q/m+iBQM Q7 MQi?2` HQ;B+H [m#Bi #v BMi`Q/m+iBQM Q7  ǵ?QH2Ƕ- BX2X i?2
+?QB+2 iQ MQi K2bm`2  Z@T`Biv K2bm`2K2Mi [m#BiX h?2 HQ;B+H [m#Bi 7Q`
 Z@T`Biv ?QH2 Bb  +?BM Q7 Zˆ QT2`iBQMb `QmM/ i?2 ?QH2 M/  +?BM Q7
Xˆ QT2`iBQM iQ i?2 M2`2bi #Q`/2` Q` M2B;?#Qm`BM; ?QH2 M/- b #Qp2- i?2
+?QB+2 Q7 i?2 2t+i Xˆ QT2`iBQM@ M/ Zˆ QT2`iBQM +?BM Bb B``2H2pMi- b HQM;
b ZˆG +B`+H2b i?2 ?QH2 M/ XˆG H2/b iQ  #Q`/2` Q` MQi?2` ?QH2X
mT iQ i?2 2/;2 Q7 i?2 bm`7+2 +Q/2 ;`B/ UQ` 2[mBpH2MiHv 7`QK i?2 Z bi#BHBx2` ?QH2
iQ i?2 M2`2bi Qi?2` HQ;B+H [m#Bi ?QH2VX
LQr 2[mBTT2/ rBi? i?2 #BHBiv iQ ;2M2`i2 M/ T`Qi2+i HQ;B+H [m#Bib M/ HbQ
T2`7Q`K bBM;H2 [m#Bi ;i2b- i?2 M2ti bi2T Bb iQ T2`7Q`K irQ [m#Bi QT2`iBQMbX h?2
#bB+ B/2 ?2`2 Bb #`B/BM;- BM r?B+? i?2 ?QH2 Q7  HQ;B+H [m#Bi +B`+mHi2b MQi?2`
HQ;B+H [m#Bi ?QH2- 2M#HBM; HQ;B+H [m#Bi *LPh M/ >/K`/ ;i2bX h?2 /2iBHb
Q7 i?2b2 QT2`iBQMb `2 #2vQM/ i?2 b+QT2 Q7 i?Bb i?2bBb M/ i?2 `2/2` Bb BMbi2/
`272``2/ iQ `272`2M+2 (99) 7Q` 7m`i?2` BMbB;?ibX
h?Bb +QM+Hm/2b i?2 BMi`Q/m+iBQM iQ i?2 QT2`iBQM T`BM+BTH2b Q7 i?2 bm`7+2 +Q/2X
AM i?2 7QHHQrBM; b2+iBQM i?2 T`QTQbH 7Q`  bm`7+2 +Q/2 BKTH2K2MiiBQM- #b2/ QM
bQHB/ bii2 bTBM [m#Bib Bb T`2b2Mi2/ M/ Bib 72bB#BHBiv BMp2biB;i2/X
kk *?Ti2` k  bBHB+QM `+?Bi2+im`2 7Q` bm`7+2 +Q/2 [mMimK +QKTmiiBQM
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'JHVSF  UV h?2 T`BM+BTH2 Q7 i?2 T`QTQb2/ bi#BHBx2` K2bm`2K2Mi pB /BTQH`
BMi2`+iBQMX  T`Q#2 bTBM BMi2`+ib rBi? 7Qm` /i [m#Bib #v Q`#BiH KQiBQM
Q7 i?2 bi;2X U#V  bBKTHB}2/ b+?2KiB+ Q7 i?2 T`QTQb2/ /2bB;M rBi? i?2
T`Q#2 bi;2 KQiBQM bmTTHB2/ #v +imiBM; 2H2K2Mib i i?2 2/;2b Q7 i?2 bi;2
M/ i?2 /i [m#Bi ;`B/ BM  biiB+ 2H2K2Mi #2M2i?X AM 7+i- B7 /pMi;2Qmb-
i?2 /i [m#Bi ;`B/ Kv #2 TH+2/ QM i?2 KQ#BH2 mMBi rBi? i?2 T`Q#2b #2BM;
biiB+- bBM+2 QMHv i?2B` `2HiBp2 KQiBQM ?b bB;MB}+M+2X
 1SPQPTFE BSDIJUFDUVSF
%FWJDF EFTJHO 6B;m`2 kXj U#V b?Qrb i?2 +QM+2TimH /2bB;M Q7 i?2 /2pB+2X h?2 /i
[m#Bi #HQ+F- r?B+? +``B2b i?2 HQ;B+H [m#Bi bii2 Bb +QKT`Bb2/ Q7 bQHB/ bii2 bTBM
[m#Bib BM  ;`B/ HB;MK2MiX h?2 /i [m#Bib `2 `2[mB`2/ iQ ?p2 HQM; +Q?2`2M+2
iBK2b- `2M/2`BM; /QMQ`b BM k3aB  T`QKBbBM; +M/B/i2 7Q` i?2B` `2HBbiBQMX
h?2 b2+QM/ +QKTQM2Mi Q7 i?2 /2pB+2 Bb i?2 T`Q#2 bi;2- r?Qb2 Tm`TQb2 Bb i?2
bi#BHBx2` T`Biv K2bm`2K2Mi Q7 i?2 /i [m#BibX hQ +?B2p2 i?Bb- i?Bb b2+QM/ ;`B/
Q7 bTBM [m#Bib Bb 7#`B+i2/ QM i?2 T`Q#2 bi;2- r?B+? Bb #H2 iQ KQ/mHi2 i?2 /BTQH`
BMi2`+iBQM #2ir22M i?2 T`Q#2 M/ /i [m#Bib #v  Hi2`H KQiBQM Q7 i?2 bi;2X AM
+QMi`bi iQ i?2 /i [m#Bib- r?B+? QMHv `2[mB`2 ;HQ#H +QMi`QH- i?2 T`Q#2b M22/ iQ
#2 //`2bb2/ BM/BpB/mHHv- #Qi? 7Q` +QMi`QH M/ 7Q` `2/QmiX .272``BM;  /Bb+mbbBQM
Q7 bmBi#H2 [m#Bi bvbi2K iQ Hi2`- Bi b?QmH/ #2 MQi2/ ?2`2 i?i 2Bi?2` Lo +2Mi2`b BM
/BKQM/ Q`  b2+QM/ ivT2 Q7 /QMQ` BM bBHB+QM KB;?i #2 TQbbB#H2 iQ 7Q`K i?2 T`Q#2
bi;2X AM Q`/2` iQ pQB/ /BTQH` BMi2`+iBQMb #2ir22M /D+2Mi /i [m#Bib QM i?2
iBK2 b+H2 Q7 i?2 bi#BHBx2` K2bm`2K2Mi Bi Bb M2+2bb`v i?i i?2 /BbiM+2 D #2ir22M
i?2 /i [m#Bib Bb Km+? H`;2` i?M i?2 b2T`iBQM d #2ir22M i?2 T`Q#2 M/ /i
[m#Bib Ub22 6B;X kXjUVVX  `2bQM#H2 `iBQ D/d iQ pQB/ /2+Q?2`2M+2 Q7 i?2 /i
[m#Bib /m`BM; i?2 iBK2 b+H2 Q7  T`Biv K2bm`2K2Mi Bb D/d = 7 iQ RyX
kXj S`QTQb2/ `+?Bi2+im`2 kj
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'JHVSF  h?2 /2iBHb Q7 i?2 T`Biv K2bm`2K2MiX 7i2` T`Q#2 BMBiBHBbiBQM
BM |+X⟩- i?2 /BTQH` BMi2`+iBQM #2ir22M i?2 T`Q#2 M/ /i [m#Bi `2bmHib
BM  TQbBiBp2 T?b2 +[mBbBiBQM 7Q`  |↑⟩ /i [m#Bi- r?BH2  M2;iBp2 T?b2
Bb +[mB`2/ 7Q`  |↓⟩ /i [m#BiX hBKBM; Q7 i?2 BMi2`+iBQM iQ HHQr 7Q` π/2
T?b2 ;i2b M/ bm#b2[m2Mi BMi2`+iBQM rBi? HH 7Qm` /i [m#Bib `2p2Hb i?2B`
T`Biv, 6Q` 2p2M T`Biv- i?2 T`Q#2 bTBM `2KBMb BM |+X⟩- r?BH2 7Q` Q// T`Biv
Bi +[mB`2/  π@T?b2 M/ Bb H27i BM |−X⟩X
5IF QBSJUZNFBTVSFNFOU qBi? i?2 /2b+`B#2/ /2pB+2-  T`Biv K2bm`2K2Mi Bb +`@
`B2/ Qmi #v  +B`+mH` KQiBQM Q7 i?2 T`Q#2 bi;2- #`BM;BM; 2+? T`Q#2 [m#Bi BMiQ
T`QtBKBiv rBi? Bib 7Qm` bm``QmM/BM; /i [m#Bib U+7X 6B;X kXjUVVX h?2 T`BM+BTH2 Q7
i?2 T`Biv K2bm`2K2Mi Bb HB/ Qmi BM 6B;m`2 kX9, i i?2 #2;BMMBM; Q7 i?2 bi#BHBx2`
+v+H2 i?2 T`Q#2 Bb T`2T`2/ BM  |+X⟩ bii2 #v  HQ+HHv +QMi`QHH2/ `QiiBQM- /2T2M/@
BM; QM i?2 T`2pBQmb K2bm`2K2Mi Qmi+QK2 Q7 2+? T`Q#2X L2ti- i?2 T`Q#2 [m#Bib
KQp2 BMiQ T`QtBKBiv rBi? i?2 }`bi /i [m#Bib- r?2`2 #Qi? [m#Bib `2 bm#D2+i iQ 
>KBHiQMBM +QMbBbiBM; Q7 i?2 irQ w22KM i2`Kb M/ i?2 /BTQH` BMi2`+iBQM,
H = µ"Bz(g1S(1)z + g2S(2)z ) +
J
r3
(
S(1) · S(2) − 3(rˆ · S(1))(rˆ · S(2))) UkXjV
>2`2- µ" Bb i?2 "Q?` K;M2iQM- Bz Bb i?2 K;MBim/2 Q7 i?2 K;M2iB+ }2H/ U" ∥ zˆV-
g1- g2 `2 g@7+iQ`b Q7 T`Q#2 M/ /i [m#Bi- S i?2 SmHB bTBM@Ki`B+2b- rˆ M/ r `2
i?2 mMBi p2+iQ` +QMM2+iBM; i?2 irQ [m#Bib M/ i?2B` /BbiM+2 M/ J = µ0g2eµ2B4π Bb i?2
/BTQH` BMi2`+iBQM bi`2M;i?X 6Q` i?2 +b2 r?2`2 i?2 /Bz2`2M+2 BM w22KM 2M2`;v
#2ir22M i?2 irQ bTBMb Bb Km+? H`;2` i?M i?2B` /BTQH` BMi2`+iBQM bi`2M;i?- ~BT@
~QTb #2ir22M T`Q#2 M/ /i [m#Bib `2 bmTT`2bb2/ M/ i?2 >KBHiQMBM `2/m+2b
iQ  p2`v bBKTH2 BMi2`+iBQM BM i?2 `QiiBM; 7`K2 Q7 i?2 irQ bTBMb,
S(θ) =
⎛⎜⎜⎜⎜⎝
1 0 0 0
0 2tT(iθ) 0 0
0 0 2tT(iθ) 0
0 0 0 1
⎞⎟⎟⎟⎟⎠ UkX9V
=
(
+Qb θ
2
)
1− i
(
bBM θ
2
)
S(1)z S
(2)
z UkX8V
k9 *?Ti2` k  bBHB+QM `+?Bi2+im`2 7Q` bm`7+2 +Q/2 [mMimK +QKTmiiBQM
rBi? θ = Jr3 tX S(θ) +QMbiBimi2b  irQ@[m#Bi T?b2 ;i2X 6Q` i?2 T`Q#2 bTBM T`2T`2/
BM |+X⟩- i?2 T`Biv K2bm`2K2Mi Bb i?2M `2HBx2/ b 7Qm` +QMb2+miBp2 S(π2 ) ;i2b-
r?2`2 i?2 T`Q#2@/i [m#Bi BMi2`+iBQM iBK2 Bb KM;2/ iQ HHQr 7Q` i?2 θ = π2
T?b2 +[mBbBiBQMX b b?QrM BM 6B;X kX9- S(π2 ) H2/b iQ  TQbBiBp2 T?b2 +[mBbBiBQM
QM i?2 }`bi /i [m#Bi B7 i?2 /i [m#Bi Bb |↑⟩- r?BH2 Bi `2bmHib BM  M2;iBp2 π/2
T?b2 +[mBbBiBQM 7Q`  |↓⟩ /i [m#BiX AMi2`+iBQM rBi? HH 9 /i [m#Bib Q7 i?2
bi#BHBx2` i?mb H2p2b i?2 T`Q#2 bTBM BM i?2 |−X⟩ bii2 7Q` Q// T`Biv- r?BH2 2p2M
T`Biv `2bmHib BM  |X⟩ T`Q#2 bTBM bii2X i i?2 2M/-  T`QD2+iBp2 KB+`Qrp2 TmHb2
M/ T`Q#2 bTBM K2bm`2K2Mi `2p2Hb i?2 7Qm` [m#Bi T`Biv Q7 i?2 /i [m#Bib HQM;
ZX h?2 /i [m#Bib `2 HbQ bm#D2+i iQ  T?b2 b?B7i 7`QK i?2 T`Q#2 [m#Bib /m`BM;
i?2 BMi2`+iBQM- #mi bBM+2 i?2 T`Q#2 bii2 Bb FMQrM- i?2 /i [m#Bi T?b2 b?B7i +M
BM 7+i #2 `2p2`b2/ #v  ;HQ#H /i [m#Bi T?b2 ;i2 (dy)X
hrQ /Bz2`2Mi FBM/b Q7 bi;2 KQiBQM `2 +QM+2Bp#H2X AM i?2 }`bi- /2b+`B#2/ #Qp2-
i?2 bi;2 KQp2b iQ i?2 }`bi [m#Bi- ?Qp2`b Qp2` i?2 [m#Bi 7Q` i?2 BMi2`+iBQM iBK2
M/ i?2M KQp2b [mB+FHv rBi? M2;HB;B#H2 i`Mb72` iBK2 iQ i?2 M2ti /i [m#BiX h?Bb
QT2`iBQM KQ/2 Bb i?2 [mB+F2bi- #mi HbQ KQbi HBF2Hv /B{+mHi iQ `2HBx2 K2+?MB+HHvX
 b2+QM/ QTiBQM Bb  +v+HB+ KQiBQM- BM r?B+? i?2 bi;2 KQp2b bHQrHv 2MQm;? iQ TB+F
mT i?2 `2[mB`2/ BMi2`+iBQM T?b2 /m`BM; i?2 T`Q#2 i`MbBi rBi? +QMiBMmQmb p2HQ+BivX
h?Bb Bb  KQ`2 Mim`H QT2`iBQM KQ/2 7Q` KB+`Q@K2+?MB+H bvbi2Kbě bBKTH2 irQ
tBb ?`KQMB+ Qb+BHHiBQMě#mi H2/b iQ  T`QHQM;iBQM Q7 i?2 bi#BHBx2` +v+H2 iBK2
QM i?2 Q`/2` Q7 D/dX
h?2 bm`7+2 +Q/2 T`QiQ+QH `2[mB`2b i?2 bi#BHBx2` iQ #2 K2bm`2/ #Qi? BM i?2 Z@
#bBb Ub /2b+`B#2/ #Qp2V M/ BM i?2 X@#bBbX 6Q`imMi2Hv- i?2 X@bi#BHBx2` +M
#2 BMi`Q/m+2/ BM  p2`v Mim`H KMM2`,  ;HQ#H >/K`/ `QiiBQM Q7 i?2 /i
[m#Bib T`BQ` iQ i?2 bi#BHBx2` K2bm`2K2Mi T`QD2+ib i?2 /i [m#Bi X +Q?2`2M+2 BMiQ
 Z T`QD2+iBQM- r?2`2 i?2 bi#BHBx2` K2bm`2K2Mi /2b+`B#2/ #Qp2 `2p2Hb i?2 T`Biv
Q7 i?2 BMBiBH X T`QD2+iBQMX  }MH ;HQ#H /i [m#Bi >/K`/ ;i2 `2biQ`2b i?2
Q`B;BMH /i [m#Bi T`QD2+iBQM 7i2` i?2 X T`Biv Bb `2p2H2/X
h?2 /i [m#Bib 7Q` i?2 X@ M/ Z@bi#BHBx2` ?p2 iQ #2 ;`QmT2/ /Bz2`2MiHv- b
b?QrM BM 6B;X kX8X h?Bb HHQrb 7Q` /Bz2`2Mi +?QB+2b Q7 T`Q#2 [m#Bi ;`B/ HvQmib rBi?
i?2B` QrM /pMi;2b M/ +?HH2M;2bX 6B;m`2 kX8UV /2b+`B#2b  T`Q#2 bTBM ;`B/ Q7
i?2 bK2 /2MbBiv b i?2 /i [m#Bi ;`B/- r?2`2 i?2 bK2 +v+HB+ KQiBQM Bb T2`7Q`K2/
irB+2X AM i?2 }`bi +v+H2- QMHv i?2 Z@bi#BHBx2` T`Q#2b `2 +iBp2- BX2X BM i?2 |+X⟩
bii2- r?BH2 i?2 T`Q#2 7Q` i?2 X bi#BHBx2` `2 H27i BM- 2X;X i?2 |↑⟩ 2B;2Mbii2X i i?2
2M/ Q7 i?2 +v+H2- i?2 FMQrM T?b2 b?B7i +mb2/ #v i?2 BM+iBp2 X@bi#BHBx2` T`Q#2b
+M #2 `2p2`b2/ QM i?2 /i [m#Bib #v  ;HQ#H T?b2 b?B7iX 7i2` i?Bb Z bi#BHBx2`-
 >/K`/ ;i2 Bb T2`7Q`K2/ QM i?2 /i [m#Bib M/ i?2 X@bi#BHBx2` +M #2
kXj S`QTQb2/ `+?Bi2+im`2 k8
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shift probe
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'JHVSF  *QM+2Tib 7Q` /Bz2`2Mi T`Q#2 [m#Bi ;`B/ HvQmib M/ i?2 T`Biv K2@
bm`2K2Mi QT2`iBQMX UV  T`Q#2 [m#Bi ;`B/ rBi? i?2 bK2 T`Q#2 ;`B/ /2MbBiv
b /i [m#Bi /2MbBiv Bb QT2`i2/ #v  +B`+mH` KQiBQM M/ `2bT2+iBp2 /2+@
iBpiBQM Q7 i?2 X@T`Biv Q` Z@T`Biv T`Q#2bX U#V  bBM;H2 T`Q#2 [m#Bi 7Q`
7Qm` M2B;?#Qm`BM; T`Biv +v+H2b 2b2b i?2 7#`B+iBQMH /2KM/b- #mi //b
K2+?MB+H /B{+mHiB2b Ubi;2 b?B7iBM; KQiBQMV M/ BM+`2b2b bi#BHBx2` +v+H2
iBK2X U+V *QKT`QKBb2 rBi? i?2 bK2 bi#BHBx2` iBK2 b UV- #mi QMHv ?H7 Q7
i?2 `2[mB`2/ T`Q#2 [m#Bib- r?B+? biBHH `2HB2b QM ++m`i2 bi;2 b?B7ibX
T2`7Q`K2/ rBi? i?2 Z@bi#BHBx2` T`Q#2 [m#Bib MQr BM+iBp2X h?Bb b+?2K2 ?b i?2
/pMi;2 Q7 7bi QT2`iBQM M/ bBKTH2 K2+?MB+H KQiBQM- #mi ?b i?2 /Bb/pMi;2
Q7  T`Q#2 bTBM ;`B/ Q7 ?B;? /2MbBiv rBi? `2/Qmi 2H2+i`QMB+b i?i `2 `2/mM/Mi 7Q`
?H7 Q7 i?2 bi#BHBx2` +v+H2X AM +QMi`bi 6B;X kX8U#V 72im`2b QMHv QM2 T`Q#2 bTBM 7Q`
2p2`v 7Qm` /i [m#Bib- 2bBM; i?2 [m#Bi /2MbBiv `2[mB`2K2MibX >2`2- i?2 X M/
Z bi#BHBx2`b `2 K2bm`2/ +QMb2+miBp2Hv 7Q` i?2 7Qm` M2B;?#Qm`BM; T`Biv +v+H2b-
H2/BM; iQ  bi#BHBx2` +v+H2 i?i Bb irQ iBK2b HQM;2` M/ i?2 //BiBQMH /B{+mHiv Q7
K2+?MB+HHv b?B7iBM; i?2 T`Q#2 bi;2 ++m`i2Hv #2ir22M bi#BHBx2` Q`#BibX A7 i?Bb
bi;2 b?B7iBM; KQiBQM Bb 72bB#H2- i?2 TT`Q+? Q7 6B;X kX8U+V rBi?  T`Q#2 bTBM ;`B/
/2MbBiv ?H7 b H`;2 b i?2 /i [m#Bi /2MbBiv KB;?i Qz2` M B/2H +QK#BMiBQM Q7
#Qi? bi#BHBx2` +v+H2 bT22/ M/ 7#`B+iBQM 72bB#BHBivX
ke *?Ti2` k  bBHB+QM `+?Bi2+im`2 7Q` bm`7+2 +Q/2 [mMimK +QKTmiiBQM
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(a) Systematic qubit 
      location error
(b) Random ‘jitter’ of 
       dipolar interaction
Best reported 
experimental
result in 28Si
Probe preparation 1% 1% (i)
Probe measures 0 9% 4.6% (ii)
Probe measures 1 1% 1.2% (ii)
Probe rotations 0.1% 0.05% (iii)
Probe ‘’jitter‘’ −
Data qubit error 0.2% 0.05% + 0.07% (iii) (iv)
4.4% 
Error rate
employed in
simulations
(c) Sources of error
Ideally data 
qubit location
Probe qubit
'JHVSF  h?2 /Bz2`2Mi bQm`+2b Q7 2``Q` +QMbB/2`2/ BM i?2 /2pB+2 bBKmHiBQMX
UV b?Qrb i?2 2``Q` /m2 iQ 7#`B+iBQM p`BiBQM Q7 i?2 [m#Bi HQ+iBQM- rBi?
i?2 2tKTH2 Q7  TBHH #Qt /Bbi`B#miBQM Q7 i?2 /QMQ` HQ+iBQMX U#V b?Qrb
i?2 2``Q` /m2 iQ `M/QK p`BiBQMb Q7 i?2 T`Q#2@/i [m#Bi BMi2`+iBQM- 7Q`
2tKTH2 /m2 iQ BKT2`72+i bi;2 Q`#BibX U+V HBbib i?2 [m#Bi bT2+B}+ bQm`+2b
Q7 2``Q`b- bm+? b i?2 BMBiBHBbiBQM- +QMi`QH M/ `2/Qmi 2``Q`b- b r2HH b
/i [m#Bi /2+Q?2`2M+2 M/ 2``Q` Q7 i?2 >/K`/ ;i2 /m`BM;  +v+H2X h?2
2tT2`BK2MiH +QKT`BbBQM pHm2b `2 +Bi2/ 7`QK bQm`+2b UBV (k9) - UBBV T`Bpi2
+QKKmMB+iBQM rBi? i?2 mi?Q` Q7 (ke)- UBBBV (kd) M/ UBpV (Re) X
 &SSPS UISFTIPME FTUJNBUFT
AM Q`/2` iQ ;m;2 i?2 72bB#BHBiv Q7 i?2 T`QTQb2/ b+?2K2- Bi Bb BKTQ`iMi iQ +?2+F
i?2 /2b+`B#2/ QT2`iBQM Q7 i?2 B/2H /2pB+2 ;BMbi i?2 p`BQmb BKT2`72+iBQMb Q7 i?2
7#`B+iBQM T`Q+2bb- i?2 K2+?MB+H KQiBQM- M/ i?2 [m#Bi QT2`iBQMX h?2 2``Q`b
+QMbB/2`2/ +QKT`Bb2 i?2 BMBiBHBbiBQM- +QMi`QH M/ `2/Qmi }/2HBiv Q7 i?2 T`Q#2 [m#Bi
b r2HH b /2+Q?2`2M+2 QM #Qi? i?2 /i M/ T`Q#2 [m#BiX o`BiBQMb Q7 i?2 T`Q#2
bi;2 i`D2+iQ`B2b `2 BM+Hm/2/ b p`BiBQMb Q7 i?2 T`Q#2@/i [m#Bi BMi2`+iBQM
bi`2M;i? #2ir22M +QMb2+miBp2 `mMb- M 2``Q` H#2HH2/ b ǵT`Q#2 DBii2`Ƕ BM i?2 7QHHQrBM;
Ub22 6B; kXeU#VVX h?2 }MH 2``Q` +QMbB/2`2/ Bb i?2 /Bbi`B#miBQM Q7 [m#Bi HQ+iBQMb /m2
iQ 2``Q`b BM BQM BKTHMiiBQM UQ` Qi?2` 7#`B+iBQM K2i?Q/VX h?2 HQ+iBQM 2``Q` H2/b
iQ biiB+ BKT2`72+iBQMb Q7 i?2 /BTQH` BMi2`+iBQM bi`2M;i? #2ir22M T`Q#2 M/ /i
[m#Bi M/ i?mb iQ BKT2`72+i T?b2 ;i2b 7Q` 2p2`v +QMb2+miBp2 T`Q#2@/i [m#Bi
BMi2`+iBQM U+7X 6B; kXeUVVX h?Bb 2``Q` ivT2 Bb i?2 KQbi bT2+B}+ iQ i?2 T`QTQb2/
/2bB;M M/  T`BK`v Q#D2+iBp2 Q7 i?Bb /Bb+mbbBQM Bb iQ B/2MiB7v i?2 iQH2`M+2 Q7 i?2
T`QTQb2/ `+?Bi2+im`2 ;BMbi [m#Bi TH+2K2Mi BKT2`72+iBQMbX
 7mHH bBKmHiBQM Q7 i?2 /2pB+2- BM+Hm/BM; i?2 2``Q` bQm`+2b bii2/ #Qp2 ?b #22M
+``B2/ Qmi #v Qm` +QHH#Q`iQ`b CQ2 PǶ:Q`KM M/ aBKQM *X "2MDKBM 7`QK i?2
lMBp2`bBiv Q7 Pt7Q`/ M/ LQKB LB+F2`bQM 7`QK AKT2`BH *QHH2;2 GQM/QMX .2pB+2b
rBi? /Bz2`2Mi ;`B/ bBx2b `2 2M+Q/2/ rBi?  bBM;H2 HQ;B+H [m#Bi M/ i?2 T`Q##BHBiv
Q7 T`Qi2+iBM; i?2 HQ;B+H [m#Bi Bb bBKmHi2/ b  7mM+iBQM Q7 2``Q` T`QT#BHBiv- Q`-
KQ`2 bT2+B}+HHv- b  7mM+iBQM Q7 i?2 rB/i? Q7 i?2 [m#Bi HQ+iBQM /Bbi`B#miBQMX h?2
`2KBMBM; 2``Q` T`Q##BHBiB2b Q7 i?2 bBKmHiBQMb `2 +?Qb2M iQ #2 +QKTiB#H2 rBi?
i?2 #2bi `2TQ`i2/ pHm2b Q7 k3aB- b HBbi2/ BM 6B;X kXeU+VX
kX9 1``Q` i?`2b?QH/ 2biBKi2b kd
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'JHVSF  _2bmHib Q7 i?2 MmK2`B+H /2pB+2 bBKmHiBQMb `2;`/BM; i?2 i?`2b?QH/
iQ 7mHi@iQH2`M+2 7Q` i?2 [m#Bi /Bbi`B#miBQM rB/i?X #`mTi bi;2 KQiBQM
UiQT `QrV M/  +QMiBMmQmb +B`+mH` KQiBQM U#QiiQK `QrV b r2HH b i?`22
/Bz2`2Mi /QMQ` /Bbi`B#miBQMb `2 +QMbB/2`2/X 6Hi TBHH@#Qt /Bbi`B#miBQMb rBi?
`/Bmb R M/ ?2B;?i R/5 U-/V-  `2;mH` TBHH@#Qt rBi? #Qi? `/Bmb M/ ?2B;?i
R M/  :mbbBM /Bbi`B#miBQM rBi? K2M /2pBiBQM Q7 R Hi2`HHv M/ R/2
p2`iB+HHvX h?2 i?`2b?QH/ pHm2b `2 MQ`KHBx2/ M/ b+H2 HBM2`Hv rBi? i?2
p2`iB+H T`Q#2@/i [m#Bi b2T`iBQM dX
 5ISFTIPME SFTVMUT GPS UIF QPTJUJPOJOH
AM i?2 7QHHQrBM; i?2 `Q#mbiM2bb Q7 i?2 /2pB+2 ;BMbi [m#Bi TH+2K2Mi BKT2`72+iBQMb
Q7 i?2 /2pB+2 7#`B+iBQM `2 2tKBM2/X 6Q` i?Bb Tm`TQb2- i?2 bBKmHiBQMb r2`2
+QM/m+i2/ 7Q` irQ ivT2b Q7 TBHH#Qt /Bbi`B#miBQMb- QM2 rBi? i?2 2tT2+i2/ ~i /QMQ`
/Bbi`B#miBQM 7`QK ahJG@Tii2`M2/ ?v/`Q;2M KbF HBi?Q;`T?Bv (9R- 9k) M/ i?2
Qi?2` bbmKBM; HQr 2M2`;v BKTHMiiBQM rBi?  KbFX 6m`i?2`KQ`2-  :mbbBM
/Bbi`B#miBQM Q7 /QMQ`b Bb bBKmHi2/- bBKBH` iQ i?2 `2bmHi Q7  7Q+mbb2/ BQM #2K
ivT2 Q7 BKTHMiiBQMX h?2 `2bmHib `2 /2TB+i2/ BM 6B;X kXd- #Qi? 7Q`  +QMiBMmQmb
+B`+mH` bi;2 KQiBQM b r2HHb b 7Q` M #`mTi- ?QTTBM; KQiBQM rBi? M2;HB;B#H2 bi;2
i`Mb72` iBK2bX >2`2- i?2 p`B#H2b R 7Q` i?2 `/Bmb Q7 /Bbi`B#miBQM M/ d i?2 p2`iB+H
b2T`iBQM Q7 T`Q#2 M/ /i [m#Bib `2 BMi`Q/m+2/X
6Q` bm`7+2 +Q/2b- i?2`2 2tBbib  i?`2b?QH/ BM 2``Q` T`Q##BHBiv- #2HQr r?B+? Bi Bb
#2M2}+BH iQ BM+`2b2 i?2 ;`B/ bBx2- BX2X- #2HQr r?B+?  H`;2` ;`B/ `2bmHib BM  ?B;?2`
T`Q##BHBiv iQ T`Qi2+i i?2 2M+Q/2/ HQ;B+H [m#BiX h?Bb i?`2b?QH/ TQBMi Bb K`F2/ #v
i?2 +`QbbBM; Q7 i?2 +m`p2b BM 6B;X kXdX
k3 *?Ti2` k  bBHB+QM `+?Bi2+im`2 7Q` bm`7+2 +Q/2 [mMimK +QKTmiiBQM
0.0 0.1 0.2 0.3 0.4
12
13
14
15
16
17
13 14 15 16
85
90
95
Su
cc
es
s
ra
te
 (%
)
3 4 5 6 7 8 3 4 5 6 7
Th
re
sh
ol
d 
di
sp
la
ce
m
en
t R
 (%
) Data qubit decoherence (%)
R (%) 12
13
14
15
16
17
12
13
14
15
16
17
Measurement error (%) Jitter error (%)
'JHVSF  a2MbBiBpBiv Q7 i?2 /2pB+2 iQ Qi?2` bQm`+2b Q7 2``Q`X SHQii2/ Bb i?2
i?2 /BbTH+2K2Mi i?`2b?QH/ R/d /2`Bp2/ 7Q` i?2 b+2M`BQ Q7 6B;X kXd U2V UTBHH@
#Qt /Bbi`B#miBQM- +QMiBMmQmb +B`+mH` KQiBQMV- ;BMbi p`BiBQMb Q7 i?2 [m#Bi
2``Q` T`Q##BHBiB2b HBbi2/ BM i?2 h#H2 Q7 6B;X kXeU+VX
6Q` i?2 /QMQ` /BbTH+2K2Mi 2``Q`- i?2 KQbi ;2M2`Qmb i?`2b?QH/ Bb R/d = 0.29-
r?B+? Bb 7QmM/ 7Q` i?2 ~i TBHH@#Qt /Bbi`B#miBQM M/  +QMiBMmQmb bi;2 KQiBQM-
r?B+?- b  ;2M2`H i`2M/- Bb KQ`2 H2MB2Mi iQr`/b /QMQ` /BbTH+2K2MibX 6Q` i?2
+B`+mH` KQiBQM- QMHv Qzb2ib T2`T2M/B+mH` iQ i?2 T`Q#2 bTBM i`D2+iQ`v `2bmHi BM 
7mHiv BMi2`+iBQM bi`2M;i?- r?BH2  /BbTH+2K2Mi HQM; i?2 Ti? Q7 i?2 bi;2 /Q2b
MQi `2bmHi BM M 2``Q`X 6Q` i?2 ?Qp2`BM;@T`Q#2 [m#Bi bi;2 KQiBQM- /BbTH+2K2Mib
BM HH i?`22 /BK2MbBQMb `2 +`BiB+HX h?2 /Bbi`B#miBQM rBi? i?2 ;`2i2bi 7#`B+iBQM
`2bi`B+iBQM Bb i?2 :mbbBM /Bbi`B#miBQM- r?Qb2 2``Q` i?`2b?QH/ Bb b HQr b R/d =
0.058- r?2`2 R Bb i?2 biM/`/ /2pBiBQMX 6Q`  T`Q#2 iQ /i [m#Bi b2T`iBQM
rBi? bm{+B2MiHv 7bi QT2`iBQM iBK2- bm+? b d = 9y MK- i?2 /2`Bp2/ i?`2b?QH/b
HHQr 2X;X TBHH #Qt /Bbi`B#miBQMb rBi? /BK2i2`b Q7 Ry MK iQ ky MK- +QKTiB#H2 rBi?
7#`B+iBQM K2i?Q/b +m``2MiHv #2BM; /2p2HQT2/X
 4FOTJUJWJUZ UP PUIFS TPVSDFT PG FSSPS
h?2 i?`2b?QH/ ++m`+v Q7 [m#Bi TH+2K2Mi /2T2M/b Q7 +Qm`b2 QM i?2 Qi?2` bQm`+2b
Q7 2``Q` b r2HH- BX2X- i?2 i?`2b?QH/ pHm2 Bb BM 7+i  ǵi2K 2zQ`iǶX hQ BMp2biB;i2 i?2
BKTQ`iM+2 Q7 i?2 Qi?2` ivT2b Q7 2``Q`- i?2 i?`2b?QH/ +H+mHiBQMb `2 HbQ +``B2/ Qmi
b  7mM+iBQM Q7 i?2 /i [m#Bi /2+Q?2`2M+2- i?2 T`Q#2 [m#Bi K2bm`2K2Mi 2``Q` M/
i?2 DBii2` 2``Q`X h?2 `2bmHib `2 b?QrM BM 6B;X kX3X h?2 K2bm`2K2Mi 2``Q` Bb [mBi2
r2HH iQH2`i2/- b Bb mbmHHv i?2 +b2 7Q` bm`7+2 +Q/2b- rBi? 2p2M `2HiBp2Hv ?B;? 2``Q`
pHm2b Q7 > 8W MQi z2+iBM; i?2 /BbTH+2K2Mi 2``Q` /`KiB+HHvX h?2 bK2 Bb i`m2
7Q` DBii2` 2``Q`, _M/QK ~m+imiBQMb Q7 BMi2`+iBQM bi`2M;i? #2ir22M /i [m#Bi M/
/QMQ`b b22K iQ ?p2  `2HiBp2Hv HQr BKT+i QM i?2 i?`2b?QH/X h?Bb Bb 2M+Qm`;BM;
#2+mb2 i?2 ++m`+v Q7 i?2 bi;2 KQiBQM Bb /B{+mHi iQ ;m;2 rBi?Qmi i2biBM; M/ 
;QQ/ iQH2`M+2 iQ `M/QK 2``Q`b BM BMi2`+iBQM bi`2M;i? Bb i?mb `2bbm`BM;X h?2 KQbi
+`m+BH bQm`+2 Q7 2``Q`- BKT+iBM; i?2 /BbTH+2K2Mi i?`2b?QH/ [mBi2 bB;MB}+MiHv 2p2M
kX9 1``Q` i?`2b?QH/ 2biBKi2b kN
i pHm2b < RW- Bb i?2 /i [m#Bi /2+Q?2`2M+2X 6Q`imMi2Hv- HQM; +Q?2`2M+2 iBK2b
`2 QM2 Q7 i?2 bi`2M;i? Q7 /QMQ`b BM k3aB- rBi? K2bm`2/ +Q?2`2M+2 iBK2b Q`/2`b Q7
K;MBim/2b HQM;2` i?M i?2 2MpBb;2/ bi#BHBx2` +v+H2 iBK2b Q7 ∼RKbX
jy *?Ti2` k  bBHB+QM `+?Bi2+im`2 7Q` bm`7+2 +Q/2 [mMimK +QKTmiiBQM
 'FBTJCJMJUZ DPOTJEFSBUJPOT
AM i?Bb b2+iBQM- i?2 72bB#BHBiv Q7 +imHHv #mBH/BM; i?2 T`QTQb2/ /2pB+2 Bb +QMbB/2`2/X
Zm2biBQMb iQ #2 Mbr2`2/ +QM+2`M r?2i?2` i?2 /2pB+2 QT2`iBQM Bb +QKTiB#H2 rBi?
`27Q+mbbBM; TmHb2b- r?2i?2` K2+?MB+H bvbi2Kb `2 +QM+2Bp#H2 iQ T2`7Q`K i?2 T`Q#2
bi;2 KQiBQM rBi? i?2 `2[mB`2/ bT22/ M/ ++m`+v M/- B7 bQ- r?B+? T?vbB+H [m#Bi
bvbi2Kb +QmH/ #2 +M/B/i2b 7Q` i?2 T`Q#2 M/ /i [m#Bi ;`B/bX
 $PNQBUJCJMJUZ PG PQFSBUJPO XJUI SFGPDVTTJOH TFRVFODFT GPS
EPOPST
.m2 iQ i?2 T2`KM2Mi Mim`2 Q7 i?2 /QMQ` /BbTH+2K2Mi- Mv 2``Q`b BM i?2 /BTQH`
BMi2`+iBQM bi`2M;i? #2ir22M T`Q#2 M/ /i [m#Bi `2 biiB+ 2``Q`bX q?i i?i
K2Mb Bb i?i QM p2`;2-  Z bi#BHBx2` /Q2b MQi T2`72+iHv K2bm`2  Z T`BivX
*`m+BHHv-  7mHiv Z T`Biv K2bm`2K2Mi /Q2b H2/ iQ bF2r2/- Qz@tBb bii2 T`Q@
D2+iBQMb M/ //BiBQMH i2+?MB[m2b ?p2 iQ #2 BMi`Q/m+2/ iQ p2`;2 Qmi i?2 bF2r2/
T`QD2+iBQMbX h?2 i?2Q`2iB+H i`2iK2Mi Q7 i?Bb 2z2+i Bb /2iBH2/ BM (dy) M/ Bib `2@
bmHib `2 bmKK`Bx2/ #2HQrX h?2`27i2`- i?2 +QKTiB#BHBiv Q7 i?2 /2`Bp2/ T`Biv
K2bm`2K2Mib rBi? `27Q+mbbBM; b2[m2M+2b 2bb2MiBH 7Q` i?2 [m#Bi QT2`iBQM Q7 bQHB/
bii2 bTBM [m#Bib Bb /Bb+mbb2/X
h?2 B/2H T`Biv T`QD2+iQ` 7Q` i?2 +b2 Q7 2p2M T`Biv Bb
Pˆ2p2M = |0000⟩ ⟨0000|+ |1100⟩ ⟨1100|+ ...+ |1111⟩ ⟨1111| X UkXeV
qBi? KBbHB;M2/ bTBMb- M/ ?2M+2  T2`KM2MiHv 2``QM2Qmb /BTQH` BMi2`+iBQM- QM2
}M/b i?i /Bz2`2Mi i2`Kb BM i?2 T`QD2+iQ` +[mB`2 /Bz2`2Mi r2B;?ib- bQ i?i i?2 2p2M
T`QD2+iQ` ?b i?2 7Q`K-
Pˆ ′2p2M = A
( |0000⟩ ⟨0000| + |1111⟩ ⟨1111| )+
B
( |0011⟩ ⟨0011| + |1100⟩ ⟨1100| )+
C
( |0110⟩ ⟨0110| + |1001⟩ ⟨1001| )+
D
( |0101⟩ ⟨0101| + |1010⟩ ⟨1010| )+ Wˆ
r?2`2 Wˆ Bb  b2i Q7 HQr2` r2B;?i2/ T`QD2+iQ`b QM Q// T`Biv bii2bX qBi? i?2 +QM@
biMib A- B- C M/ D #2BM; mM#HM+2/- 2+? bm++2bbBp2 T`QD2+iBQM rQmH/ 2M?M+2
i?2 T`QD2+iBQM BMiQ  7mHiv [mMimK bii2X AM Q`/2` iQ +QT2 rBi? i?Bb T`Q#H2K
M/ 2z2+iBp2Hv ǵbKQQi? QmiǶ i?2 BK#HM+2  ǵirB`HBM;Ƕ T`QiQ+QH Bb mb2/, "v ~BTTBM;
kX8 62bB#BHBiv +QMbB/2`iBQMb jR
2Bi?2` MQ- irQ Q` HH 7Qm` /i [m#Bib `M/QKHv #27Q`2 M/ 7i2` i?2 bi#BHBx2` +v+H2-
i?2 T`27+iQ`b rBi?BM i?2 T`QD2+iBQM QT2`iQ`b `2 BMi2`+?M;2/- r?BH2 i?2 K2bm`2@
K2Mi Qmi+QK2 bivb i?2 bK2X 6Q` 2tKTH2- +QMbB/2` i?2 irB`HBM; QT2`iQ` XˆXˆ11-
TTHB2/ #27Q`2 M/ 7i2` i?2 bi#BHBx2` +v+H2 iQ i?2 /i [m#BibX h?Bb rQmH/ `2bmHi
BM  T`QD2+iBQM K2bm`2K2Mi r?2`2 MQr i?2 BMBiBH bii2b |1100⟩ M/ |0011⟩ rQmH/
#2 bbQ+Bi2/ rBi? i?2 A T`27+iQ`- BMbi2/ Q7 |0000⟩ M/ |1111⟩X AM  bBKBH` rv-
Qi?2`- T`Biv@+QMb2`pBM; mMBi`v QT2`iBQMb QM i?2 /i [m#Bib T`BQ` iQ i?2 bi#B@
HBx2` +v+H2 2t+?M;2 i?2 T`27+iQ`b Q7 Qi?2` i2`Kb Q7 i?2 T`QD2+iBQM QT2`iQ`X "v
+?QQbBM;  /Bz2`2Mi irB`HBM; T`QiQ+QH T`BQ` iQ 2p2`v bi#HBx2` +v+H2- i?2B` T`27+iQ`b
`2 bKQQi?2M2/ M/ M mM#Bb2/ T`Biv T`QD2+iBQM Bb 2Mbm`2/X
.m2 iQ i?Bb 72im`2- i?2 7QHHQrBM; T`Biv K2bm`2K2Mi T`QiQ+QH Bb +QMbB/2`2/, 
b2i Q7 mMBi`v bBM;H2 [m#Bi ~BTb Bb TTHB2/ #Qi? #27Q`2 M/ 7i2` i?2 Pˆ ′2p2M T`QD2+iQ`-
rBi? i?2 mMBi`v QT2`iBQM +?Qb2M 7`QK i?2 b2i U1 = 1111- U2 = 11XˆXˆ- U3 =
1Xˆ1Xˆ- U4 = 1XˆXˆ1- `2bmHiBM; BM i?2 M2r T`Biv T`QD2+iBQM UiPˆ ′2p2MUi r?2`2 i Bb
+?Qb2M i `M/QKX AMbi2/ Q7 +imHHv ~BTTBM; /i [m#Bib- Bi Bb TQbbB#H2 iQ +?B2p2
i?2b2 /Bz2`2Mi mMBi`B2b #v ~BTTBM; i?2 T`Q#2 [m#Bi bii2 T`BQ` iQ i?2B` BMi2`+iBQM-
bBM+2 QMHv i?2 M2i Q`B2MiiBQM #2ir22M T`Q#2 M/ /i [m#Bib z2+ib i?2 *S?b2
;i2 Q7 i?2 T`Biv K2bm`2K2MiX h?2`27Q`2- i?2 T`QiQ+QH +M #2 bm#biBimi2/ rBi?
QM2 BM r?B+? i?2 T`Q#2 Bb bm#D2+i2/ iQ  b2`B2b Q7 ~BTb QM Bib i`D2+iQ`v `QmM/ Bib
7Qm` /i [m#Bib- r?BH2 i?2 /i [m#Bib i?2Kb2Hp2b `2 MQi bm#D2+i2/ iQ Mv ~BTb
(dy)X
$PNQBUJCJMJUZ XJUI SFGPDVTTJOH QVMTFT aQHB/ bii2 bTBM [m#Bi bvbi2Kb H`;2Hv 72@
im`2  /Bbi`B#miBQM BM i`MbBiBQM 7`2[m2M+B2b i?i Bb BM?QKQ;2M2QmbHv #`Q/2M2/X
h?Bb `2bmHib BM  `2HiBp2Hv b?Q`i /2T?bBM; iBK2 T ∗2 7i2` r?B+? i?2 T?b2 +Q?2`2M+2
Q7 M 2Mb2K#H2 Bb HQbiX 6Q`imMi2Hv- i?Bb i`MbBiBQM 7`2[m2M+v /Bbi`B#miBQM Bb T`2/QK@
BMMi2Hv biiB+ M/ i?2 +Q?2`2M+2 #2ir22M i?2 [m#Bib +M #2 `2+Qp2`2/ #v  π@TmHb2-
b?B7iBM; i?2 T?b2 Q7 i?2 7bi2` Qb+BHHiBM; bTBMb 2t+iHv #v irB+2 i?2 T?b2 +[mB`2/
/m`BM; i?2 7`22 2pQHmiBQM iBK2 mT iQ i?2 `27Q+mbbBM; TmHb2 U+7X *?Ti2` jX9XjVX h?Bb
H2/b iQ  `2+Qp2`v Q7 i?2 2Mb2K#H2 +Q?2`2M+2- bvKK2i`B+HHv `QmM/ i?2 `27Q+mbbBM;
TmHb2X
6Q` /QMQ`b BM k3aB- ivTB+H /2T?bBM; iBK2b `2 QM i?2 Q`/2` Q7 Ry ƒb- r?BH2 i?2
+Q?2`2M+2 iBK2b TT`Q+? R b (Re)X AM Q`/2` iQ #2M2}i 7`QK i?2 HQM; +Q?2`2M+2 iBK2b-
 TmHb2 b2[m2M+2 Kmbi #2 7QmM/ i?i +QK#BM2b #Qi? i?2 `27Q+mbbBM; TmHb2b QM T`Q#2
M/ /i [m#Bib rBi? i?2 /Bz2`2Mi irB`HBM; T`QiQ+QH /2b+`B#2/ #Qp2X AM 7+i- Bi Bb
[mBi2 Mim`H iQ +QK#BM2 i?2b2 irQ- rBi? QM2 TQbbB#H2 TmHb2 b2[m2M+2 /2TB+i2/ BM
6B;X kXNX "v //BM; `27Q+mbbBM; π TmHb2b KB/rv i?`Qm;? i?2 T?b2 ;i2b #2ir22M
jk *?Ti2` k  bBHB+QM `+?Bi2+im`2 7Q` bm`7+2 +Q/2 [mMimK +QKTmiiBQM
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protocol 
selection
'JHVSF  S`QTQb2/ +QK#BMiBQM Q7 i?2 irB`HBM; T`QiQ+QH (π) TmHb2b UHB;?i `2/V
M/ i?2 i?2 `27Q+mbbBM; TmHb2b U/`F `2/ M/ #Hm2V M2+2bb`v iQ 2Mbm`2 T?b2
+Q?2`2M+2 +`Qbb HH /i M/ T`Q#2 [m#Bib i i?2 KQK2Mi Q7 T`QD2+iBp2
TmHb2 TTHB+iBQMX h?2 2Mb2K#H2 /2T?bBM; /m2 iQ i?2 i`MbBiBQM 7`2[m2M+v
/Bbi`B#miBQM Bb 2t2KTHB}2/ #v i?2 b?/2/ `2X
T`Q#2 M/ /i [m#Bib Bi Bb TQbbB#H2 iQ `27Q+mb i?2 T`Q#2 bTBM +Q?2`2M+2 7Q` i?2
KQK2Mi Q7 Bib `2/QmiX aBKmHiM2QmbHv- Bi 2Mbm`2b i?i i?2 /i [m#Bi +Q?2`2M+2
`2 `27Q+mbb2/ iQ i?2 TQBMi Q7 i?2B` >/K`/ ;i2X aBM+2 i?2 iBK2 b+H2 Q7 i?2 T`Q#2
[m#Bi K2bm`2K2Mi Bb HBF2Hv iQ #2 bB;MB}+MiHv HQM;2` i?M /i [m#Bi >/K`/
;i2- Bi Bb 7m`i?2`KQ`2 M2+2bb`v iQ // MQi?2` `27Q+mbbBM; TmHb2 7Q` #Qi? i?2 T`Q#2
M/ i?2 /i [m#Bi- KB/rv /m`BM; i?2 i`Mb72` 7`QK /i [m#Bi k iQ j- iQ 2Mbm`2 i?2
+Q``2+i iBKBM; Q7 i?2 `27Q+mbb2/ +Q?2`2M+2X h?2 irB`HBM; T`QiQ+QH Bb 2M+i2/ QM i?2
T`Q#2 [m#Bib KB/rv i?`Qm;? i`Mb72` iQ i?2 M2ti [m#Bi- r?2`2 HbQ i?2 +Q?2`2M+2b
Ki+? mT iQ T`QpB/2 i?2 `2[mB`2/ Xˆ QT2`iQ`bX
h?2 /2b+`B#2/ TmHb2 b2[m2M+2 Bb Dmbi QM2 2tKTH2 M/ i?2`2 KB;?i 2tBbi #2ii2`
b2[m2M+2bX A7- 7Q` 2tKTH2- Bi Bb 7QmM/ i?i i?2 2``Q` T`Q##BHBiv Q7 i?2 `27Q+mbbBM;
TmHb2b Bb iQQ ?B;?- i?2M i?2 MmK#2` Q7 `27Q+mbbBM; TmHb2b +QmH/ #2 `2/m+2/ #v pBbBiBM;
HH /i [m#Bib irB+2, .m`BM; i?2 }`bi +v+H2 rBi?  T?b2 TB+F@mT Q7 S(π/4) MQ
`27Q+mbbBM; TmHb2b `2 TTHB2/X h?2M i i?2 bi`i Q7 i?2 b2+QM/ `mM- #Qi? /i
M/ bTBM [m#Bib `2 ~BTT2/- 2Mbm`BM; i?i i?2 +Q?2`2M+2b `2HB;M 7i2` i?2 b2+QM/
+v+H2 Q7 S(π/4) ;i2b- BM iBK2 7Q` i?2 T`Q#2 bTBM `2/Qmi M/ /i [m#Bi >/K`/
;i2X h?Bb b2[m2M+2 rQmH/ 7m`i?2`KQ`2 2Mbm`2 i?i TQbbB#H2 BMi2`+iBQMb #2ir22M
i?2 T`Q#2 [m#Bib M/ /272+ib QM i?2 bm`7+2 Q7 i?2 /i [m#Bi bi;2 `2 `27Q+mbb2/-
r?B+? Bb i`m2 b HQM; b i?2 Q`#BiH Ti? Q7 +QMb2+miBp2 +v+H2b Bb `2HiBp2Hv +QMbBbi2MiX
h?2 T?b2 mb2/ 7Q` i?2 `27Q+mbbBM; TmHb2b Bb  7m`i?2` Kii2` iQ #2 /2i2`KBM2/X
qBi?Qmi BMp2biB;iBM; i?Bb BM /2iBH- Bi +QmH/ #2 #2M2}+BH iQ Hi2`Mi2 i?2 T?b2
kX8 62bB#BHBiv +QMbB/2`iBQMb jj
Q7 i?2 `27Q+mbbBM; TmHb2b #2ir22M X M/ Y - bBKBH` iQ i?2 /vMKB+H /2+QmTHBM;
b2[m2M+2b su @9 M/ su @Re (de- dd)X AM/22/- Bi KB;?i 2p2M #2 #2M2}+BH iQ `2TH+2
i?2 BM/BpB/mH `27Q+mbbBM; π@TmHb2b #v  r?QH2 /vMKB+H /2+QmTHBM; TmHb2 b2[m2M+2-
bm+? b i?2 7Q`2K2MiBQM2/ su @9 M/ su @Re- +iBM; bBKmHiM2QmbHv QM i?2 T`Q#2
M/ /i [m#BibX h?Bb rQmH/ /2+QmTH2 i?2 T`Q#2 M/ /i [m#Bi 7`QK M 2p2M
H`;2` T`i Q7 i?2 Q7 K;M2iB+ MQBb2 bT2+i`mK- r?BH2 `2iBMBM; i?2B` KmimH /BTQH`
BMi2`+iBQM M2+2bb`v 7Q` i?2 *S?b2 ;i2bX
 .FDIBOJDBM GFBTJCJMJUZ
h?2 iBK2 `2[mB`2/ 7Q` i?2 7Qm` S(π/2) ;i2b #2ir22M i?2 T`Q#2 [m#Bi M/ i?2 7Qm`
/i [m#Bib Q7 i?2 bi#BHBx2` +v+H2 /2T2M/b QM i?2 b2T`iBQM d b tBMi = 2π d3J X h?2
+?QB+2 Q7 d M/ D Bb  i`/2 Qz #2ir22M i?2 bKHH2bi TQbbB#H2 7#`B+iBQM 72im`2
bBx2b- i?2 +?B2p#H2 bi;2 i`MbHiBQM p2HQ+BiB2b M/ i?2 /2+Q?2`2M+2 iBK2 Q7 i?2
[m#BibX PM2 ǵbr22i bTQiǶ 7Q` i?2 T`Q#2@/i [m#Bi b2T`iBQM Bb d = 9y MK M/
D = 9yy MK- `2bmHiBM; BM BMi2`+iBQM iBK2b Q7 tBMi ≈ R F>xX JMm7+im`BM; T`2+BbBQM
QM i?Bb H2M;i? b+H2- Hi?Qm;? HBF2Hv #2vQM/ iQ/vǶb +T#BHBiB2b- /Q2b MQi b22K iQ
#2 BKTQbbB#H2- rBi? 2X;X ?`/ /BbF KMm7+im`2`b +BiBM;  `2/ ?2/ iQ ?`/ /`Bp2
b2T`iBQM Q7 j MK iQ 8 MK (d3)X LQiB+2 HbQ i?2 +m#B+ b+HBM; Q7 tBMi ∝ d3- K2MBM;
i?i B7- Qp2` iBK2- i?2 KMm7+im`BM; T`2+BbBQM BM+`2b2b iQ 2M#H2  bBx2 `2/m+iBQM
#v  7+iQ` Q7 k- i?Bb rQmH/ HHQr 7Q` M 2B;?i@7QH/ BM+`2b2 Q7 QT2`iBQM 7`2[m2M+v
Q7 i?2 /2pB+2X
>Qr +M i?2 KQiBQM Q7 i?2 T`Q#2 bi;2 #2 `2HBb2/ BM T`+iB+2\ h?2 ivTB+H
K2+?MB+H bvbi2K i?i 2M#H2b KQiBQMb rBi? bm#@MMQK2i2` TQbBiBQMH ++m`+v Bb
i?2 iBT Q7 M iQKB+ 7Q`+2 KB+`Qb+QT2 +MiBH2p2`X AM T`BM+BTH2- M ``v Q7 iBTb QM
 bBM;H2 +MiBH2p2` +QmH/ BM+Q`TQ`i2 i?2 T`Q#2 [m#Bib M/  +v+HB+ KQiBQM Q7 i?2
+MiBH2p2` rQmH/ HHQr i?2 7Qm` [m#Bi T?b2 ;i2bX >Qr2p2`- T`+iB+H +QMbi`BMib
bm+? b ?2B;?i mMB7Q`KBiv Q7 i?2 T`Q#2 iBTb- KB;?i BKTQb2 b2p2`2 +?HH2M;2b iQ i?2
b+H#BHBiv Q7 i?Bb TT`Q+?X
 KQ`2 pB#H2 K2+?MB+H bvbi2K +QmH/ #2  /2pB+2 bBKBH` iQ i?2 x@y i`MbHiBQM
bi;2b `2HBb2/ BM i?2 +QMi2ti Q7 KB+`Q 2H2+i`QK2+?MB+H bvbi2Kb UJ1JaVX h?2b2
/2pB+2b `2 Q7i2M KMm7+im`2/ 7`QK bBHB+QM@QM@BMbmHiQ` r72`b M/ +QmH/ 2tTHQBi
i?2 mMB7Q`KBiv Q7 i?2 QtB/2 Hv2` iQ +?B2p2  ?B;? ?QKQ;2M2Biv Q7 i?2 T`Q#2 Ĝ /i
[m#Bi b2T`iBQM d +`Qbb i?2 ;`B/X o`BQmb /2bB;Mb 7Q` J1Ja x@y i`MbHiBQM bi;2b
?p2 #22M Tmi 7Q`r`/ rBi? i`p2H `M;2b BM i?2 Ry ƒK `M;2 Q` ?B;?2` (dNĜ3R)ě
KQ`2 i?M bm{+B2Mi 7Q` i?2 b+?2K2b /Bb+mbb2/ BM 6B;X kX8X h?2 biM/`/ /2pBiBQM
Q7 x−y TQbBiBQMBM; Q7 i?2b2 bvbi2Kb ?p2 #22M /2KQMbi`i2/ iQ #2 BM i?2 MK `2;BK2
j9 *?Ti2` k  bBHB+QM `+?Bi2+im`2 7Q` bm`7+2 +Q/2 [mMimK +QKTmiiBQM
(3k- 3j)- Hi?Qm;? bm+? T`2+BbBQM ?b bQ 7` QMHv #22M /2KQMbi`i2/ i HQr 722/#+F
HQQT #M/rB/i?b Q7 jy>xX h?2 KQiBQM bT22/ Q7 i`MbHiBQM bi;2b Bb HBKBi2/ #v i?2B`
2B;2M7`2[m2M+v M/ /2bB;Mb rBi? 7`2[m2M+B2b > 10 F>x (39) rQmH/ T2`KBi bi#BHBx2`
+v+H2 i`MbHiBQM iBK2b QM i?2 Q`/2` Q7 ∼ Ryy ƒbX AM bmKK`v- J1Ja /2pB+2b
+QmH/ #2 QM i`+F iQ 2M#H2 i?2 `2[mB`2/ 7bi M/ T`2+Bb2 KQiBQM M/ BM/BpB/mH
/2pB+2 ?p2 H`2/v 7mH}HH2/ i?2 `2[mB`2K2Mib T`iBHHvX >Qr2p2`- 7m`i?2` rQ`F M/
BKT`Qp2K2Mib `2 M22/2/ iQ +QK#BM2 bi;2b Q7 ?B;? 2B;2M7`2[m2M+v UHB;?i r2B;?i-
#mi biBz iQ pQB/ #2M/BM;V rBi? ++m`i2 TQbBiBQMBM; b2MbBM; M/ 7bi 722/#+F HQQTbX
M BKTQ`iMi [m2biBQM `2;`/b i?2 2H2+i`B+H +QMi`QH Q7 i?2 T`Q#2 [m#Bib- r?B+?
M22/ iQ #2 BM/BpB/mHHv //`2bb2/ M/ K2bm`2/X h?2`2 `2 irQ #bB+ bi`i2;B2b
iQ #`BM; i?2 K2iHHB+ H2/b iQ i?2 bi;2, qBi? i?2 T`Q#2 bi;2 b i?2 KQ#BH2 iQT
+QKTQM2Mi- Bi Bb M2+2bb`v iQ /2HBp2` i?2 K2iHHB+ rB`BM; Qp2` i?2 bmbT2MbBQM #2Kb
i i?2 bB/2 Q7 i?2 T`Q#2 bi;2X  bBM;H2 H`;2 #2K- i 2+? bB/2 Q7 i?2 bi;2-
`mMb BMiQ i?2 T`Q#H2K i?i Bib bT`BM; +QMbiMi b+H2b rBi? i?2 +m#2 Q7 Bib rB/i?X
qBi? N T`Q#2 [m#Bib iQ #2 //`2bb2/ M/ w b i?2 rB/i? `2[mB`2/ 7Q` i?2 2H2+i`B+
H2/b Q7 i?Bb [m#Bi- i?2 biBzM2bb Q7 i?2 KQ#BH2 bi;2 ;BMbi Hi2`H i`MbHiBQM rQmH/
b+H2 +m#B+Hv b (Nw)3X AM im`M- iQ +?B2p2 i?2 bK2 /2~2+iBQM Q7 i?2 bi;2- i?2
/`BpBM; 7Q`+2- BX2X i?2 pQHi;2b +`Qbb i?2 2H2+i`B+ +QK# +imiQ`b rQmH/ M22/ iQ
BM+`2b2 +m#B+HvX hQ +B`+mKp2Mi i?Bb b+HBM; T`Q#H2K- Bi KB;?i #2 #2M2}+BH iQ mb2
 KmHiBim/2 Q7 i?BM #2KbX h?2 bT`BM; +QMbiMi Q7 i?2 KmHiBim/2 Q7 #2Kb 7Q` i?2
BM@THM2 KQiBQM Bb i?2M bBKTHv Nw3- b+HBM; QMHv HBM2`Hv rBi? N X
 /Bz2`2Mi bi`i2;v KB;?i #2 iQ ~BT i?2 `QH2 Q7 i?2 T`Q#2 bi;2 M/ /i [m#Bi
bi;2- bBM+2 QMHv i?2 `2HiBp2 KQiBQM #2ir22M /i M/ T`Q#2 [m#Bib Bb `2H2pMiX
AM/22/- `2HBxBM; i?i i?2 /i [m#Bib M22/ iQ #2 +QMi`QHH2/ QMHv ;HQ#HHv- BX2X /QMǶi
M22/ Mv bmTTHv 2H2+i`QMB+b- Bi b22Kb KQ`2 Mim`H iQ KQp2 i?2 /i [m#Bib iQ i?2
KQ#BH2 THi7Q`KX >Qr2p2`- i?2`2 `2 HbQ /Bb/pMi;2b, h?2 7#`B+iBQM Q7 2H2+i`B+
;i2b 7Q` i?2 T`Q#2 [m#Bi +QMi`QH BM@#2ir22M i?2 ;T iQ i?2 KQ#BH2 bi;2 +QmH/ T`Qp2
iQ #2 iQQ /B{+mHiX  TQbbB#BHBiv iQ +B`+mKp2Mi bm+? T`Q#H2Kb +QmH/ #2 iQ r`Bi2 i?2
+QMi`QH 2H2+i`QMB+b BM i?2 bK2 T`Q+2bb BM r?B+? i?2 T`Q#2 bTBMb i?2Kb2Hp2b `2
TH+2/ě#v `2HvBM; QM iQKB+@T`2+Bb2 ahJG 7#`B+iBQM Q7 T?QbT?Q`Qmb BKTm`Biv
a1hb- ;i2b M/ i?2 T`Q#2 [m#Bi TH+2K2Mi BM  bBM;H2 bi2T (9k- 38)X
 $PNQBUJCMF TPMJE TUBUF TQJO TZTUFNT
h?2 }MH b2+iBQM Q7 i?2 72bB#BHBiv /Bb+mbbBQM //`2bb2b TQbbB#H2 bQHB/ bii2 [m#Bi
bvbi2Kb 7Q` i?2 Q`#BiH T`Q#2 `+?Bi2+im`2- MK2Hv /QMQ` BKTm`BiB2b BM bBHB+QM- Lo
+2Mi2`b BM /BKQM/ M/ /Bp+M+v +2Mi2`b BM bBHB+QM +`#B/2X
kX8 62bB#BHBiv +QMbB/2`iBQMb j8
6Q` HH bvbi2Kb- HQ+H +QMi`QH Q7 i?2 T`Q#2 [m#Bib ?b iQ #2 BKTH2K2Mi2/X 
+QMp2MB2Mi K2i?Q/ iQ pQB/ BM/BpB/mH KB+`Qrp2 722/HBM2b 7Q` 2+? T`Q#2 [m#Bi
miBHBx2b i?2 TQbbB#HBiv iQ ai`F b?B7i bTBM [m#Bib BMiQ `2bQMM+2 rBi?  ;HQ#HHv TTHB2/
#+F;`QmM/ KB+`Qrp2 }2H/X h?Bb ?b #22M /2KQMbi`i2/ #Qi? 7Q` /QMQ`b BM bBHB+QM
(j8- jd)- 7Q` Lo +2Mi2`b (8k- 3e) M/ 7Q` bBHB+QM +`#B/2 /Bp+M+v +2Mi2`b (3d)X
Hi2`MiBp2Hv- M/ Kv#2 H2bb 2H2;MiHv- i?Bb +QmH/ #2 +?B2p2/ mbBM; K;M2iB+ }2H/
;`/B2Mib- /2imMBM; i?2 BM/BpB/mH `2bQMM+2 7`2[m2M+B2b Q7 i?2 T`Q#2 [m#Bi ;`B/X
JQbi Q7 i?2 /Bb+mbb2/ bvbi2Kb 2t?B#Bi ?vT2`}M2 bi`m+im`2- `2bmHiBM; BM  Mm+H2`
bTBM bii2 /2T2M/2M+2 Q7 i?2 i`MbBiBQM 2M2`;v #2ir22M i?2 |0⟩ M/ |1⟩ bii2 Q7 i?2
2H2+i`QM bTBMX h?Bb H2/b 2z2+iBp2Hv iQ irQ Q` KQ`2 TQbbB#H2 ǵbT2+B2bǶ Q7 [m#Bib-
2+? Q7 r?B+? Kmbi #2 KMBTmHi2/ #v  KB+`Qrp2 TmHb2 Q7  /Bz2`2Mi 7`2[m2M+vX
hQ T2`7Q`K i?2 `2[mB`2/ [m#Bi QT2`iBQMb `2;`/H2bb Q7 i?2 Mm+H2` bTBM bii2- Bi Bb
T`QTQb2/ iQ mb2 KmHiB@iQM2 KB+`Qrp2 TmHb2b +QKTQb2/ Q7 HH `2bQMM+2 7`2[m2M+B2b
Q7 i?2 /Bz2`2Mi bT2+B2bX qBi? i?Bb Bi +M #2 2Mbm`2/ i?i Mm+H2` bTBM ~BTb /Q MQi
z2+i i?2 T`QTQb2/ T`QiQ+QH- b HQM; b i?2v Q++m` H2bb 7`2[m2MiHv i?M i?2 iBK2 7Q`
 bi#BHBx2` +v+H2X
AM i?2 7QHHQrBM;- i?2 T`2/B+i2/ T2`7Q`KM+2 Q7 i?2 /Bz2`2Mi Ki2`BH bvbi2Kb Bb
+QKT`2/X
%POPST JO TJMJDPO .m2 iQ /pM+2/ 7#`B+iBQM T`Q+2bb2b M/ Bib 2t+2HH2Mi Ki2`BH
T`QT2`iB2b- bBHB+QM Bb i?2 T`2/QKBMMi Ki2`BH 7Q` i?2 `2HBbiBQM Q7 ?B;?@[mHBiv
J1Ja /2pB+2b M/ Bb  T`QKBbBM; +M/B/i2 iQ K22i i?2 K2+?MB+H `2[mB`2K2Mib
Q7 i?2 T`QTQb2/ /2pB+2X
6m`i?2`KQ`2- Bib [m#Bi T`QT2`iB2b `2 2t+2HH2MiX qBi? BbQiQTB+ Tm`B}+iBQM Q7
i?2 ?Qbi HiiB+2- i?2 +Q?2`2M+2 iBK2b Q7 /QMQ` 2H2+i`QM bTBMb BM k3aB TT`Q+? R b
U+7X *?X eXj M/ (Re)VX h?Bb rQmH/ 2M#H2 p2`v HQr /i [m#Bi K2KQ`v 2``Q` `i2b
Ubm# 0.1WV Qp2` i?2 iBK2b+H2 Q7  bBM;H2 T`Biv K2bm`2K2Mi Q7 RXkKb U+7X 6B;X kXeVX
A7 /QMQ`b BM bBHB+QM `2 2KTHQv2/ b i?2 T`Q#2 [m#Bib- i?2M BMBiBHBbiBQM M/ `2/@Qmi
Q7 i?2 2H2+i`QM bTBM +QmH/ #2 T2`7Q`K2/ mbBM; bTBM@/2T2M/2Mi imMM2HHBM; iQ  M2`#v
`2b2`pQB` M/ bm#b2[m2Mi +?`;2 /2i2+iBQM mbBM; a1hb (kj- k9- ke)X h?2 p2`;2
K2bm`2K2Mi }/2HBiv ?b #22M `2TQ`i2/ b NdW M/ i?2 `2/@Qmi iBK2b+H2 Ur?B+?
/2T2M/b QM i?2 imMM2H +QmTHBM; #2ir22M /QMQ` M/ a1h M/ +M p`v /`KiB+HHvV
rb QM i?2 Q`/2` Q7 KBHHBb2+QM/bjX h?2 bBM;H2 [m#Bi +QMi`QH }/2HBiv 7Q` M 2H2+i`QM
bTBM Q7  bBM;H2 S /QMQ` BM k3aB BM i?2b2 /2pB+2b ?b #22M `2TQ`i2/ b NNXN8W (kd)-
jHi?Qm;? i?2 /2pB+2 iQH2`i2b K2bm`2K2Mi 2``Q`b [mBi2 r2HH- Bi b?QmH/ #2 MQi2/ i?i i?2 `2/@
Qmi }/2HBiv +M #2 7m`i?2` BM+`2b2/ B7- #v i?2 2M/ Q7  bi#BHBx2` +v+H2- i?2 2H2+i`QM bTBM bii2
Bb i`Mb72``2/ iQ i?2 Mm+H2` bTBM (RN) 7`QK r?B+? Bi +M i?2M #2 K2bm`2/ rBi? ?B;?2` }/2HBiv
mT iQ pHm2b Q7 NNXNNW (ke)X h?Bb /pMi;2 ?b iQ #2 i`/2/ ;BMbi i?2 +Qbi Q7  HQM;2`
je *?Ti2` k  bBHB+QM `+?Bi2+im`2 7Q` bm`7+2 +Q/2 [mMimK +QKTmiiBQM
r?B+? +QmH/ #2 BKT`Qp2/ 2p2M 7m`i?2` #v i?2 mb2 Q7 +QKTQbBi2 KB+`Qrp2 TmHb2b- b
/QM2 BM (33)X lbBM; /vMKB+H /2+QmTHBM; b2[m2M+2b-  +Q?2`2M+2 iBK2 Q7 yX8e b ?b
#22M K2bm`2/ 7Q`  bBM;H2 [m#Bi BM M 2H2+i`B+ /2pB+2 (ke)X
h?2 7QQiT`BMi Q7 i?2 `2[mB`2/ 2H2+i`QMB+ +QKTQM2Mib iQ K2bm`2  bBM;H2 /QMQ`
bTBM BM bBHB+QM Bb ivTB+HHv QM i?2 Q`/2` Q7 200 × 200 MK2 (k9) M/ Bb i?mb bKHH
2MQm;? iQ +?B2p2 T`Q#2 [m#Bi ;`B/ b2T`iBQMb Q7 D = 400 MKX A7 i?2 `2[mB`2/
K2bm`2K2Mi i2KT2`im`2b QM i?2 Q`/2` Q7 RyyKE #2+QK2 /B{+mHi iQ KBMiBM
/m2 iQ KQmMi Q7 2H2+i`QMB+ +QMi`QH HBM2b M/fQ` i?2 +imiBQM KQiBQM- i?2M i?2
Hi2`MiBp2 Q7 #QmM/@2t+BiQM bbBbi2/ bTBM@iQ@+?`;2 +QMp2`bBQM /Bb+mbb2/ BM *?X 8
Kv HHQr bBM;H2 bTBM /2i2+iBQM i HB[mB/ ?2HBmK i2KT2`im`2b r?2`2 ?B;?2` +QQHBM;
TQr2`b `2 pBH#H2 (jk)X
b b?QrM #v i?2 i?`2b?QH/ +H+mHiBQMb-  F2v };m`2 7Q` i?Bb b+?2K2 Bb i?2 BKTHM@
iiBQM ++m`+v +?B2p#H2 7Q` i?2 T`Q#2 M/ /i [m#Bi ``vbX AQM BKTHMiiBQM
K2i?Q/b rBi? `2bQHmiBQMb TT`Q+?BM; Ry MK +M #2 +?B2p2/ mbBM; 2Bi?2` 2@#2K
HBi?Q;`T?v /B`2+iHv QM i?2 bm#bi`i2 (3N- Ny) Q` MMQbi2M+BH KbFb /`BHH2/ BMiQ 6J
+MiBH2p2`b (NR)X 6Q` /QMQ`b BM bBHB+QM- i?2b2 TT`Q+?2b +M #2 +QK#BM2/ rBi? BQM
BKT+i /2i2+iBQM iQ 2Mbm`2 /2i2`KBMBbiB+ bBM;H2 [m#Bi BKTHMiiBQM (Nk)X MQi?2`
i2+?MB[m2 7Q` bBHB+QM Bb i?2 ahJG Tii2`MBM; Q7  ?v/`Q;2M KbF M/ i?2 bm#b2[m2Mi
2tTQbm`2 iQ T?QbT?2M2 ;b- r?B+? 2M#H2b iQKB+HHv@T`2+Bb2 U±jX3³V T?QbT?Q`mb
/QMQ` BM+Q`TQ`iBQM BM HH i?`22 /BK2MbBQMb (9R- 9k)X h?Bb ++m`+v Bb KQ`2 i?M M
Q`/2` Q7 K;MBim/2 #2HQr i?`2b?QH/b Q7 6B;X kXd M/ i?2 +?HH2M;2 `2KBMBM; Bb iQ
KBMiBM i?Bb T`2+BbBQM Qp2` H`;2` [m#Bi ``vbX
%JBNPOE OJUSPHFOWBDBODZ DFOUFST h?2 2H2+i`QM bTBM [m#Bi bbQ+Bi2/ rBi? i?2
MBi`Q;2M@p+M+v ULoV /272+i +2Mi2` Q7 /BKQM/ 72im`2b QTiB+HHv //`2bb#H2 bTBM
bii2b- r?B+? +QmH/ #2 KMBTmHi2/ 2p2M i `QQK i2KT2`im`2X "v mbBM; `2bQMMi
Hb2` 2t+BiiBQM M/ /2i2+iBQM Q7 HmKBM2b+2M+2 T?QiQMb- 7bi U∼9y ƒb (Nj)V M/ `2HB@
#H2 UK2bm`2K2Mi }/2HBiv Q7 NeXjW (N9)V `2/@Qmi Q7 bBM;H2 Lo +2Mi2` bTBMb +QmH/
#2 2KTHQv2/ 7Q` i?2 T`Q#2 bTBM K2bm`2K2Mi M/ BMBiBHBbiBQM9X h?2 +Q?2`2M+2
iBK2b BM BbQiQTB+HHv Tm`B}2/ /BKQM/ bKTH2b UT2 = eyyKb i ddE mbBM; bi`QM;
/vMKB+H /2+QmTHBM; (Ne)V `2 HQM; 2MQm;? iQ HHQr KBHHBb2+QM/ HQM; bi#BHBx2` +v@
+H2bX
q?BH2 i?2 [m#Bi QT2`iBQMb BM Lo +2Mi2`b `2 /pM+2/- bQ 7` p2`v 72r KB+`Q@
2H2+i`QK2+?MB+H /2pB+2b ?p2 #22M `2HBb2/ mbBM; /BKQM/ b i?2 KBM Ki2`BHX
K2bm`2K2Mi iBK2, _2TQ`i2/ iBK2b Q7 Q`/2` RyyKb `2 irQ Q`/2`b Q7 K;MBim/2 bHQr2` i?M
/Bb+mbb2/ bi#BHBx2` +v+H2 iBK2X
9h?2 Mm+H2` bTBM Q7 R9L Q` Q7 /D+2Mi Rj* Kv ;BM #2 2tTHQBi2/ iQ 2M?M+2 i?2 K2bm`2K2Mi
}/2HBiv UNNXeW (N8)VX
kX8 62bB#BHBiv +QMbB/2`iBQMb jd
KQM; i?2 `2TQ`i2/ bi`m+im`2b `2 `2bQMiQ`b 7`QK bBM;H2 +`vbiHHBM2 /BKQM/@QM@
BMbmHiQ` r72`b (Nd) M/ 7`QK MMQ@+`vbiHHBM2 /BKQM/ (N3)X AM T`BM+BTH2 i?Qm;?-
/BKQM/ TQbb2bb2b T`QKBbBM; Ki2`BH T`QT2`iB2b 7Q` J1Ja TTHB+iBQMb (NN) M/-
;Bp2M 7m`i?2` `2b2`+?- +QmH/ #2+QK2 M 2bi#HBb?2/ Ki2`BH iQ #mBH/ i`MbHiBQM
bi;2bX
h?2 BKTHMiiBQM ++m`+v 7Q` i?2 Lo +2Mi2` Bb /2i2`KBM2/ T`BK`BHv #v i?2 BQM
#2K i2+?MB[m2b /Bb+mbb2/ #Qp2X h?2 KQbi ++m`i2 K2i?Q/ mb2b  ?QH2 BM M
6J +MiBH2p2` M/ +?B2p2b Hi2`H ++m`+B2b Q7 ∼ 25 MK i BKTHMiiBQM /2Ti?b
Q7 8±3 MK (Ryy)X h?Bb T`2+BbBQM Bb QMHv bHB;?iHv #2HQr i?2 i?`2b?QH/ Q7 i?2 T`QTQb2/
b+?2K2 M/ Bi Bb `2bQM#H2 iQ ?QT2 i?i M2r BKTHMiiBQM K2i?Q/b +QmH/ K22i i?2
`2[mB`2K2Mib BM i?2 M2` 7mim`2X 6m`i?2`KQ`2- Bi b?QmH/ #2 MQi2/ i?i i?2 T`QTQb2/
;`B/ bT+BM; Q7 D = 400 MK Bb r2HH #2vQM/ i?2 /Bz`+iBQM HBKBi 7Q` QTiB+H `2/@Qmi
U250 MK (RyR)VX
MQi?2` +`BiB+H 7+iQ` 7Q` HH Lo +2Mi`2 7#`B+iBQM K2i?Q/b Bb i?2 HQr vB2H/ Q7
+iBp2 Lo +2Mi`2b T2` BKTHMi2/ MBi`Q;2M iQK- r?B+? Bb ivTB+HHv r2HH #2HQr jyW
(Ryk- Ryj)X am+?  HQr vB2H/ rQmH/ `2bmHi BM iQQ ;`2i  MmK#2` Q7 ǵ/2/ TBt2HbǶ iQ
HHQr 7Q` i?2 +QMbi`m+iBQM Q7  mb27mH /2pB+2X
q?BH2 i?2`2 `2 biBHH bB;MB}+Mi +?HH2M;2b `2KBMBM; iQ M BMi2;`i2/ /BKQM/
J1Ja T`Q#2 ``v- Bi Bb 2M+Qm`;BM; i?i i?2 #bB+ `2[mB`2K2Mi Q7 i?2 T`QTQb2/
b+?2K2- BX2X i?2 +QMi`QH Q7 i?2 /BTQH` BMi2`+iBQM Q7 irQ 2H2+i`QM bTBMb #v K2Mb
Q7 +?M;BM; i?2B` b2T`iBQM K2+?MB+HHv- ?b H`2/v #22M +?B2p2/X :`BMQH/b 2i
HX r2`2 #H2 iQ b2Mb2 i?2 TQbBiBQM M/ i?2 /BTQH` }2H/ Q7  bBM;H2 Lo +2Mi`2 #v
b+MMBM;  b2+QM/ Lo +2Mi`2 BM  /BKQM/ TBHH` ii+?2/ iQ M 6J +MiBH2p2`
+`Qbb Biěi M Lo +2Mi`2 b2T`iBQM Q7 8y MK (Ry9)X
4JMJDPO DBSCJEF WBDBODZ EFGFDUT AM //BiBQM iQ Lo +2Mi`2b- /Bp+M+v /272+ib Q7
+2`iBM bBHB+QM +`#B/2 UaB*V TQHvivT2b 2t?B#Bi QTiB+HHv //`2bb#H2 bTBM bii2b bmBi@
#H2 7Q` [m#Bi QT2`iBQM (Ry8)X 6m`i?2`KQ`2- aB* KB+`Q 2H2+i`QK2+?MB+H /2pB+2b
(Rye) M/ i?2 `2[mB`2/ 7#`B+iBQM i2+?MB[m2b ?p2 2pQHp2/ BM `2+2Mi v2`b- r?B+?
+QmH/ QT2M mT i?2 TQbbB#BHBiv Q7  Ki2`BH rBi? #Qi? QTiB+H [m#Bi `2/@Qmi M/
b+H#H2 7#`B+iBQM i2+?MB[m2bX aQK2 BKTQ`iMi bT2+ib Q7 [m#Bi QT2`iBQM- ?Qr@
2p2`- bm+? b HQM;2` /2+Q?2`2M+2 iBK2b URXkKb (Ryd)V- BKT`Qp2K2Mib iQ i?2 bBM;H2
b?Qi [m#Bi `2/@Qmi (Ryd)V M/ /2i2`KBMBbiB+ /272+i +`2iBQM rBi? ?B;? TQbBiBQMH
++m`+v ?p2 v2i iQ #2 /2KQMbi`i2/X b bQK2 Q7 i?2 QTiB+H i`MbBiBQMb Q7 aB*
72im`2 2M2`;B2b #2HQr i?2 #M/;T Q7 bBHB+QM (Ry8)- aB* +`#B/2 Bb  ;QQ/ +M/B/i2
7Q`  ?v#`B/ /2pB+2 rBi? #Qi? bBHB+QM [m#Bib M/ QTiB+H +iBp2 bTBMbX AM +QMi`bi-
Lo +2Mi`2 T?QiQ@HmKBM2b+2M+2 `2[mB`2b Hb2`b rBi? 2M2`;B2b #Qp2 i?2 #M/;T Q7
j3 *?Ti2` k  bBHB+QM `+?Bi2+im`2 7Q` bm`7+2 +Q/2 [mMimK +QKTmiiBQM
bBHB+QM URXd 2o iQ kX8 2o (Nj)V- r?B+? +QmH/ bB;MB}+MiHv BKT+i i?2 bBHB+QM /QMQ` bTBM
+Q?2`2M+2 iBK2 /m2 iQ i?2 T`2b2M+2 Q7 T?QiQ@+``B2`bX
 $PODMVTJPO
AM bmKK`v-  +QM+2Ti 7Q`  mMBp2`bH [mMimK +QKTmi2`- #b2/ QM bQHB/ bii2
bTBM [m#Bib ?b #22M T`QTQb2/- `2HvBM; QM  7Qm` [m#Bi T`Biv K2bm`2K2Mi K2/B@
i2/ #v i?2 /BTQH` BMi2`+iBQMX Aib /2pB+2 /2bB;M +QKT`Bb2b bi;2b 7Q` /i M/
T`Q#2 [m#Bib M/ Bib QT2`iBQM `2[mB`2b  Hi2`H KQiBQM Q7 i?2 irQ rBi? `2bT2+i iQ
2+? Qi?2`X .2iBH2/ MmK2`B+H bBKmHiBQM Q7 i?2 /2pB+2 QT2`iBQM mbBM; `2HBbiB+
[m#Bi 2``Q` `i2b `2p2H ;2M2`Qmb `2[mB`2K2Mib 7Q` i?2 [m#Bi TH+2K2Mi ++m`+vX
.2pB+2@bT2+B}+ biiB+ 2``Q`b /m2 iQ [m#Bi KBbTH+2K2Mi `2[mB`2 i?2 BMi`Q/m+iBQM Q7
 ǵirB`HBM;Ƕ K2+?MBbK- r?Qb2 +QKTiB#BHBiv rBi? i?2 `27Q+mbbBM; b2[m2M+2 ?b #22M
+QM}`K2/X J1Ja x@y i`MbHiBQM bi;2b b?Qr T`QKBbBM; +?`+i2`BbiB+b 7Q`  `2@
HBbiBQM Q7 i?2 +QM+2Ti M/  `2pB2r Q7 i?2 KDQ` bQHB/@bii2 [m#Bi bvbi2Kb b?Qr
2``Q` `i2b +QKTiB#H2 rBi? i?Qb2 i?i i?2 bBKmHiBQM ?b #22M #b2/ QMX
h?2 2M+Qm`;BM; i?`2b?QH/ `2bmHib Q#iBM2/ 7Q` i?2 [m#Bi 2``Q`@`i2 M/ BKTHMi@
iBQM ++m`+v Q7 i?Bb MQp2H T`QTQbH 7m`i?2`KQ`2 +i b KQiBpiBQM iQ 2tT2`BK2MiHHv
BKT`Qp2 QM i?2 bBHB+QM [m#Bi }/2HBiv M/ BM T`iB+mH` iQ ;BM  #2ii2` mM/2`biM/@
BM; Q7 i?2 QTiB+H- .ys@bbBbi2/ bTBM@iQ@+?`;2 +QMp2`bBQM BM i?2 `2KBM/2` Q7 i?Bb
i?2bBbX
$IBQUFS 
'VOEBNFOUBMT PG TJMJDPO BOE JUT EPOPST
h?Bb +?Ti2` `2pB2rb #bB+ T`QT2`iB2b Q7 bBHB+QM M/ /QMQ`b BM bBHB+QMX Ai bi`ib
rBi?  #`B27 /Bb+mbbBQM Q7 i?2 T?QMQMB+ #M/ bi`m+im`2 7QHHQr2/ #v  KQ`2 /2iBH2/
BMi`Q/m+iBQM iQ i?2 2H2+i`QMB+ #M/ bi`m+im`2 M/ Bib T`QT2`iB2b mM/2` bi`2bb M/
BM  K;M2iB+ }2H/X h?Bb Bb 7QHHQr2/ #v  /Bb+mbbBQM #Qmi /QMQ`b BM bBHB+QM- i?2B`
2M2`;v H2p2Hb M/ T`QT2`iB2b BM  K;M2iB+ }2H/X h?2`27i2`- bTBM@`2bQMM+2 M/ i?2
`2Hi2/ 2tT2`BK2Mib M/ T?2MQK2M `2 BMi`Q/m+2/X h?2 Hbi b2+iBQM Q7 i?Bb +?Ti2`
7Q+mbb2b QM +?`;2 i`MbTQ`i BM bBHB+QM i HQr i2KT2`im`2b M/ BM }MBi2 K;M2iB+
}2H/bX
 4JMJDPO DSZTUBM TUSVDUVSF BOE QIPOPO TQFDUSVN
h?2 +`vbiH bi`m+im`2- BX2X i?2 bTiBH ``M;2K2Mi M/ ivT2 Q7 iQKb BM  Tm`2
bQHB/ /2i2`KBM2 7mHHv i?2 2H2+i`QMB+- T?QMQMB+ M/ QTiB+H T`QT2`iB2bX 6Q` bBHB+QM-
i?2 +`vbiH bvKK2i`v Bb /BKQM/ +m#B+ rBi? #bBb iQKb HQ+i2/ i (0, 0, 0) M/
(aaB/4, aaB/4, aaB/4)- r?2`2 aaB = yX89j MK Bb i?2 HiiB+2 +QMbiMi Q7 bBHB+QMX
S?vbB+H /BbTH+2K2Mib Q7 iQKb T`QT;i2 i?`Qm;? bQHB/b /m2 iQ i?2 2H2+i`QMB+
#QM/b #2ir22M iQK bB/2bX AM  [mMimK K2+?MB+H i`2iK2Mi- i?2b2 /BbTH+2K2Mib
+M #2 i`2i2/ b T`iB+H2@HBF2 2t+BiiBQMb r?B+? `2 FMQrM b T?QMQMbX h?2 #QM/
bi`2M;i? M/ +`vbiH bi`m+im`2 /2i2`KBM2b i?2 /BbT2`bBQM `2HiBQMb?BT #2ir22M i?2
rp2H2M;i? Q7  T?QMQM M/ Bib 2M2`;vX hvTB+HHv QM2 Q#b2`p2b j +QmbiB+H T?QMQM
#`M+?2b M/ (3p− 3) QTiB+H #`M+?2b- r?2`2 p Bb i?2 MmK#2` Q7 iQKb BM i?2 mMBi
+2HH Q7 i?2 +`vbiH (RyN)X h?2 /Bz2`2M+2 #2ir22M +QmbiB+H M/ QTiB+H T?QMQMb HB2b
BM i?2B` T?b2 `2HiBQMb?BT, 6Q` i?2 +QmbiB+ #`M+?- M2B;?#Qm`BM; iQKb brBM; BM@
T?b2- r?BH2 BM i?2 QTiB+H #`M+? i?2 iQKb Qb+BHHi2 rBi?  R3yê T?b2 b?B7iX 1+?
Q7 i?2 #`M+?2b Bb ;BM bTHBi BMiQ QM2 HQM;Bim/BMH KQ/2- 7Q` r?B+? i?2 iQK KQiBQM
/B`2+iBQM Bb T`HH2H iQ i?2 T`Q;;iBQM /B`2+iBQM Q7 i?2 rp2- M/ irQ i`Mbp2`b2
KQ/2b 7Q` r?B+? i?2 iQK KQiBQM Bb T2`T2M/B+mH` iQ i?2 T`QT;iBQM /B`2+iBQMX
jN
9y *?Ti2` j 6mM/K2MiHb Q7 bBHB+QM M/ Bib /QMQ`b
'JHVSF  h?2 T?QMQM bT2+i`mK Q7 bBHB+QM rBi? irQ +QmbiB+ #`M+?2b Uh
 GV rBi? pMBb?BM; 2M2`;v BM i?2 HQM; rp2H2M;i? HBKBi Uq = 0V M/ irQ
QTiB+H #`M+?2b UhP  GPV rBi?  KtBKmK 2M2`;v i q = 0 Q7 ∼eyK2oX
6B;m`2 `2T`Q/m+2/ 7`QK "`Q+F?Qmb2 2i HX (Ry3)X
6Q` bBHB+QM- rBi? p = 2 M/ /BKQM/ +m#B+ +`vbiH bi`m+im`2- #Qi? i?2 i`Mb2`b2
+QmbiB+ UhV M/ i`Mbp2`b2 QTiB+H UhPV #`M+? `2 /Qm#Hv /2;2M2`i2 M/ i?2
bT2+i`mK i?mb 2t?B#Bib 9 #`M+?2bX 6B;m`2 jXR /2TB+ib i?2 K2bm`2/ T?QMQM bT2+@
i`mK Q7 bBHB+QMX P7 T`iB+mH` BKTQ`iM+2 `2 i?2 T?QMQM pHm2b i  rp2p2+@
iQ` q/qKt ≈ 0.85- r?B+? +Q``2bTQM/b iQ i?2 KQK2MimK /Bz2`2M+2 Q7 i?2 BM/B@
`2+i 2H2+i`QMB+ #M/;T Q7 bBHB+QM- b /Bb+mbb2/ BM i?2 M2ti b2+iBQMX h?2b2 pH@
m2b `2 ;Bp2M #v Eh(0.85qKt) = R3K2o- EhP(0.85qKt) = 83K2o (RRy) M/
EGP(0.85qKt) ≈ 8jK2o- EG(0.85qKt) ≈ 98K2o (Ry3)X
jXk 1H2+i`QMB+ #M/ bi`m+im`2 9R
J=1/2
J=3/2 hea
vy h
ole
lig
ht 
ho
le
sp
lit
-o
ff 
ba
nd
'JHVSF  h?2 2H2+i`QMB+ #M/ bi`m+im`2 Q7 bBHB+QMX h?2 2M2`;v b+H2 Bb b2i iQ
i?2 pH2M+2 #M/ KtBKmK M/ i?2 +QM/m+iBQM #M/ KBMBKBmK Bb HQ+i2/
i k ≈ 0.85 2πaaB - ;BpBM; `Bb2 iQ M BM/B`2+i #M/;T Q7 E;(jyyE) ≈ RXRk 2oX>2pv ?QH2 Umj = ±3/2V M/ HB;?i ?QH2 Umj = ±1/2V #M/b b r2HH b i?2
bTHBi@Qz #M/ `2 BM/B+i2/X _2T`Q/m+2/ 7`QK *?2HBFQrbFv 2i HX (RRR)X
 &MFDUSPOJD CBOE TUSVDUVSF
h?2 7Q`KiBQM Q7 2M2`;v #M/b- BX2X i?2 Q++m``2M+2 Q7 T2`KBii2/ M/ 7Q`#B//2M
2H2+i`QM 2M2`;v H2p2Hb BM  +`vbiH Kv #2 2tTHBM2/ `i?2` BMimBiBp2HvX ai`iBM; i
i?2 HBKBi r?2`2 i?2 BMi2`@iQKB+ bT+BM; BM i?2 +`vbiH Bb H`;2- i?2 T2`KBii2/ 2M2`;v
H2p2Hb `2 bBKTHv i?2 iQKB+ H2p2Hb Q7 i?2 ?Qbi iQKbX b i?2 BMi2`@iQKB+ bT+BM;
Bb `2/m+2/ i?2 Q`#BiHb bi`i iQ Qp2`HT M/ 62`KBǶb 2t+HmbBQM T`BM+BTH2 7Q`+2b i?2
2H2+i`QMb iQ biv BM /Bz2`2Mi Q`#BiH 2M2`;v H2p2HbX "QM/BM; M/ MiB@#QM/BM; bii2b
7Q`KX 6Q`  r?QH2 +`vbiH rBi? KMv 2H2+i`QMb M/ i?2`27Q`2 KMv Qp2`HTTBM;
Q`#BiHb i?Bb `2bmHib BM i?2 7Q`KiBQM Q7 #M/b Q7 HHQr2/ 2H2+i`QM 2M2`;B2bX
6B;m`2 jXk b?Qrb i?2 bBHB+QM #M/ bi`m+im`2 b /2`Bp2/ #v HQ+H@Tb2m/QTQi2MiBH
i?2Q`vRX h?2 pH2M+2 #M/ KtBKmK Bb HQ+i2/ BM i?2 +2Mi`2 Q7 i?2 "`BHHQmBM xQM2
UΓ@TQBMiV M/ Bb #mBHi 7`QK p@HBF2 bii2b rBi? Q`#BiH KQK2MimK l = 1X .m2 iQ i?2
bTBM@Q`#Bi +QmTHBM; Q7 bBHB+QM- M2Bi?2` i?2 bTBM b Q7 i?2 pH2M+2 #M/ 2H2+i`QMb- MQ`
Rh?2 2M2`;v Q7 i?2 pH2M+2 2H2+i`QMb bii2b `2 +H+mHi2/- r?BH2 i?2 7mHH 2H2+i`QM@2H2+i`QM M/
2H2+i`QM@+Q`2 TQi2MiBH Bb `2TH+2/ #v  Tb2m/Q@TQi2MiBH Q7 i?2 +Q`2 M/ i?2 MQM@pH2M+2 2H2+@
i`QMb
9k *?Ti2` j 6mM/K2MiHb Q7 bBHB+QM M/ Bib /QMQ`b
i?2 bii2 M;mH` KQK2MimK H `2 ;QQ/ [mMimK MmK#2`b- #mi BMbi2/ i?2 pH2M+2
#M/ bii2b `2 2B;2M7m+iBQMb Q7 i?2 i?2 iQiH M;mH` KQK2MimK QT2`iQ` D = H+ b
(RRk)X *QMb2[m2MiHv- i?2 pH2M+2 #M/ bii2b rBi? J = 3/2 `2 bTHBi 7`QK i?2 J = 1/2
bii2b- r?B+? `2 HQr2` BM 2M2`;v #v i?2 bTBM@Q`#Bi bTHBiiBM; ∆y = 99K2o (RRj)X h?2
b2T`iBQM Q7 i?2b2 irQ #M/b i i?2 pH2M+2@#M/ KtBKmK Bb MQi pBbB#H2 QM i?2
b+H2 Q7 6B;X jXk- #mi i?2B` /Bz2`2Mi /BbT2`bBQMb iQr`/b i?2 s@ M/ G@TQBMib `2
+H2`X AM i?2 #b2M+2 Q7 2ti2`MH bi`2bb- i?2 ?B;?2` 2M2`;v J = 3/2 #M/ Bb 7Qm`@7QH/
/2;2M2`i2 i i?2 Γ@TQBMi M/ 72im`2b irQ /Bz2`2MiHv bi`QM; /BbT2`bBQM `2HiBQMbX
h?2 bii2b rBi? mj = ±3/2 ?p2  ?B;?2` 2z2+iBp2 Kbb Um∗?? ≈ 0.50m2- (RRk)V M/
`2 +HH2/ ?2pv@?QH2b- r?BH2 i?2 bii2b rBi? mj = ±1/2 ?p2  bKHH2` 2z2+iBp2
Kbb Um∗H? ≈ 0.15m2V- i?mb +HH2/ HB;?i@?QH2bX
h?2 +QM/m+iBQM #M/ KBMBK `2 HQ+i2/ HQM; i?2 bBt 2[mBpH2Mi ⟨100⟩ /B`2+iBQMb
Q7 i?2 +`vbiH- +HQb2 iQ i?2 i?2 s@TQBMi i i?2 #QmM/`v Q7 i?2 "`BHHQmBM xQM2-
`2M/2`BM; bBHB+QM M BM/B`2+i b2KB+QM/m+iQ`X
h?2 #M/;T Q7 bBHB+QM- E; = E*"−Eo"- Bb i2KT2`im`2@/2T2M/2MiX h?2 `2bQMb
7Q` i?Bb `2 }`biHv i?2 bK2`BM; Q7 i?2 2H2+i`QMB+ TQi2MiBH /m2 iQ 2H2+i`QM@T?QMQM
+QmTHBM;- r?B+? `2/m+2b iQr`/b HQr2` i2KT2`im`2b M/ b2+QM/Hv- M/ iQ  H2bb2`
2ti2Mi 2bT2+BHHv i HQr i2KT2`im`2b- i?2`KH +QMi`+iBQM Q7 i?2 HiiB+2- `2/m+BM;
i?2 HiiB+2 +QMbiMi (RR9- RR8)X i `QQK i2KT2`im`2 i?2 #M/;T Bb E; ≈ RXRk 2o
M/ iQr`/b yE Bi TT`Q+?2b  pHm2 Q7 E; ≈ RXRd 2o bvKTiQiB+HHv (RRe)X i
+`vQ;2MB+ i2KT2`im`2b i?2 #2?pBQm` Bb r2HH /2b+`B#2/ #v (RR8),
E;(T ) = E;y − AT 4 UjXRV
rBi? E;y = RXRdyR 2o M/ A = RX98× RyƐN 2ofEƐ9X
 4USBJO JOEVDFE TIJGUT PG UIF DPOEVDUJPO BOE WBMFODF CBOE
TTHB+iBQM Q7 bi`2bb iQ i?2 bBHB+QM HiiB+2 `2bmHib BM  /27Q`K2/ +`vbiHX h?2 HQr2`
+`vbiH bvKK2i`v ?b /B`2+i 2z2+ib QM i?2 2H2+i`QMB+ bi`m+im`2 M/ HB7ib i?2 /2;2M@
2`+B2b Q7 i?2 bBt pHH2vb BM i?2 +QM/m+iBQM #M/ b r2HH b i?2 ?2pv@?QH2- HB;?i@?QH2
/2;2M2`+v Q7 i?2 pH2M+2 #M/X AM i?2 7QHHQrBM; /Bb+mbbBQM Q7 i?2b2 2z2+ib- Bi Bb b@
bmK2/ i?i >QQF2Ƕb `2HiBQM #2ir22M i?2 bi`2bb M/ i?2 bi`BM i2MbQ` `2 FMQrM M/
?2M+2 i?2 /27Q`KiBQM- 2tT`2bb2/ b i?2 3×3 bi`BM i2MbQ` ϵ Bb FMQrMX h?2 /B;QMH
+QKTQM2Mib /2b+`B#2 i?2 T`BM+BTH bi`BMb HQM; i?2 +`vbiHHQ;`T?B+ [100]- [010] M/
[001] /B`2+iBQMb- r?BH2 i?2 Qz@/B;QMH +QKTQM2Mib `2T`2b2Mi b?2` /27Q`KiBQMbX
jXk 1H2+i`QMB+ #M/ bi`m+im`2 9j
4USBJOFE DPOEVDUJPO CBOE
h?2 ;`QmM/ bii2 Q7 i?2 mMbi`BM2/ +QM/m+iBQM #M/ +M #2 r`Bii2M b  HBM2`
+QK#BMiBQM Q7 i?2 "HQ+? 7mM+iBQMb Q7 i?2 BM/BpB/mH pHH2vb,
Ψ(`) =
6∑
i=1
α(i)ψ(F(i), `) UjXkV
r?2`2 α(i) `2T`2b2Mib i?2 TQTmHiBQM Q7 i?2 pHH2v rBi? rp2p2+iQ` F(i)X
h?2 b?B7i Q7 2M2`;v Q7 i?2 bBt +QM/m+iBQM #M/ KBMBK /m2 iQ  bi`BM ϵ ?b #22M
BMp2biB;i2/ #v >2``BM; M/ oQ;i (RRd) M/ +M #2 2tT`2bb2/ b  >KBHiQMBM Q7
i?2 7Q`K (RR3)- +iBM; QM i?2 bBt +QM/m+iBQM #M/ pHH2vb,
Hϵ*"(ϵ) = Ξdh`(ϵ) + Ξu
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
ϵ11 0 0 0 0 0
0 ϵ11 0 0 0 0
0 0 ϵ22 0 0 0
0 0 0 ϵ22 0 0
0 0 0 0 ϵ33 0
0 0 0 0 0 ϵ33
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. UjXjV
.m2 iQ i?2 bvKK2i`v Q7 i?2 bBHB+QM HiiB+2- irQ /27Q`KiBQM TQi2MiBHb Ξd M/ Ξu `2
bm{+B2Mi iQ /2b+`B#2 i?2 bi`BM@BM/m+2/ +QM/m+iBQM #M/ b?B7ibX GBi2`im`2 pHm2b
7Q` Ξu `M;2 7`QK dXd 2o iQ RRXj 2o (RR3- RRN)- r?BH2 Ξd ≪ Ξu Bb MQi r2HH FMQrM
(Rky)X _272`2M+2 (RRN) ;Bp2b  pHm2 7Q` Ξd − a ≈ R 2o- r?2`2 a Bb i?2 ?v/`QbiiB+
/27Q`KiBQM TQi2MiBH Q7 i?2 pH2M+2 #M/ U+7X a2+X jXkXRVX
b M 2tKTH2- +QMbB/2`  mMBtBH +QKT`2bbBQM Q7 δ HQM; (Ryy)X .m2 iQ bB@
KmHiM2Qmb 2tTMbBQM HQM; i?2 Qi?2` irQ T`BM+BTH2 tBb- i?2 `2bmHiBM; bi`BM ?b
+QKTQM2Mib ϵ11 = −δ- ϵ22 = ϵ33 ≈ 2δ/7 (RR3)X aQHpBM; 1[X jXj Bi Bb 7QmM/ i?i
pHH2vb BM i?2 /B`2+iBQM Q7 i?2 bi`2bb- BX2X HQM; (Ryy) M/ (100) `2 b?B7i2/ iQ HQr2`
2M2`;v UΞu ≫ Ξd V
∆E(1) = ∆E(2) ≈ −3
7
δ Ξd − δ Ξu , UjX9V
r?BH2 i?2 pHH2vb T2`T2M/B+mH` iQ i?2 bi`2bb /B`2+iBQM `2 HB7i2/ iQ
∆E(3) = ∆E(4) = ∆E(5) = ∆E(6) ≈ −3
7
δ Ξd +
2
7
δ Ξu UjX8V
"Qi? M #bQHmi2 b?B7i Q7 i?2 +QM/m+iBQM #M/ 2M2`;v b r2HH b  bTHBiiBM; Q7 i?2
bBt@7QH/ /2;2M2`+v BMiQ  /Qm#H2i M/  7Qm`@7QH/ /2;2M2`i2 #M/ Bb 7QmM/ mM/2`
mMBtBH bi`2bbX
99 *?Ti2` j 6mM/K2MiHb Q7 bBHB+QM M/ Bib /QMQ`b
4USBJOFE WBMFODF CBOE
aBKBH`Hv- i?2 pH2M+2 #M/ Bb bm#D2+i iQ bi`BM BM/m+2/ 2M2`;v b?B7ibX h?2 ?QH2@
bi`BM BMi2`+iBQM >KBHiQMBM 7Q` i?2 J = 3/2 pH2M+2 #M/ Bb /2b+`B#2/ #v i?2
SBFmb M/ "B` 2z2+iBp2 bi`BM >KBHiQMBM (RRk- Rky)
Hϵo" = ah`(ϵ) + b
3∑
i=1
(
J2i −
1
3
J2
)
ϵii +
2d√
3
∑
i ̸=j
(
1
2
(JiJj + JjJi) ϵij
)
UjXeV
a- b M/ d `2 i?2 i?`22 pH2M+2 #M/ /27Q`KiBQM TQi2MiBHb M/ Ji `2 i?2 SmHB
Ki`B+2b 7Q` J = 3/2X GBi2`im`2 pHm2b 7Q` i?2 /27Q`KiBQM TQi2MiBHb `2 b =
ƐRXdk 2o- d = Ɛ8Xj 2o M/ Ξd − a ≈ R 2o (RRNĜRkk)X
AM i?2 ;2M2`H +b2- Hϵo" H2/b iQ  bTHBiiBM; #2ir22M i?2 ?2pv@?QH2 M/ HB;?i@
?QH2 #M/bX h?2 K;MBim/2 Q7 i?2 bTHBiiBM; M/ i?2 2M2`;2iB+ Q`/2`BM; Q7 i?2 #M/b
/2T2M/b `2bT2+iBp2Hv QM i?2 K;MBim/2 Q7 i?2 bi`BM M/ Bib /B`2+iBQM rBi? `2bT2+i
iQ i?2 +`vbiHHQ;`T?B+ t2bX
 ;FFNBO TQMJUUJOH PG UIF WBMFODF CBOE
h?2 pH2M+2 #M/ ?QH2 Bb bm#D2+i iQ i?2 w22KM BMi2`+iBQM- BM i?2 bK2 rv b
Mv bTBM@+``vBM; 2MiBiv Bb BM~m2M+2/ #v M 2ti2`MH K;M2iB+ }2H/X >Qr2p2`- 7Q`
i?2 pH2M+2 #M/ rBi? J = 3/2- i?2 w22KM >KBHiQMBM Bb bHB;?iHv KQ`2 +QKTH2t
i?M 7Q`  bBM;H2 7`22 2H2+i`QMX .m2 iQ i?2 M;mH` KQK2MimK /2T2M/2M+2 Q7 i?2
pH2M+2 #M/ i?2 w22KM >KBHiQMBM +QMiBMb #Qi? BbQi`QTB+ M/ MBbQi`QTB+ +QM@
i`B#miBQMbX SBFmb M/ "B` /2`Bp2/ i?2 7QHHQrBM; 2tT`2bbBQM #b2/ QM i?2 bvKK2i`v
Q7 i?2 J = 3/2 #M/ (Rkj- Rk9),
Hw22KM,o" = −g1µ"C ·"− g2µ"
3∑
i=1
J3i Bi UjXdV
r?2`2 g1 ≈ 0.8- Bb i?2 BbQi`QTB+ +QMi`B#miBQM- M/ g2 ≈ 0.2- Bb i?2 MBbQi`QTB+
+QMi`B#miBQM (Rkj)X h?2 g@7+iQ`b Q7 i?2 ?2pv M/ HB;?i ?QH2b `2 i?mb /Bz2`2Mi M/
Kv 7m`i?2`KQ`2 /2T2M/ QM K;M2iB+ }2H/ /B`2+iBQMX
h?2 7mHH >KBHiQMBM 7Q` i?2 J = 3/2 pH2M+2 #M/ mM/2` bi`BM M/ BM  K;M2iB+
}2H/ Bb ;Bp2M #v,
Ho"(ϵ,") = Hϵo"(ϵ) +Hw22KM,o"(") UjX3V
jXj a?HHQr /QMQ`b BM bBHB+QM 98
 4IBMMPX EPOPST JO TJMJDPO
h?2 ;`QmT o 2H2K2Mib US- b- a#  "BV rBi? i?2 2t+2TiBQM Q7 MBi`Q;2Mk +i b
bm#biBimiBQMH /QMQ`b BM bBHB+QM- BX2X i?2v `2TH+2  bBHB+QM iQK BM i?2 HiiB+2X h?2
//BiBQMH 2H2+i`QM- mMTB`2/ BM i?2 HiiB+2 +QM};m`iBQM- Bb HQQb2Hv #QmM/ iQ i?2
/QMQ`X h?2 7QHHQrBM; b2+iBQM }`bi `2pB2rb i?2 +H+mHiBQM Q7 i?2 /QMQ` 2M2`;v bT2+@
i`mK- i?2M /Bb+mbb2b i?2 2z2+ib Q7 bi`2bb QM i?2 /QMQ` 2M2`;v M/ }MHHv /Bb+mbb2b
i?2 bTBM@`2Hi2/ /QMQ` H2p2H bTHBiiBM; /m2 iQ i?2 2H2+i`QM M/ Mm+H2` w22KM BMi2`@
+iBQM M/ i?2 ?vT2`}M2 BMi2`+iBQMX
 %POPS CJOEJOH FOFSHZ BOE FYDJUFE TUBUFT
h?2 pBH#H2 i?2Q`2iB+H i`2iK2Mib 7Q` i?2 ;`QmM/ M/ 2t+Bi2/ bii2b Q7  /QMQ`
+M `Qm;?Hv #2 /BpB/2/ BMiQ i?`22 +i2;Q`B2bX h?2 }`bi +i2;Q`v Bb  bBKTHBbiB+ KQ/2H
rBi? i?2 >KBHiQMBM M/ 2M2`;v H2p2Hb bBKBH` iQ i?2 ?v/`Q;2M iQK- #mi b+H2/ 7Q`
i?2 /B2H2+i`B+ +QMbiMi Q7 bBHB+QM M/ 2z2+iBp2 Kbb Q7 i?2 +QM/m+iBQM #M/ 2H2+i`QM
(RRk- Rky)X  KQ`2 BMpQHp2/ KQ/2H Bb i?2 KmHiB@pHH2v 2z2+iBp2 Kbb i?2Q`v U1JhV
r?B+? iF2b BMiQ ++QmMi i?2 T2`BQ/B+ TQi2MiBH Q7 i?2 +QM/m+iBQM #M/ M/ i`2ib
i?2 /QMQ` b  b+`22M2/ *QmHQK# TQi2MiBH rBi?  +2Mi`H +2HH +Q``2+iBQM iQ KQ/B7v
i?2 TQi2MiBH BM i?2 pB+BMBiv Q7 i?2 +Q`2X h?2b2 +H+mHiBQMb T2`KBi  7B`Hv BMimBiBp2
TB+im`2 Q7 i?2 T?vbB+H T`BM+BTH2b M/ ?p2 T`Qp2M bm++2b7mH iQ }i KMv 2tT2`BK2MiH
`2bmHib- bm+? b 1a_ bT2+i` mM/2` bi`BM (Rke)- i?2 ai`F T`K2i2` Q7 b?HHQr
/QMQ`b (j8- je) M/ `2+2MiHv HbQ i?2 rp27mM+iBQMb Q7 /QMQ`b (Rkd)X h?2 i?B`/ ;`QmT
Q7 /QMQ` KQ/2Hb `2 iB;?i@#BM/BM; +H+mHiBQM- BX2X #@BMBiBQ +H+mHiBQMb #b2/ QM
i?2 iQKB+ Q`#BiHb Q7 i?2 BMpQHp2/ pH2M+2 2H2+i`QMb M/ TQbbB#Hv HbQ  MmK#2`
Q7 MQM@pH2M+2 2H2+i`QMbX h?Bb TT`Q+? Bb p2`v +QKTmiiBQMHHv /2KM/BM; M/
i?2 mM/2`HvBM; T?vbB+H T?2MQK2M `2 i?mb i iBK2b /B{+mHi iQ 2ti`+iX >Qr2p2`-
i?2b2 +H+mHiBQMb `2 #H2 iQ /2HBp2` p2`v ++m`i2 `2bmHib M/ T`2/B+iBQMb- rBi?
 ?B;?HB;?i #2BM; i?2 biQMBb?BM; Ki+? Q7 +H+mHi2/ M/ K2bm`2/ T?QbT?Q`Qmb
/QMQ` rp27mM+iBQM (Rk3)X
6Q` i?2 Tm`TQb2b Q7 i?Bb i?2bBb- i?2 bBKTH2 2z2+iBp2 Kbb TT`Q+? }`bi BMi`Q/m+2/
#v EQ?M M/ GmiiBM;2` (RkN) Bb bm{+B2Mi M/ i?2 KBM `2bmHib `2 `2pB2r2/ ?2`2X
h?2 bi`iBM; TQBMi Q7 2z2+iBp2 Kbb i?2Q`v Bb i?2 /2+QKTQbBiBQM Q7 i?2 /QMQ` bii2
rp2 7mM+iBQM Ψ(`) BMiQ i?2 7bi Qb+BHHiBM; +QMi`B#miBQMb 7`QK i?2 "HQ+? 7mM+iBQMb
ψ(F(i), `) = u(i)(`) 2tT (iF(i)`) Q7 i?2 bBt +QM/m+iBQM #M/ KBMBK i = 1..6 M/ 
kLBi`Q;2M Bb 2H2+i`B+HHv BM2`i BM bBHB+QM M/ #2HB2p2/ iQ 2Bi?2` 7Q`K aBjL9 Q` `2KBM b L2 i
BMi2`biBiBH bBi2b (Rk8)X
9e *?Ti2` j 6mM/K2MiHb Q7 bBHB+QM M/ Bib /QMQ`b
bHQrHv p`vBM; 2Mp2HQT2 7mM+iBQM F (i)(`)- HQ+HBxBM; i?2 2H2+i`QM i i?2 /QMQ` bBi2,
Ψ(i)(`) =
6∑
i=1
α(i)F (i)(`)ψ(F(i), `) UjXNV
Ai +M #2 b?QrM i?i i?2 2Mp2HQT2 7mM+iBQM Q7 2+? pHH2v F (i)(`) Kmbi i?2M biBb7v
M 2[miBQM Q7 i?2 7Q`K (RRk- RkN- Rjy)[
−!2
(
2∇2i,l
mt
+
∇2i,l
ml
)
− eU(`)
]
α(i)F (i)(`) = ε(i)α(i)F (i)(`) UjXRyV
r?2`2 ε(i) Bb i?2 2M2`;v 2B;2MpHm2 M/ ∇i,l- ∇i,t `2 i?2 +QKTQM2Mib Q7 i?2 ∇ QT2`@
iQ` T`QD2+i2/ HQM; i?2 HQM;Bim/BMH M/ i`Mbp2`b2 /B`2+iBQM Q7 pHH2v i `2bT2+iBp2HvX
h?2 +?QB+2 Q7 U(`) Bb i?2 +`BiB+H T`i Q7 2z2+iBp2 Kbb i?2Q`vX 6Q` HQM; `M;2b i?2
TQi2MiBH bbmK2b  b+`22M2/ +QmHQK# TQi2MiBH U(`) ≈ −e2/(4πϵr)- #mi Bi Bb i?2
/2pBiBQMb 7`QK i?Bb TQi2MiBH- BX2X i?2 +2Mi`H +2HH +Q``2+iBQM i?i Bb +`BiB+H 7Q` i?2
+Q``2+i #BM/BM; 2M2`;B2b Q7 i?2 /QMQ`X U(`) H2/b iQ Qz@/B;QMH BMi2`+iBQM i2`Kb
i?i +QmTH2 i?2 rp27mM+iBQMb Q7 /Bz2`2Mi pHH2vb- r?B+? Bb FMQrM b pHH2v@Q`#Bi
b+ii2`BM; (RkN- Rjy)X
6Q` i?2 Tm`TQb2b Q7 i?Bb i?2bBb  T?2MQK2MQHQ;B+H i`2iK2Mi Q7 i?2 `2bmHiBM;
>KBHiQMBM 7Q` i?2 +QM/m+iBQM pHH2v 2M2`;B2b BM i?2 pHH2v #bBb+x,−x,+y,−y,+z,−z
Bb bm{+B2MiX 6QHHQrBM; qBHbQM 2i HX i?2 >KBHiQMBM UjXRyV `2/m+2b iQ i?2 7QHHQrBM;
7Q`K (RR3),
H.y,1Jh =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
E0 ∆1 ∆2 ∆2 ∆2 ∆2
∆1 E0 ∆1 ∆2 ∆2 ∆2
∆2 ∆1 E0 ∆1 ∆2 ∆2
∆2 ∆2 ∆1 E0 ∆1 ∆2
∆2 ∆2 ∆2 ∆1 E0 ∆1
∆2 ∆2 ∆2 ∆2 ∆1 E0
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
UjXRRV
r?2`2 E0 Bb i?2 mMT2`im`#2/ 2M2`;v Q7 i?2 +QM/m+iBQM #M/ pHH2vb M/ ∆2 M/ ∆1
`2T`2b2Mi i?2 pHH2v@Q`#Bi i2`Kb #2ir22M i?2 Q`i?Q;QMH M/ MQM@Q`i?Q;QMH pHH2vb-
`2bT2+iBp2HvX Sm`bmBM;  T?2MQK2MQHQ;B+H TT`Q+?- E0- ∆1  ∆2 `2 }ii2/ iQ
i?2 2tT2`BK2MiH /QMQ` #BM/BM; 2M2`;B2b Q7 `272`2M+2 (RjR) M/ `2+2Bp2 i?2 }ii2/
T`K2i2`b Q7 h#H2 jXRX 6B;m`2 jXj bmKK`Bx2b i?2 #BM/BM; 2M2`;B2b Q7 p`BQmb
b?HHQr /QMQ`b BM bBHB+QMX
h?2 +Q``2bTQM/BM; /QMQ` ;`QmM/ M/ 2t+Bi2/ bii2 rp27mM+iBQMb +M #2 /2/m+2/
7`QK bvKK2i`v `;mK2Mib (RR3), h?2 T`2b2M+2 Q7 i?2 BKTm`Biv BM i?2 bBHB+QM Hi@
jXj a?HHQr /QMQ`b BM bBHB+QM 9d
E(A1) E(E) E(T2) E0 ∆1 ∆2
jRS Ɛ98XjRK2o ƐjkXjeK2o ƐjjXeNK2o Ɛj8X9K2o ƐRX8RK2o ƐkXRdK2o
5BCMF  1tT2`BK2MiHHv Q#iBM2/ #BM/BM; 2M2`;v M/ 2t+Bi2/ H2p2Hb Q7 T?Qb@
T?Q`mb BM bBHB+QM (RjR) M/ i?2 }ii2/ pHH2v@Q`#Bi >KBHiQMBM T`K2i2`b
7Q` 1[X UjXRRVX
A1
A1
A1
A1 EEE
T2 T2
1S
E +T 2
>T2
0.0
–10.0
–20.0
–40.0
–50.0
–30.0
2P
5F 6P 5P 6P 6H
4P
5P
3P 2P
5F
6F3P
4F
4P
Theory Li P As Sb Bi S
0+-+-
+-
+-
+-
+-
4F +-
0
+-0
0
0
0
0
En
er
gy
 [m
eV
]
0
'JHVSF  h?2 ;`QmM/ M/ 2t+Bi2/ bii2 2M2`;B2b Q7 p`BQmb b?HHQr /QMQ`b BM
bBHB+QMX 1M2`;B2b `2 rBi? `2bT2+i iQ i?2 +QM/m+iBQM #M/ KBMBKmKX h?2
;`QmM/ bii2 Q7 "BbKmi? Bb HQ+i2/ #2HQr i?2 v@tBb b+H2 i ƐdyXN3K2o
(Rjk)X 6B;m`2 `2T`Q/m+2/ 7`QK `272`2M+2 (RRk)X
iB+2 +?M;2b i?2 bvbi2K bvKK2i`v 7`QK  [m#B+ bvK2i`v iQ  i2i`?2/H bvK2i`vX
h?2`27Q`2- i?2 bBt@7QH/ +QM/m+iBQM #M/ /2;2M2`+v Bb 2tT2+i2/ iQ bTHBi BMiQ M2r
bii2b- 2tTHB+BiHv  bBM;H2i bii2 A1-  /Qm#H2i E M/  i`BTH2i T2X P7 i?2b2- QMHv
i?2 bBM;H2i bii2 rp27mM+iBQM ?b  }MBi2 KTHBim/2 i i?2 BKTm`Biv Mm+H2mb- r?B+?
H2/b iQ  /2T`2bbBQM Q7 i?2 bBM;H2i BM 2M2`;v rBi? `2bT2+i iQ i?2 /Qm#H2i M/ i`BTH2i
(RkN)X h?2 /QMQ` rp27mM+iBQMb Q7 i?2 ;`QmM/ M/ 2t+Bi2b bii2b BM i?2 pHH2v #bBb
93 *?Ti2` j 6mM/K2MiHb Q7 bBHB+QM M/ Bib /QMQ`b
`2 ;Bp2M #v,
aBM;H2i (RbR)
{
α1 =
1√
6
(1, 1, 1, 1, 1, 1)
.Qm#H2i (Rb1)
⎧⎨⎩ α2 = 12(1, 1,−1,−1, 0, 0)α3 = 12(1, 1, 0, 0,−1,−1)
h`BTH2i (Rbhk)
⎧⎪⎪⎪⎨⎪⎪⎪⎩
α4 =
1√
2
(1,−1, 0, 0, 0, 0)
α5 =
1√
2
(0, 0,−1,−1, 0, 0)
α6 =
1√
2
(0, 0, 0, 0,−1,−1)
b /Bb+mbb2/ BM a2+iBQM jXkXR- 2ti2`MH bi`2bb +M HB7i i?2 /2;2M2`+v Q7 i?2 bBt
+QM/m+iBQM #M/ KBMBKX AM i?Bb +b2- i?2 pHH2v 2M2`;B2b E0 Q7 UjXRRV ?p2 iQ #2
`2TH+2/ rBi? i?2 `2bT2+iBp2 bi`BM2/ 2M2`;v H2p2Hb E(i) = E0 +∆E(i) U+7X 1[X UjX9V
 UjX8VVX h?2 /QMQ` >KBHiQMBM BM i?2 T`2b2M+2 Q7 bi`BM Bb i?mb,
H.y (ϵ) = H.y,1Jh +Hϵ*"(ϵ) UjXRkV
h?2 ;2M2`H bQHmiBQM Q7 i?2 bi`BM2/ /QMQ` >KBHiQMBM Bb  KBtBM; Q7 i?2 ;`QmM/
bii2 rBi? i?2 2t+Bi2/ /QMQ` bii2b- rBi?  `2/Bbi`B#miBQM Q7 pHH2v TQTmHiBQM iQ@
r`/b HQr2` 2M2`;v pHH2vb M/  b?B7i Q7 i?2 /QMQ` 2M2`;B2b E(RbR)- E(Rb1) M/
E(Rbhk)X
 ;FFNBO BOE IZQFSöOF JOUFSBDUJPO
b /Bb+mbb2/ #Qp2- i?2 mMTB`2/ /QMQ` 2H2+i`QM Bb HQQb2Hv #QmM/ iQ Bib TQbBiBp2
Mm+H2mb M/ Bib rp27mM+iBQM Qp2`HTb BM i?2 /QMQ` ;`QmM/ bii2 rBi? i?2 Mm+H2mbX
AM M 2ti2`MH K;M2iB+ }2H/- i?Bb /QMQ` 2H2+i`QM Bb i?mb bm#D2+i iQ i?2 w22KM
BMi2`+iBQMX 6m`i?2`KQ`2- HH ;`QmT@o 2H2K2Mib +``v Mm+H2` bTBM- `2bmHiBM; BM 7m`@
i?2` i2`Kb BM i?2 >KBHiQMBM /m2 iQ i?2 Mm+H2` w22KM M/ ?vT2`}M2 BMi2`+iBQMX
h?2 Mm+H2` [m/`mTQH2 BMi2`+iBQM ?b M //BiBQMH U#mi bKHHV +QMi`B#miBQM BM
Mm+H2` bTBM `2bQMM+2 (Rjj)- #mi Bb +?Qb2M iQ #2 M2;H2+i2/ ?2`2X "Qi? i?2 g@7+iQ`b
M/ i?2 ?vT2`}M2 BMi2`+iBQM `2 BbQi`QTB+ 7Q` /QMQ`b BM bBHB+QM M/ +M #2 2tT`2bb2/
#v  b+H` [mMiBiv M/ i?mb Bi Bb TQbbB#H2 iQ r`Bi2 i?2 bTBM >KBHiQMBM Q7  /QMQ`
b,
H/h = γ2a"− γMA"+ AaA UjXRjV
Ai Bb Q7i2M KQ`2 BMimBiBp2 iQ /Bb+mbb bTBM `2bQMM+2 T?2MQK2M BM 7`2[m2M+v mMBib
U>xV- ?2M+2 i?2 >KBHiQMBM ?b #22M /BpB/2/ #v i?2 SHM+F +QMbiMi hX h?2 }`bi
jXj a?HHQr /QMQ`b BM bBHB+QM 9N
jRS d8b RkRa# Rkja# kyN"B
1H2+i`QM bTBM MmK#2` S 1/2 1/2 1/2 1/2 1/2
Lm+H2` bTBM MmK#2` I 1/2 3/2 5/2 7/2 9/2
1H2+i`QM ;v`QK;M2iB+ `iBQ γ2 U:>xfhV kdXNdk kdXNdy kdXNdj kdXNdj kdXNNd
Lm+H2` ;v`QK;M2iB+ `iBQ γM UJ>xfhV RdXkj dXj RyXke 8Xe eXN
>vT2`}M2 BMi2`+iBQM A UJ>xV RRdX8j RN3Xj R3eX3 RyRX8 R9d8Xk
5BCMF  h?2 bTBM T`K2i2`b Q7 ;`QmT@o /QMQ`b BM bBHB+QM (Rd- Rj9- Rj8)X
i2`K QM i?2 `B;?i ?M/ bB/2 Bb i?2 2H2+i`QM w22KM BMi2`+iBQM #2ir22M  bTBM@1/2
rBi? SmHB Ki`B+2b p2+iQ` a M/ M 2ti2`MH K;M2iB+ }2H/ "X h?2 T`27+iQ` Bb
i?2 ;v`QK;M2iB+ `iBQ- r?B+? /2i2`KBM2b i?2 `QiiBQM 7`2[m2M+v Q7 i?2 bTBM BM M
2ti2`MH K;M2iB+ }2H/ fG = γ2|"|X Ai Bb `2Hi2/ iQ i?2 2H2+i`QM g@7+iQ` ge pB i?2
"Q?` K;M2iQM µ" b γ2 = geµ"X aBKBH`Hv- i?2 b2+QM/ i2`K Bb i?2 Mm+H2` w22KM
BMi2`+iBQM rBi? i?2 Mm+H2` ;v`QK;M2iB+ `iBQ γM = gnµM /2}M2/ #v i?2 Mm+H2`
g@7+iQ` M/ i?2 Mm+H2` K;M2iQMX A Bb i?2 p2+iQ` Q7 i?2 SmHB Ki`B+2b Q7 i?2
Mm+H2` bTBM- r?Qb2 /BK2MbBQM /2T2M/b QM i?2 Mm+H2` bTBM MmK#2` IX
h?2 Hbi i2`K Bb i?2 ?vT2`}M2 BMi2`+iBQM #2ir22M i?2 2H2+i`QM M/ Mm+H2` bTBM
r?Qb2 bi`2M;i? Bb ;Bp2M #v ?vT2`}M2 +QMbiMi AX A Bb T`QTQ`iBQMH iQ i?2 Qp2`HT Q7
i?2 2H2+i`QM M/ Mm+H2` rp27mM+iBQMb- M/ bBM+2 i?2 Mm+H2` bTBM rp27mM+iBQM Bb
2bb2MiBHHv  δ@7mM+iBQM- A /2T2M/b QM i?2 2H2+i`QM rp27mM+iBQM i i?2 Mm+H2` +Q`2X
1H2+i`B+ }2H/b `2 #H2 iQ /BbiQ`i i?2 2H2+i`QM rp27mM+iBQMb- H2/BM; iQ  `2/m+iBQM
Q7 i?2 ?vT2`}M2 +QMbiMi- r?B+? Bb pBbB#H2 b b?B7ib BM i?2 i`MbBiBQM 7`2[m2M+v (j8-
jd- Rje)X
h#H2 jXk bmKK`Bx2b i?2 p`BQmb bTBM >KBHiQMBM T`K2i2`b 7Q` i?2 ;`QmT@o
/QMQ`bX a2+iBQM jX9 /Bb+mbb2b i?2 /2iBHb Q7 i?2 bQHmiBQMb iQ i?2 bTBM@>KBHiQMBM-
i?2 HHQr2/ i`MbBiBQMb M/ i?2 mb2 Q7 /QMQ` bii2b b [m#BibX
 4VNNBSZ
6B;m`2 jX9 bmKK`Bx2b i?2 p`BQmb BM~m2M+2b QM i?2 2M2`;v Q7 i?2 /QMQ` M/ pH2M+2
#M/ /Bb+mbb2/ Qp2` i?2 Hbi irQ b2+iBQMbX h?2 pH2M+2 #M/ +QMbBbib Q7 i?2 bTHBi@
Qz UJ = 1/2V M/ i?2 ?2pv@?QH2 M/ HB;?i@?QH2 #M/b UJ = 3/2- mj,?? = ±3/2-
mj,H? = ±1/2VX h?2 +QM/m+iBQM #M/ KBMBK `2 bBt7QH/ /2;2M2`i2 i }MBi2 kX h?2
/QMQ` ;`QmM/ bii2 RbR Bb +QKTQb2/ Q7 2[mH +QMi`B#miBQMb 7`QK HH bBt KBMBK M/
Bib 2H2+i`QM Bb r2FHv #QmM/X lM/2` bi`2bb- i?2 bi`BM ϵ bTHBib i?2 /2;2M2`i2 ?2pv@
M/ HB;?i@?QH2 #M/ M/ HbQ +mb2b `2TQTmHiBQM M/ KBtBM; Q7 i?2 /QMQ` ;`QmM/
M/ 2t+Bi2/ bii2bX h?2 ?vT2`}M2 BMi2`+iBQM A bTHBib i?2 /QMQ` ;`QmM/ bii2 /m2
8y *?Ti2` j 6mM/K2MiHb Q7 bBHB+QM M/ Bib /QMQ`b
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'JHVSF   bmKK`v Q7 i?2 Q#b2`p2/ b?B7ib Q7 i?2 /QMQ` M/ pH2M+2 #M/
rBi? bi`BM ϵ- ?vT2`}M2 +QMbiMi A M/ K;M2iB+ }2H/ BX  T?QbT?Q`mb
/QMQ` UI = 1/2V Bb mb2/ BM i?Bb 2tKTH2X
iQ  }MBi2 Mm+H2` bTBM I M/ M 2ti2`MH K;M2iB+ }2H/ B 7m`i?2`KQ`2 HB7ib /QMQ`
M/ pH2M+2 #M/ bTBM@/2;2M2`+B2b pB i?2 w22KM BMi2`+iBQMX
jX9 aTBM `2bQMM+2 Q7 M2mi`H /QMQ`b BM bBHB+QM 8R
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'JHVSF h?2 1a_ M/ LJ_ i`MbBiBQMb Q7 T?QbT?Q`mb BM bBHB+QM b  7mM+iBQM
Q7 K;M2iB+ }2H/X UV h?2 HQr@- BMi2`K2/Bi2@ M/ ?B;?@}2H/ `2;BQM Q7 i?2
T?QbT?Q`mb bTBM@>KBHiQMBM M/ i?2 2M2`;v M/ H#2HHBM; Q7 i?2 7Qm` 2B;2M@
bii2bX U#V h?2 7`2[m2M+B2b Q7 i?2 7Qm` /BTQH2@HHQr2/ i`MbBiBQMb M/ i?2B`
`2bT2+iBp2 ivTB+H _#B 7`2[m2M+v 7QHHQrBM; 1[X UjXRNV rBi? |"Kr| = RKhX
U+V h?2 2M2`;v H2p2H /B;`K BM i?2 ?B;?@}2H/ HBKBi r?2`2ms M/mi `2 ;QQ/
[mMimK MmK#2`bX h?2 /BTQH2@HHQr2/ 1a_@ U#Hm2V M/ LJ_@i`MbBiBQMb
U;`22MV `2 H#2HH2/X U/V  /B;`K Q7 i?2 /2MbBiv Ki`Bt Q7 i?2 T?QbT?Q`mb
bTBM bvbi2K rBi? i?2 TQTmHiBQMb QM i?2 /B;QMH U`2/V M/- Qz@/B;QMHHv-
i?2 BM/B+iBQMb 7Q` 2H2+i`QM bTBM@ U#Hm2V- Mm+H2` bTBM@ U;`22MV M/ x2`Q@ M/
/Qm#H2@[mMimK +Q?2`2M+2b- BX2X "2HH bii2b Uv2HHQrVX
 4QJO SFTPOBODF PG OFVUSBM EPOPST JO TJMJDPO
h?Bb b2+iBQM BMi`Q/m+2b i?2 i?2Q`2iB+H /2b+`BTiBQM M/ i?2 TmHb2 b2[m2M+2b Q7 +QK@
KQM 2H2+i`QM bTBM `2bQMM+2 2tT2`BK2MibX 6B`bi- i?2 [mMimK K2+?MB+H /2b+`BT@
iBQM mbBM; i?2 /2MbBiv Ki`Bt Bb BMi`Q/m+2/- 7QHHQr2/ #v  /Bb+mbbBQM Q7 i?2 HHQr2/
i`MbBiBQMb #2ir22M bTBM@bii2bX i i?2 2M/- +QKKQM 2H2+i`QM bTBM `2bQMM+2 2t@
T2`BK2Mib `2 HBbi2/ M/ i?2 `2H2pMi /2+Q?2`2M+2 M/ `2HtiBQM K2+?MBbKb 7Q`
/QMQ` bTBMb BM bBHB+QM `2 `2pB2r2/X
 %FOTJUZ NBUSJY SFQSFTFOUBUJPO
h?2 bQHmiBQM Q7 i?2 /QMQ` bTBM@>KBHiQMBM U1[X UjXRjVV 72im`2b 2I+1 2B;2Mbii2bX
AM i?2 7QHHQrBM;- i?2 /Bb+mbbBQM Bb `2bi`B+i2/ iQ T?QbT?Q`mb b  /QMQ` rBi? I = 1/2-
#mi +M `2/BHv #2 2ti2M/2/ iQ i?2 Qi?2` bBHB+QM /QMQ`b rBi? H`;2` IX
8k *?Ti2` j 6mM/K2MiHb Q7 bBHB+QM M/ Bib /QMQ`b
6B;m`2 jX8UV b?Qrb i?2 2B;2M2M2`;B2b Q7 i?2 7Qm` T?QbT?Q`mb bTBM 2B;2Mbii2b b 
7mM+iBQM Q7 K;M2iB+ }2H/X AM i?2 HQr }2H/ HBKBi- i?2 iQiH bTBM F = S + I Bb  ;QQ/
[mMimK MmK#2`- 72im`BM;  i`BTH2i 7Q` i?2 F = 1 bii2b M/  bBM;H2i 7Q` F = 0X
AM i?2 ?B;? }2H/ HBKBi- i?2 2H2+i`QMb bTBM M/ Mm+H2` bTBM bii2 ms M/ mi `2 ;QQ/
[mMimK MmK#2`b M/ M 2M2`;v H2p2H /B;`K rBi? i?2 bii2b MQK2M+Him`2 Q7
6B;X jX8U+V +M #2 /`rMX .m2 iQ i?2 b2H2+iBQM `mH2b 7Q` K;M2iB+ i`MbBiBQMb- ∆m =
±1- 7Qm` /Bz2`2Mi i`MbBiBQMb `2 TQbbB#H2X h?2 p2`iB+H- ?B;?2` 7`2[m2M+v i`MbBiBQMb
U1⇔ 3  2⇔ 4V `2 H#2HH2/ 1a_ U2H2+i`QM bTBM `2bQMM+2V i`MbBiBQMb bBM+2 i?2v
BMpQHp2 2H2+i`QM bTBM `QiiBQMbX h?2 HQr2`@7`2[m2M+v- ?Q`BxQMiH i`MbBiBQMb `2 i?2
LJ_ UMm+H2` K;M2iB+ `2bQMM+2V i`MbBiBQMb BMpQHpBM; Mm+H2` bTBM ~BTb U1 ⇔ 2
 3⇔ 4V X
AM ;2M2`H- bii2 p2+iQ`b |ψ⟩ `2 MQi bmBi#H2 7Q` i?2 [mMimK K2+?MB+H /2b+`BT@
iBQM Q7 1a_ 2tT2`BK2Mib QM bTBM 2Mb2K#H2b bBM+2 bii2 p2+iQ`b Kv QMHv `2T`2b2Mi
Tm`2 [mMimK K2+?MB+H bii2bX 1a_ 2tT2`BK2Mib `2- ?Qr2p2`- T`2/QKBMMiHv
+QM/m+i2/ QM i?2 i?2`KH bii2 Q7 bTBM 2Mb2K#H2b r?B+? Bb  T`Q##BHBbiB+ 2Mb2K@
#H2 Q7 BM/BpB/mH Tm`2 bii2b- BX2X  KBt2/ [mMimK bii2 (dR)X AM +QMi`bi iQ Tm`2
[mMimK bii2b- KBt2/ bii2b +M QMHv #2 i`2i2/ mbBM; i?2 /2MbBiv Ki`Bt `2T@
`2b2MiiBQMX  /2MbBiv Ki`Bt Bb /2}M2/ b i?2 bmK Q7 i?2 Qmi2` T`Q/m+i Q7 i?2
BM/BpB/mH bTBM bii2b |ψi⟩ 7QmM/ BM i?2 2Mb2K#H2 rBi? `2bT2+iBp2 T`Q##BHBiv pi (dR-
Rjd),
ρ =
∑
i
pi |ψi⟩ ⟨ψ| =
⎛⎜⎜⎜⎜⎝
ρ11 ρ∗12 ρ
∗
13 ρ
∗
14
ρ21 ρ22 ρ∗23 ρ
∗
24
ρ31 ρ32 ρ33 ρ∗34
ρ41 ρ42 ρ43 ρ44
⎞⎟⎟⎟⎟⎠ UjXR9V
h?2 Qz@/B;QMH i2`Kb Q7 i?2 /2MbBiv Ki`Bt /2b+`B#2 i?2 `2HiBp2 TQTmHiBQMb Q7 i?2
7Qm` 2B;2Mbii2b M/ ?2M+2 i?2 i`+2 Q7 i?2 /2MbBiv Ki`Bt 2[mHb iQ QM2 Uh` (ρ) = 1VX
h?2 /B;QMH i2`Kb BM/B+i2 +Q?2`2M+2b #2ir22M bii2b- BX2X bB;MHBx2 i?i  Ubm#@V
b2i Q7 /QMQ`b Bb BM  bmT2`TQbBiBQM Q7 irQ Q` KQ`2 bii2bX AM  rv- i?2 /2MbBiv
Ki`Bt `2T`2b2MiiBQM Bb HbQ  KQ`2 BMimBiBp2 `2T`2b2MiiBQM Q7 i?2 [mMimK bii2-
bBM+2 i?2 2B;2Mbii2b `2 KQ`2 +HQb2Hv `2Hi2/ iQ i?2B` QT2`iQ`bX hF2 7Q` 2tKTH2
i?2 2B;2Mbii2 Q7  bBM;H2 bTBM iQ i?2 Sy QT2`iQ`X AM i?2 mbmH Sz #bBb- i?2 bii2
p2+iQ` ?b i?2 7Q`K |i⟩ = 1/√2 (|↑⟩+ i |↓⟩)X h?2 +Q``2bTQM/BM; /2MbBiv Ki`Bt
Q7 |i⟩ Bb bBKTHv 1/2 + Sy- rBi? i?2 MQM@B/2MiBiv +QKTQM2Mi Q7 i?2 Ki`Bt /B`2+iHv
BM/B+iBM; i?2 QT2`iQ` +Q``2bTQM/BM; iQ i?2 Bib bTBM bii2X MHQ;QmbHv- |−i⟩ Bb
bBKTHv 1/2−Sy M/ i?2 bK2 Bb i`m2 7Q` i?2 2B;2Mbii2b Q7 Sz M/ Sx- b r2HH b 7Q`
KmHiB@bTBM bvbi2KbX AM 7+i- Mv Tm`2 bii2 Q7  bBM;H2 bTBM Kv #2 `2T`2b2Mi2/ #v 
jX9 aTBM `2bQMM+2 Q7 M2mi`H /QMQ`b BM bBHB+QM 8j
HBM2` +QK#BMiBQM Q7 i?2 SmHB Ki`B+2b b ρ = 1/2 + `a- r?2`2 a Bb i?2 p2+iQ` Q7
SmHB Ki`B+2b M/ ` Bb i?2 r2HH@FMQrM "HQ+? p2+iQ` BM *`i2bBM +QQ`/BMi2b (dR)X
h?2 iBK2 2pQHmiBQM Q7 i?2 /2MbBiv Ki`Bt UBX2X i?2 2[mBpH2Mi Q7 i?2 iBK2@/2T2M/2Mi
a+?`ƺ/BM;2` 2[miBQMV Bb i?2 GBQmpBHH2@pQM L2mKMM 2[miBQM,
i!∂ρ
∂t
= [H(t), ρ(t)] UjXR8V
A7 i?2 >KBHiQMBM H Bb iBK2@BM/2T2M/2Mi UH0V i?2M i?Bb 2[miBQM ?b i?2 7Q`KH
bQHmiBQM
ρ(t) = e−iH0t/!ρ(0)eiH0t/! = U(t)ρ(0)U †(t) UjXReV
r?2`2 i?2 T`QT;iBQM QT2`iQ` U(t) ?b #22M BMi`Q/m+2/X
_QiiBQM Q7 i?2 >BH#2`i bT+2 bm+? i?i i?2 >KBHiQMBM H0 Bb /B;QMH `2p2Hb
i?i i?2 Qz@/B;QMH +QKTQM2Mib Q7 i?2 /2MbBiv Ki`Bt 2pQHp2 b (Rjd),
ρkl = 2tT(−i(H0,kk −H0,ll)t)ρkl(0) = 2tT(−iωklt)ρkl(0) UjXRdV
h?2 Qz@/B;QMH +QKTQM2Mib i?mb +[mB`2 T?b2 i i?2 `i2 Q7 i?2 2M2`;v b2T@
`iBQM #2ir22M i?2 irQ BMpQHp2/ bii2bX h?Bb K2Mb i?i 2X;X M BMBiBH Sx bii2
`Qii2b iQ Sy- −Sx- −Sy M/ #+F iQ i?2 BMBiBH Sx bii2- r?B+? +M #2 pBbmHBx2/ #v
 T`2+2bbBM; bTBM QM i?2 "HQ+? bT?2`2 rBi? M M;mH` p2HQ+Biv 2[mH iQ i?2 2M2`;v
b2T`iBQMX
h?2 `2bmHiBM; iBK2 /2T2M/2M+2 Q7 i?2 /2MbBiv Ki`Bt 2pQHmiBQM BM  biiB+ >KBH@
iQMBM +M #2 Ki?2KiB+HHv bBKTHB}2/ #v  +?M;2 Q7 `272`2M+2 7`K2 iQ  `QiiBM;
+QQ`/BMi2 bvbi2K U7Q` i?2 bBM;H2 bTBM +b2V Q` #v mbBM; i?2 BMi2`+iBQM TB+im`2 Q7
[mMimK K2+?MB+b 7Q` KQ`2 +QKTHB+i2/ biiB+ >KBHiQMBMb- r?B+? #Qi? 2HBKBMi2
i?2 iBK2 /2T2M/2M+2 Q7 i?2 Qz@/B;QMH +QKTQM2MibX
 4QJO TUBUF USBOTJUJPOT
h`MbBiBQMb #2ir22M bTBM bii2b +M #2 /`Bp2M #v  bKHH Qb+BHHiBM; K;M2iB+ }2H/j
"1(t) = +Qb(ωKrt)"Kr T2`T2M/B+mH` iQ i?2 bi`QM;2` 2B;2Mbii2@/2}MBM; biiB+ K;@
M2iB+ }2H/ B0X AM i?2 H# 7`K2 "1 Bb Qb+BHHiBM; rBi? HBM2` TQH`BbiBQMX AM i?2
`QiiBM; 7`K2 Q7  bBM;H2 bTBM- ?Qr2p2`- "1 Kv #2 /2+QKTQb2/ BMiQ  biiB+ T`i
M/  7bi U2ωKrV Qb+BHHiBM; T`iX L2;H2+iBM; i?2 Hii2` /m2 iQ Bib KBMQ` BM~m2M+2
Uǳ`QiiBM; rp2 TT`QtBKiBQMǴV- Bi +M #2 b22M i?i BM i?2 `QiiBM; 7`K2 ;BM 
j b2+QM/ bQm`+2 Q7 i`MbBiBQMb +QmH/ #2 Qb+BHHiBM; 2H2+i`B+ }2H/bX h?2b2 KQ/mHi2 i?2 ?vT2`}M2
+QMbiMi T2`BQ/B+HHv 2M#HBM; 2H2+i`B+HHv /`Bp2M b 2X;X b?QrM BM (9N)X
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+QMbiMi K;M2iB+ }2H/ 2tBbibX *QMb2[m2MiHv- BM i?2 `QiiBM; 7`K2 i?2 bTBM bi`ib
`QiiBM; `QmM/ i?2 KB+`Qrp2 K;M2iB+ }2H/ p2+iQ` M/ ?2M+2  i`MbBiBQM 7`QK
2X;X- Sz Qp2` Sx iQ −Sz Bb Q++m``BM; 7Q`  KB+`Qrp2 }2H/ rBi? T?b2 HQM; xˆ Q7 i?2
`QiiBM; 7`K2X
h?2 2t+i bQHmiBQM Q7 i?2 /2MbBiv Ki`Bt 2pQHmiBQM Q7 M `#Bi``v bTBM@bvbi2K iQ
M Qb+BHHiBM; K;M2iB+ }2H/ Bb [mBi2 +QKTHB+i2/ (Rjd)X :Bp2M i?i i?2 BMBiBH M/
}MH bii2 `2 bm{+B2MiHv b2T`i2/ BM 2M2`;v 7`QK Qi?2` i`MbBiBQMb UBX2X mM/2` i?2
bbmKTiBQM i?i MQ Qi?2` i`MbBiBQMb `2 2t+Bi2/ #v i?2 #M/rB/i? Q7 i?2 TmHb2V- i?2
T`Q#H2K Kv 2z2+iBp2Hv #2 `2/m+2/ iQ i?2 /vMKB+b Q7 M 2z2+iBp2 irQ@H2p2H- bBM;H2
bTBM bvbi2K M/ i?2 bBKTH2 `QiiBM; 7`K2 TB+im`2 7Q` i?2 bTBM i`MbBiBQM /Bb+mbb2/
#Qp2 Bb pHB/ (Rj3- RjN)X h?2 bi`2M;i? Q7 i?2 i`MbBiBQM- BX2X i?2 _#B 7`2[m2M+v
rBi? r?B+? i?2 bvbi2K Qb+BHHi2b #2ir22M i?2 irQ BMpQHp2/ H2p2Hb UbbmKBM; `2bQMMi
/`BpBM;V Bb ;Bp2M #v (Rj3),
Ω_ = ⟨ψ2|Wˆ |ψ1⟩ /! UjXR3V
Wˆ = (γ2a− γMA)"Kr UjXRNV
>2`2- Wˆ Bb i?2 KTHBim/2 Q7 i?2 iBK2@/2T2M/2Mi T`i Q7 i?2 >KBHiQMBM UjXRjV
bm#D2+i iQ "1(t)X Ai Bb 2pB/2Mi i?i Wˆ Kmbi +QMiBM Qz@/B;QMH 2H2K2Mib BM Q`/2` iQ
HHQr 7Q` i`MbBiBQMb #2ir22M /Bz2`2Mi BMBiBH M/ }MH 2B;2Mbii2b ψ1  ψ2- `2[mB`BM;
"Kr iQ #2 T2`T2M/B+mH` iQ i?2 2B;2Mbii2@/2}MBM;- biiB+ K;M2iB+ }2H/ "0X
6B;m`2 jX8U#V THQib i?2 i`MbBiBQM 7`2[m2M+B2b M/ `2bT2+iBp2 _#B 7`2[m2M+B2b 7QH@
HQrBM; 1[X UjXRNV 7Q` HH 7Qm` i`MbBiBQMb Q7 T?QbT?Q`mb b  7mM+iBQM Q7 K;M2iB+
}2H/X AM i?2 ?B;? }2H/ HBKBi- irQ /Bz2`2Mi b2ib Q7 i`MbBiBQM 2tBbibX h?2 1a_ i`M@
bBiBQMb rBi? H`;2` i`MbBiBQM 7`2[m2M+v 72im`2 `2HiBp2Hv 7bi _#B Qb+BHHiBQMb /m2
iQ i?2 bi`QM;2` 2H2+i`QM ;v`QK;M2iB+ `iBQ γ2X AM +QMi`bi- i?2 LJ_ i`MbBiBQMb
+M QMHv #2 /`Bp2M Km+? KQ`2 bHQrHv M/ ?p2 ivTB+H π@TmHb2 /m`iBQMb Q7 ∼8 ƒbX
 4QJO FDIP BOE DPNNPO &43 TFRVFODFT
.m2 iQ i?2 BKT2`72+i bQHB/@bii2 ?Qbi HiiB+2- rBi? BKTm`BiB2b U#2BM; BM  +?`;2/fM2mi`H
bii2 M/ TQbbB#Hv +``vBM;  K;M2iB+ KQK2MiV M/ HQ+H bi`BM p`BiBQMb- UKQ/@
B7vBM; i?2 ?vT2`}M2 +QMbiMiV- 2+? /QMQ` Q7 i?2 bTBM 2Mb2K#H2 Bb 2tTQb2/ iQ 
bHB;?iHv /Bz2`2Mi 2H2+i`B+ M/ K;M2iB+ }2H/ 2MpB`QMK2MiX 6m`i?2`KQ`2- i?2 2ti2`@
MH K;M2iB+ }2H/ Kv #2 BM?QKQ;2M2Qmb- r?B+?- iQ;2i?2` rBi? i?2 7Q`2K2MiBQM2/
HQ+H }2H/ p`BiBQMb- H2/b iQ  /Bbi`B#miBQM Q7 bTBM T`2+2bbBQM 7`2[m2M+B2b- BX2X M
jX9 aTBM `2bQMM+2 Q7 M2mi`H /QMQ`b BM bBHB+QM 88
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'JHVSF   bF2i+? Q7  >?M 2+?Q b2[m2M+2- T2`7Q`K2/ QM i?2 mI = −1/2
1a_ i`MbBiBQM Q7 i?2 T?QbT?Q`mb /QMQ`X h?2 KB+`Qrp2 TmHb2 b2[m2M+2 Bb
/2TB+i2/ QM iQT rBi? M 2tT2`BK2MiHHv Q#iBM2/ 2+?Q bB;MH BM i?2 I@+?MM2H
Q7 i?2 AZ KBt2`X h?2 /B;`Kb #2HQr b?Qr i?2 "HQ+? bT?2`2 /vMKB+b M/
i?2 BMpQHp2/ /2MbBiv Ki`Bt +QKTQM2Mib Q7 i?2 bTBM 2Mb2K#H2X
BM?QKQ;2M2QmbHv #`Q/2M2/ HBM2rB/i?9X h?2 bbQ+Bi2/ iBK2 +QMbiMi /2b+`B#BM;
i?2 /2+v Q7 i?2 K+`Qb+QTB+ K;M2iBbiBQM Q7  T`2+2bbBM; bTBM 2Mb2K#H2 Bb +HH2/
/2T?bBM; iBK2 T ∗2 M/ Bb- 7Q` bBHB+QM /QMQ`b- mbmHHv BM i?2 `M;2 Q7 ∼Ryy Mb mT iQ
b2p2`H ƒbX
aBM+2 i?2 /Bbi`B#miBQM Q7 7`2[m2M+B2b Bb biiB+-  TmHb2 b2[m2M+2 Kv #2 mb2/ iQ
M2;i2 Bib 2z2+i M/ ?2M+2 i?2 iBK2@b+H2 QM r?B+? BM7Q`KiBQM Kv #2 biQ`2/
BM /QMQ` 2H2+i`QM bTBMb +M #2 T`QHQM;2/ #v b2p2`H Q`/2`b Q7 K;MBim/2X h?2b2
b2[m2M+2b +QMbBbi Q7  b2`B2b Q7 KB+`Qrp2 (π)@TmHb2b M/ `2 +HH2/ `27Q+mbbBM;
b2[m2M+2b Q` /vMKB+H /2+QmTHBM; b2[m2M+2bX h?2 bBKTH2bi /vMKB+H /2+QmTHBM;
b2[m2M+2- rBi? Dmbi  bBM;H2 (π)@TmHb2- Bb i?2 >?M bTBM 2+?Q M/ Bib TmHb2 b2[m2M+2
M/ BM~m2M+2 QM i?2 bTBM@bii2 Q7 i?2 bTBM@2Mb2K#H2- b r2HH b i?2 /2MbBiv Ki`Bt
Bb /2TB+i2/ BM 6B;X jXeX
h?2 b2[m2M+2 bi`ib rBi?  bBM;H2 (π/2)⇓Sy KB+`Qrp2 TmHb2- ?2`2 +iBM; b M
2tKTH2 QM i?2 T?QbT?Q`mb mI = −1/2 i`MbBiBQM M/ rBi? T?b2 iQ `Qii2 `QmM/
i?2 +y@tBb Q7 i?2 "HQ+? bT?2`2X qBi? i?2 bTBMb T`QD2+i2/ BMiQ i?2 2[miQ`BH THM2
Q7 i?2 "HQ+? bT?2`2- i?2 2Mb2K#H2 T`2+2bb2b i bHB;?iHv /Bz2`2Mi `QiiBQM 7`2[m2M+B2b-
r?B+?- BM i?2 `QiiBM; 7`K2 Q7 i?2 K2M 2Mb2K#H2 T`2+2bbBQM- KMB72bib Bib2H7 b
 /2T?bBM; M/ bT`2/ Q7 i?2 /QMQ` bTBMbX h?2 `27Q+mbbBM; (π)⇓y TmHb2 +M #2
BMi2`T`2i2/ b  `2~2+iBQM Q7 i?2 bTBM bvbi2K i i?2 y − z THM2- M/ ?2M+2 i?Qb2
91p2M 7Q`  bBM;H2 /QMQ` [m#Bi- BKT2`72+iBQMb Q7 i?2 bBHB+QM ?Qbi HiiB+2 bm+? b Mm+H2` bTBM@~BTb Q`
i`T +?`;BM; Kv KQ/mHi2 i?2 bBM;H2 bTBM T`2+2bbBQM 7`2[m2M+v rBi?BM  +2`iBM iBK2 7`K2-
H2/BM; iQ  i2KTQ`H BMbi2/ Q7 bTiBH BM?QKQ;2M2Qmb #`Q/2MBM; (ke)X
8e *?Ti2` j 6mM/K2MiHb Q7 bBHB+QM M/ Bib /QMQ`b
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'JHVSF  aF2i+? Q7 +QKKQM 1a_ b2[m2M+2b M/ i?2 Q#iBM2/ /iX UV _#B
Qb+BHHiBQMb `2 bB;Mim`2b Q7 +Q?2`2Mi Qb+BHHiBQMb #2ir22M i?2 irQ 2B;2M@
bii2b- r?B+? /2+v Qp2` iBK2 /m2 iQ  }MBi2 T ∗2 M/ +M #2 }ii2/ #v  +QK@
#BMiBQM Q7 +QbBM2 M/ 2tTQM2MiBH /2+vX U#V T1 BMp2`bBQM `2+Qp2`v 2tT2`B@
K2Mi rBi? M 2tTQM2MiBH `2HtiBQM #+F iQ i?2`KH 2[mBHB#`BmKX U+V >?M
2+?Q +Q?2`2M+2 iBK2 K2bm`2K2Mi- rBi?  /2+Q?2`2M+2 T`Q+2bb@/2T2M/2Mi
HBM2b?T2X h?2 /i ?2`2 Bb z2+i2/ i ∼RKb /m2 iQ T?b2 MQBb2 #v M
mMbi#H2 K;M2i U+7X *?X eXjVX
bTBMb i?i b?Qr2/  TQbBiBp2 T?b2 ++mKmHiBQM +QKT`2/ rBi? i?2 `QiiBM; 7`K2
BM i?2 }`bi T`i Q7 i?2 b2[m2M+2 `2 MQr H;;BM; 2t+iHv i?i T?b2 +QKT`2/ iQ
i?2 K2M T?b2 Q7 i?2 bTBM@2Mb2K#H2X AM i?2 7`22 2pQHmiBQM Q7 i?2 b2+QM/ T`i Q7 i?2
TmHb2 b2[m2M+2- i?2 ++mKmHi2/ T?b2 Q7 i?2 }`bi T`i Bb M2mi`HBx2/ M/ i  +2`iBM
TQBMi BM iBK2- HH 2Mb2K#H2 bTBMb `27Q+mb M/ ;Bp2 `Bb2 iQ  }MBi2 K;M2iBbiBQMX h?Bb
}MBi2 BM@THM2- T`2+2bbBM; K;M2iBbiBQM 2KBib KB+`Qrp2 T?QiQMb r?B+? `2 TB+F2/
mT #v i?2 `2bQMiQ`- KTHB}2/ M/ AZ@KBt2/ U+7X *?X 9XkXjV M/ i?mb ;Bp2 `Bb2 iQ
i?2 /2TB+i2/ bTBM 2+?QX h?2 2+?Q BMi2MbBiv /2T2M/b QM i?2 /Bz2`2M+2 #2ir22M |↑⟩
M/ |↓⟩- BX2X i?2 bTBM TQH`BxiBQM M/ Bb ?2M+2 2ti2MbBp2Hv mb2/ BM 1a_ 2tT2`BK2Mib-
bBKTHv b  }MH ǳK2bm`2@SzǴ #HQ+F Q7 i?2 TmHb2 b2[m2M+2X
AM i?2 7QHHQrBM; i?`22 /Bz2`2Mi ivTB+H 1a_ TmHb2 b2[m2M+2b `2 BMi`Q/m+2/ M/
i?2 `QH2 Q7 i?2B` K2bm`2/ [mMiBiB2b Bb /Bb+mbb2/,
3BCJ PTDJMMBUJPOT _#B Qb+BHHiBQMb `2 i?2 bB;Mim`2 Q7 +Q?2`2Mi /`BpBM; Q7  bTBM
bvbi2KX h?2 TmHb2 b2[m2M+2 U6B;X jXdUVV +QMbBbib Q7  KB+`Qrp2 TmHb2 r?Qb2
/m`iBQM Bb br2TiX  +2`iBM iBK2 Hi2`- i?2 TQH`BxiBQM 7i2` i?2 TmHb2 /`BpBM;
Bb K2bm`2/ mbBM;  b?Q`i 2+?Q b2[m2M+2X JmHiBTH2 Qb+BHHiBQMb `2 Q#b2`p2/
b i?2 bTBM Bb +Q?2`2MiHv /`Bp2M #2ir22M i?2 irQ 2B;2Mbii2bX 6m`i?2`KQ`2- M
2tTQM2MiBH /2+v Q7 i?2 KTHBim/2 Bb 7QmM/ bBM+2 i?2 #M/rB/i? Q7 i?2 TmHb2
#2+QK2b ;`/mHHv bKHH2` M/ Bb MQi #H2 iQ 2t+Bi2 i?2 r?QH2 BM?QKQ;2M2QmbHv
#`Q/2M2/ HBM2 MvKQ`2X
5 SFMBYBUJPO hrQ /Bz2`2Mi ivT2b Q7 `2HtiBQMf/2+Q?2`2M+2 K2+?MBbKb `2 /Bb@
iBM;mBb?2/ 7Q` bTBM [m#BibX h?2 }`bi- /2b+`B#2/ #v i?2 T1 iBK2@b+H2- Bb 
jX9 aTBM `2bQMM+2 Q7 M2mi`H /QMQ`b BM bBHB+QM 8d
`2HtiBQM iQr`/b i?2 2[mBHB#`BmK TQH`BxiBQM- BX2X  `2HtiBQM HQM; i?2
[mMiBxiBQM tBb r?B+? `2[mB`2b i?2 2MpB`QMK2Mi iQ #bQ`# Q` bmTTHv 2M2`;v
iQ i?2 bTBM bvbi2KX  p`B2iv Q7 TQbbB#H2 T`Q+2bb2b 7Q` /QMQ`b BM bBHB+QM `2
/Bb+mbb2/ BM i?2 M2ti b2+iBQMX PM2 TQbbB#H2 b2[m2M+2 iQ K2bm`2 T1 Bb i?2 bQ@
+HH2/ ǵBMp2`bBQM `2+Qp2`vǶ 2tT2`BK2Mi, Ai +QMbBbib Q7  UπV@TmHb2 BMp2`iBM; i?2
i?2`KH TQH`BxiBQM M/  bm#b2[m2Mi Sz K2bm`2K2Mi rBi? p`vBM; /2Hv
iBK2 τ X M 2tTQM2MiBH `2HtiBQM #+F iQ i?2`KH 2[mBHB#`BmK Bb Q#b2`p2/ b
2pB/2Mi 7`QK 6B;X jXdU#VX
5 EFDPIFSFODF h?2 b2+QM/ /2+Q?2`2M+2 T`Q+2bb +QM+2`Mb i?2 HQbb Q7 T?b2 +Q?2`@
2M+2 Q7 i?2 bTBM 2Mb2K#H2 /m`BM;  >?M 2+?Q b2[m2M+2X b K2MiBQM2/- i?2
>?M 2+?Q b2[m2M+2 M2mi`HBx2b /2T?bBM; /m2 iQ biiB+ BM?QKQ;2M2Qmb 2H2+@
i`B+ M/ K;M2iB+ }2H/bX Ai Bb MQi TQbbB#H2- ?Qr2p2`- 7Q` i?2 >?M b2[m2M+2 iQ
`27Q+mb i?2 2z2+ib Q7 BM?QKQ;2M2Qmb }2H/b i?i 72im`2  iBK2 /2T2M/2M+2X A7X
2X;X /m2 iQ /272+i bTBMb BM i?2 2MpB`QMK2Mi-  TQbBiBp2 T?b2 b?B7i Bb +[mB`2/
/m`BM; i?2 }`bi T`i Q7 i?2 2+?Q b2[m2M+2 M/- /m2 iQ  ~BT Q7 i?2 /272+i bTBM-
 M2;iBp2 T?b2 Bb +[mB`2/ /m`BM; i?2 b2+QM/ T`i- i?2M i?2 2+?Q b2[m2M+2 Bb
MQi #H2 iQ M2mi`HBx2 bm+? /2T?bBM;X h?2 +Q``2bTQM/BM; iBK2 b+H2 QM r?B+?
i?2 >?M 2+?Q b2[m2M+2 /2+vb Bb +HH2/ T2- M/ i?2 TmHb2 b2[m2M+2 mb2/ iQ
K2bm`2 i?Bb bBKTHv +QMbBbib Q7  >?M b2[m2M+2 rBi? p`vBM; 7`22 2pQHmiBQM
iBK2 τ U+7X 6B;X jXdU+VVX b i?2 MmK#2` Q7 `27Q+mbbBM; TmHb2b UM/ ?2M+2 i?2
/2+QmTHBM; 7`2[m2M+vV Bb BM+`2b2/ M BM+`2bBM;Hv M``Qr2` T`i Q7 i?2 K;@
M2iB+ U2H2+i`B+V MQBb2 bT2+i`mK Bb #H2 iQ +mb2 /2+Q?2`2M+2X h?mb- ivTB+HHv
/vMKB+H /2+QmTHBM; rBi?  ?B;? MmK#2` Q7 TmHb2b T`QpB/2b T2b i?i Kv #2
 72r Q`/2`b Q7 K;MBim/2 H`;2` i?M i?2 T2 K2bm`2/ #v  >?M b2[m2M+2
(R9y)X
 4PVSDFT PG EFDPIFSFODF BOE SFMBYBUJPO
 p`B2iv Q7 T?vbB+H T?2MQK2M HBKBi T1 M/ T2 Q7 i?2 /QMQ` 2H2+i`QM M/ Mm@
+H2` bTBM BM bBHB+QMX h?2b2 T`Q+2bb2b /2T2M/ QM i2KT2`im`2- /QTBM; +QM+2Mi`iBQM-
K;M2iB+ }2H/ M/ i?2 UBbQiQTB+V Tm`Biv Q7 i?2 ?Qbi HiiB+2X AM i?2 7QHHQrBM;- i?2
+QKKQM bQm`+2b Q7 `2HtiBQM M/ /2+Q?2`2M+2 7Q` i?2 2H2+i`QM bTBM Q7  /QMQ` `2
BMi`Q/m+2/X Hi?Qm;? MQi /Bb+mbb2/ ?2`2- bBKBH` `;mK2Mib Kv #2 K/2 7Q` i?2
Mm+H2` bTBM `2HtiBQM M/ /2+Q?2`2M+2- Hi?Qm;? i?2B` iBK2 b+H2b `2 ivTB+HHv 
72r Q`/2`b Q7 K;MBim/2 HQM;2` /m2 iQ i?2 i?`22 Q`/2`b Q7 K;MBim/2 bKHH2` ;v`Q@
K;M2iB+ `iBQ γMX  /Bb+mbbBQM Q7 Mm+H2` /2+Q?`2M+2 K2+?MBbKb Kv #2 7QmM/
83 *?Ti2` j 6mM/K2MiHb Q7 bBHB+QM M/ Bib /QMQ`b
BM (R9y)- r?BH2 M mb27mH Qp2`pB2r +?`i 7Q` T1 M/ T2 Q7 T?QbT?Q`mb 2H2+i`QM bTBM
2Mb2K#H2b BM BbQiQTB+HHv@Tm`B}2/ k3aB HiiB+2b +M #2 7QmM/ BM `272`2M+2 (Re)X
 &MFDUSPO TQJO SFMBYBUJPO 5
HH T1 T`Q+2bb2b #Qp2 RE `2[mB`2 i?2 #bQ`TiBQM M/fQ` 2KBbbBQM Q7 T?QMQMb8-
r?B+? Bb r?v i?Bb ivT2 Q7 `2HtiBQM Bb HbQ FMQrM b ǵbTBM@HiiB+2 `2HtiBQMǶX h?2
2M2`;v i`Mb72` #2ir22M T?QMQM M/ bTBM Bb T`QpB/2/ #v i?2 ~m+imiBM; HQ+H K;@
M2iB+ }2H/b Q7 i?2 HiiB+2 pB#`iBQMX
h?`22 /Bz2`2Mi T`Q+2bb2b `2 ;2M2`HHv 7QmM/ b  7mM+iBQM Q7 i2KT2`im`2
M/ i`MbBiBQM 7`2[m2M+v ωX 6B`bi- i?2 /B`2+i T`Q+2bb bBKTHv BMpQHp2b i?2 2KBb@
bBQMf#bQ`TiBQM Q7  HiiB+2 T?QMQMX h?Bb T`Q+2bb /2T2M/b QM i?2 MmK#2` Q7
T?QMQMb rBi? 7`2[m2M+v ω M/ i?mb T1 p`B2b b ω4T−1X h?Bb T`Q+2bb Bb /QKBMMi
i i2KT2`im`2b #2HQr 9E- r?2`2 T1 ≈ Ry b iQ Ryyy b 7Q` T?QbT?Q`mb /QMQ`bX
h?2 b2+QM/ T`Q+2bb Bb i?2 _KM T`Q+2bbX i i2KT2`im`2b 7Q` r?B+? i?2 i?2`KH
2M2`;v Bb H`;2` i?M ω- i?2 T2F /2MbBiv Q7 T?QMQMb Bb i  7`2[m2M+v Km+? H`;2`
i?M ωX b i?2 MmK#2` Q7 T?QMQMb BM+`2b2b rBi? i2KT2`im`2 Bi #2+QK2b KQ`2
M/ KQ`2 2{+B2Mi iQ #bQ`# M ?B;? 2M2`;v T?QMQM rBi? 2M2`;v ωT?,#b M/ 2KBi 
bHB;?iHv H2bb 2M2`;2iB+ T?QMQM rBi? 2M2`;v ωT?,2K = ωT?,#b−ωX h?Bb T`Q+2bb BMpQHp2b
 pB`imH ?B;?2` 2M2`;v H2p2H Q7 i?2 /QMQ` M/ i?2 T`Q+2bb b+H2b rBi? T−7 7Q` bTBM
bvbi2Kb rBi? MQM@BMi2;2` bTBM [mMimK MmK#2` S (Rjd)X h?Bb T`Q+2bb Bb mbmHHv
HBKBiBM; #2ir22M 9E M/ RyE 7Q` T?QbT?Q`mb /QMQ`b (R9y)X
h?2 i?B`/ T`Q+2bb Bb +HH2/ i?2 P`#+? T`Q+2bb- r?B+? HbQ BMpQHp2b irQ T?QMQMb
r?Qb2 2M2`;v Bb- ?Qr2p2`- `2bQMMi rBi?  `2H- 2t+Bi2/ bii2 Q7 i?2 /QMQ`- r?B+?
BM+`2b2b i?2 T`Q##BHBiv Q7 i?Bb T`Q+2bbX Ai 7QHHQrb M 2tTQM2MiBH i2KT2`im`2
/2T2M/2M+2 2tT(∆2t+/k"T )- r?2`2 ∆2t+ Bb i?2 2M2`;v b2T`iBQM Q7 ;`QmM/ M/
2t+Bi2/ bii2 BMpQHp2/ (Rjd)X h?2 P`#+? T`Q+2bb Bb /QKBMMi i i2KT2`im`2b BM
2t+2bb Q7 RyE 7Q` T?QbT?Q`mb /QMQ`b (R9y)X
 &MFDUSPO TQJO EFDPIFSFODF 5
AM ;2M2`H- i?2 iBK2 b+H2 Q7 T2 +M MQi 2t+22/ T1 7Q` /QMQ` bTBMb BM bBHB+QM M/ i?2
irQ `2 `Qm;?Hv 2[mH i ?B;?2` i2KT2`im`2b (Re- Rjd)X b T1 BM+`2b2b bB;MB}+MiHv
iQr`/b HQr2` i2KT2`im`2b Qi?2` /2+Q?2`2M+2 K2+?MBbKb #2+QK2 `2H2pMi,
8h?2 bTQMiM2Qmb 2KBbbBQM T`Q+2bb Bb QM i?2 Q`/2` Q7 103 b M/ i?mb B``2p2H2pMi mM/2` MQ`KH
+B`+mKbiM+2b (Rjd)X AM i?2 T`2b2M+2 Q7 2M?M+2/ p+mmK }2H/ ~m+imiBQMb /m2 iQ  `2bQMMi
?B;?@Q +pBiv- i?2 bTQMiM2Qmb 2KBbbBQM `i2 Kv #2 bB;MB}+MiHv ?B;?2`- r?B+? Bb FMQrM b
Sm`+2HH 2z2+i (R9R)X
jX9 aTBM `2bQMM+2 Q7 M2mi`H /QMQ`b BM bBHB+QM 8N
h?2 KQbi T`QKBM2Mi /2+Q?2`2M+2 K2+?MBbK BM MiaB Bb /m2 iQ ~BT@~QTb Q7 M2B;?@
#Qm`BM; Mm+H2` bTBMb Q7 i?2 kNaB BbQiQT2X .m2 iQ i?2 H`;2 2ti2Mi Q7 i?2 /QMQ`
rp27mM+iBQM- ivTB+HHv b2p2`H Mm+H2` bTBMb +QmTH2 iQ i?2 /QMQ` pB i?2 ?vT2`}M2
BMi2`+iBQMX 1+? Mm+H2` bTBM 2tT2`B2M+2b  /Bz2`2Mi +QmTHBM; bi`2M;i?- /m2 iQ i?2
BM/BpB/mH rp27mM+iBQM Qp2`HTX h?2 T`2b2M+2 Q7 M2`2bi@M2B;?#Qm` kNaB T2`KBib
Mm+H2` bTBM ~BT@~QTb pB i?2B` BM/BpB/mH /BTQH` +QmTHBM; QM  Ry F>x iBK2 b+H2-
r?B+?- BM im`M- KQ/mHi2b i?2 ?vT2`}M2 +QMbiMi rBi? i?2 +2Mi`H /QMQ` 2H2+i`QM
bTBM M/ H2/b iQ /2+Q?2`2M+2X h?Bb 2z2+i Bb +HH2/ bT2+i`H /BzmbBQM M/ 72im`2b
 /BbiBM+i :mbbBM T2 /2+v BM TH+2 Q7 i?2 mbmH 2tTQM2MiBH /2+vX h?2 bT2+i`H
/BzmbBQM HBKBi2/ T2 /2T2M/b QM +`vbiH Q`B2MiiBQM M/ Bb 7Q` MiaB ivTB+HHv #2ir22M
yXRKb iQ RKb (R9y- R9k)X AbQiQTB+ Tm`B}+iBQM Q7 i?2 k3aB ?Qbi HiiB+2 7`QK i?2 kNaB
BbQiQT2 HHQrb iQ `2/m+2 i?2 BKT+i Q7 bT2+i`H /BzmbBQMX h?2 Tm`2bi HiiB+2b rBi?
kNaB +QM+2Mi`iBQMb ! 8y TTK (ky) 2ti2M/ i?2 bT2+i`H /BzmbBQM T2 HBKBi iQ ∼R b
U+7X *?X eXj M/ (Re- R9k)VX
h?2 b2+QM/ /2+Q?2`2M+2 K2+?MBbK 2M+QmMi2`2/ BM i?Bb i?2bBb Bb BMbiMiM2Qmb
/BzmbBQMX  ?B;? +QM+2Mi`iBQM Q7 /QMQ` 2H2+i`QM bTBMb `2bmHib BM  bB;MB}+Mi /BTQH`
+QmTHBM; #2ir22M M2B;?#Qm`BM; bTBMbX AM +QMi`bi iQ mbmH- biiB+ HQ+H K;M2iB+ }2H/
p`BiBQMb- i?2 /BTQH` +QmTHBM; iQ i?2 M2`2bi M2B;?#Qm` `2p2`b2b i i?2 KQK2Mi Q7
i?2 `27Q+mbbBM; (π)@TmHb2 Q7 i?2 2+?Q b2[m2M+2- #2+mb2 i?2 M2`2bi M2B;?#Qm` bTBM
Bb ~BTT2/- iQQX h?2`27Q`2- /BTQH` +QmTHBM; #2ir22M bTBMb Q7 i?2 bK2 bT2+B2b +M
MQi #2 `27Q+mb2/X AMbiMiM2Qmb /BzmbBQM Bb bi`QM;Hv +QM+2Mi`iBQM /2T2M/2Mi bBM+2
Bi b+H2b rBi? i?2 /BbiM+2 iQ i?2 M2`2bi M2B;?#Qm` Q7 i?2 bK2 bTBM bT2+B2bX Aib
2z2+i Kv- ?Qr2p2`- #2 /Bb+`BKBMi2/ 7`QK Qi?2` /2+Q?2`2M+2 bQm`+2b #v `iB}+BHHv
`2/m+BM; i?2 MmK#2` Q7 bTBMb i?i +QMi`B#mi2 iQ i?2 7Q`K2/ 2+?QX "v b?Q`i2MBM;
Q` r2F2MBM; i?2 `27Q+mbbBM; TmHb2 iQ T`Q/m+2  iBT M;H2 θ < π- QMHv  bm#b2i Q7
bTBMb Bb ~BTT2/ M/ +QMi`B#mi2b iQ i?2 2+?Q 7Q`KiBQMX h?2 BM~m2M+2 Q7 i?2 Qi?2`-
mM~BTT2/ M/ biiB+ bTBM Bb i?2`27Q`2 `27Q+mbb2/ M/  HQM;2` +Q?2`2M+2 iBK2 Bb
K2bm`2/- H#2Bi i i?2 +Qbi Q7  bKHH2` bB;MH BMi2MbBivX lbBM; bm+? K2bm`2K2Mib
rBi? BM+`2bBM;Hv bKHH2` iBT@M;H2b Q7 i?2 `27Q+mbbBM; TmHb2-  +Q?2`2M+2 iBK2 BM i?2
HBKBi Q7 BM}MBi2Hv bKHH /QMQ` +QM+2Mi`iBQM Kv #2 2ti`TQHi2/- r?B+? b?QmH/ #2
 `2HBbiB+ 2biBKi2 7Q` i?2 BbQHi2/ bTBM +Q?2`2M+2 iBK2 HBKBi (Re- R9j)X 6QHHQrBM;
`272`2M+2 (Rjd)- i?2 BMbiMiM2Qmb /BzmbBQM@HBKBi2/ +Q?2`2M+2 iBK2 Tk,B/ Bb ;Bp2M #v,
1
Tk,B/
= C
π
9
√
3
µ0(gµB)2
! bBM
2 θ
2
UjXkyV
ey *?Ti2` j 6mM/K2MiHb Q7 bBHB+QM M/ Bib /QMQ`b
>2`2- µ0 Bb i?2 p+mmK T2`K2#BHBiv- g Bb i?2 2H2+i`QM g@7+iQ`- µB i?2 "Q?` K;M2@
iQM M/ C Bb i?2 2z2+iBp2 /2MbBiv Q7 QM@`2bQMMi bTBMb- BX2X i?2 /QMQ` +QM+2Mi`iBQM
/BpB/2/ #v i?2 MmK#2` Q7 Mm+H2` bTBM@bTHBi 1a_ i`MbBiBQMbX
AM i?2 HBKBi Q7 BMi2`K2/Bi2 i2KT2`im`2b Q` #Qi? HQr /QMQ` M/ kNaB +QM+2M@
i`iBQM i?`22 Qi?2` /2+Q?2`2M+2 K2+?MBbKb #2+QK2 BKTQ`iMiX h?2b2 `2 }`bi
i?2 BM/B`2+i 2H2+i`QM T1 T`Q+2bb- r?2`2  T1 T`Q+2bb QM  M2B;?#Qm`BM; /QMQ` bTBM
+mb2b  p`vBM; K;M2iB+ }2H/ 7Q` i?2 +2Mi`H bTBMX a2+QM/Hv BM/B`2+i ~BT@~QTb-
r?2`2 ~BT@~QTb Q7 irQ M2B;?#Qm`BM; 2H2+i`QM bTBMb /m2 iQ /BTQH` +QmTHBM; `2bmHib
BM  ~m+imiBM; K;M2iB+ }2H/ i i?2 +2Mi`H bTBM M/ i?B`/Hv /B`2+i ~BT@~QTb #2@
ir22M /QMQ` M/ M2`2bi M2B;?#Qm` /QMQ` bTBMbX h?2b2 K2+?MBbKb `2 MQi /B`2+iHv
`2H2pMi iQ i?2 2tT2`BK2Mib /Bb+mbb2/ rBi?BM i?Bb i?2bBb M/ ?p2 #22M /Bb+mbb2/ BM
/2iBH BM `272`2M+2bX (Re- R9y)X
jX8 1H2+i`B+ i`MbTQ`i BM bBHB+QM eR
 &MFDUSJD USBOTQPSU JO TJMJDPO
JQbi Q7 i?2 2tT2`BK2Mib +QM/m+i2/ BM i?Bb i?2bBb BK iQ K2bm`2 bTBM@`2Hi2/ T?2@
MQK2M mbBM; +?M;2b Q7 i?2 bKTH2 +QM/m+iBpBivX h?2 +QM/m+iBpBiv +M #2 /2`Bp2/
#v  p`B2iv Q7 i?2Q`B2b- `M;BM; 7`QK +HbbB+H i`2iK2Mib bm+? b i?2 .`m/2@GQ`2Mix
KQ/2H Qp2` b2KB@+HbbB+H p2`bBQMb U.`m/2@aQKK2`72H/ 2[miBQMV mT iQ i?2 7mHHv
[mMimK K2+?MB+H i`2iK2Mi bm+? b i?2 "QHixKMM 2[miBQMX h?2 BMi2MiBQM
Q7 i?Bb b2+iBQM Bb MQi iQ /2`Bp2 i?2 `2H2pMi i`MbTQ`i 2[miBQMb 7`QK }`bi T`BM+B@
TH2e #mi K2`2Hv iQ BMi`Q/m+2 i?2 F2v T`K2i2`b M/ KBM 2[miBQMbX a2+X jX8XR
/Q2b i?Bb 7Q` bBM;H2 +``B2`@ivT2 i`MbTQ`i BM  K;M2iB+ }2H/X h?2`27i2` i?2 >HH
2z2+i Ua2+X jX8XkV M/ i?2 K;M2iQ`2bBbiM+2 `2 /Bb+mbb2/ Ua2+X jX8XjV- BM+Hm/BM;
K2bm`2/ /i 7Q` bKTH2 MiaB@>HH- r?B+? Bb HbQ mb2/ 7Q` i?2 K2bm`2K2Mi Q7
+``B2` /2MbBiv mM/2` .ys 2t+BiiBQM BM *?X 8XkX 6BMHHv- mbBM; i?2 bK2 bKTH2-
+``B2` 7`22x2 Qmi M/ i?2 i2KT2`im`2 /2T2M/2M+2 Q7 i?2 KQ#BHBiv `2 /Bb+mbb2/ BM
a2+X jX8X9X
 4JOHMF DBSSJFS USBOTQPSU JO B NBHOFUJD öFME
h?2 +m``2Mi /2MbBiv D /m2 iQ 2H2+i`QMb BM M 2ti2`MH 2H2+i`B+ }2H/ 1 Bb `2Hi2/ iQ
i?2 /`B7i p2HQ+Biv p/ #v,
D = −nep/(1)
r?2`2 e Bb i?2 2H2K2Mi`v +?`;2 M/ n Bb i?2 +``B2` /2MbBivX
AM i?2 .`m/2 KQ/2H i?2 2H2+i`QMb `2 bm#D2+i iQ /Bz2`2Mi b+ii2`BM; 2p2Mib rBi?
 K2M b+ii2`BM; iBK2 Q` KQK2MimK `2HtiBQM iBK2d τKX h?2 2[miBQM Q7 KQiBQM
Q7  +HbbB+H 2H2+i`QM i?2M BM+Hm/2b irQ i2`Kb- i?2 2H2+i`B+ }2H/ ++2H2`iBQM e1 M/
i?2 `2HtiBQM i2`K m∗ p/τK ,
m∗
/p/
/t = −e1−m
∗p/
τK
UjXkRV
r?2`2 m∗ Bb i?2 2z2+iBp2 Kbb Q7 i?2 +``B2`X h?2 bi2/v bii2 bQHmiBQM 7Q` i?2 /`B7i
p2HQ+Biv Bb i?2M
p/ = −eτK
m∗
1 ≡ −µ1 UjXkkV
eh?2b2 }`bi T`BM+BTH2 +H+mHiBQMb +M #2 7QmM/ 2X;X BM (RyN- Rky)
dτK Bb HbQ i?2 1/e @ iBK2 b+H2 7Q` r?B+? i?2 +m``2Mi TT`Q+?2b x2`Q B7 i?2 #Bb Bb BMbiMiM2QmbHv
`2KQp2/X
ek *?Ti2` j 6mM/K2MiHb Q7 bBHB+QM M/ Bib /QMQ`b
r?2`2 i?2 +``B2` KQ#BHBiv Bb /2}M2/ b µ = eτKm∗ X Ai Bb +QMp2MB2Mi iQ /2}M2 
+QM/m+iBpBiv σ b D = σ1X AM ;2M2`H σ Bb  i2MbQ`- #mi 7Q` M BbQi`QTB+ Ki2`BH σ
+M #2 /2/m+2/ 7`QK i?2 2[miBQMb #Qp2 iQ
σ = neµ =
ne2τK
m∗
UjXkjV
>2M+2-  ?B;?2` KQ#BHBiv- BX2X  HQM;2` b+ii2`BM; iBK2 τK Q` bKHH2` Kbbm∗ H2/ iQ 
?B;?2` +QM/m+iBpBivX hQ mM/2`biM/ i?2 i2MbQ`BH +QKTQM2Mib Q7 σ BM KQ`2 +QKTH2t
Ki2`BHb  i?Q`Qm;? i`2iK2Mi Q7 i?2 "QHixKM i`MbTQ`i 2[miBQM Bb M2+2bb`v
(Rky)X
AM  K;M2iB+ }2H/- i`MbTQ`i Bb z2+i2/ #v i?2 GQ`2Mix 7Q`+2- r?B+? /2~2+ib
/`B7iBM; +?`;2 +``B2`bX lM/2` i?2 bbmKTiBQM Q7  r2F3 K;M2iB+ }2H/ " =
(0, 0, Bz) i?2 GQ`2Mix 7Q`+2 KQ/B}2b i?2 b+H` +QM/m+iBpBiv Q7 M BbQi`QTB+ +`vbiH
M/ `2bmHib BM  i2MbQ`BH [mMiBiBv ;Bp2M #v U(Rky)- 1[X 9XkXj9V,
σr2FB =
⎛⎜⎝σ0 + β0B
2
z γ0Bz 0
−γ0Bz σ0 + β0B2z 0
0 0 σ0
⎞⎟⎠ UjXk9V
rBi? σ0 = (ne2/m∗) ⟨τK⟩ = neµ b i?2 +QM/m+iBpBiv BM x2`Q K;M2iB+ }2H/- β0 =
−(ne4/(m∗)3) ⟨τ 3K⟩ M/ γ0 = (ne3/(m∗)2) ⟨τ 2K⟩X
 )BMM FòFDU
b 2pB/2Mi 7`QK i?2 +QM/m+iBpBiv i2MbQ` Q7 UjXk9V- i?2 BM@THM2 2H2+i`B+ }2H/ +QKTQ@
M2Mib Ex M/ Ey `2 +QmTH2/ #v i?2 2ti2`MH K;M2iB+ }2H/X .2}MBM; i?2 +m``2Mi
iQ #2 /B`2+i2/ HQM; x Ujy = 0V  pQHi;2 `Bb2b T2`T2M/B+mH` iQ #Qi? K;M2iB+
}2H/ M/ +m``2Mi /B`2+iBQMX h?2 >HH +Q2{+B2Mi R> Bb /2}M2/ b i?2 `iBQ #2ir22M
T2`T2M/B+mH` 2H2+i`B+ }2H/ Ey M/ +m``2Mi /2MbBiv jx MQ`KHBx2/ #v i?2 K;M2iB+
}2H/ bi`2M;i? BzX 6`QK 1[X UjXk9V R> BM  bKHH K;M2iB+ }2H/ +M #2 /2/m+2/ iQ,
R> =
Ey
jxBz
=
Vyt
IxBz
= −r>
ne
UjXk8V
t Bb i?2 i?B+FM2bb Q7 i?2 bKTH2 M/ r> = ⟨τ 2K⟩ / ⟨τK⟩2 Bb FMQrM b i?2 >HH 7+iQ`X
Aib pHm2 Bb mbmHHv #2ir22M R M/ k /2T2M/BM; QM i?2 ivT2 Q7 b+ii2`BM; K2+?MBbK
i?i HBKBib i?2 KQ#BHBivN (Rky)X 6QHHQrBM; i?2 /2}MBiBQM BM UjXkjV- i?2 >HH KQ#BHBiv
3q2F +QKT`2/ iQ i?2 BMp2`b2 Q7 i?2 +``B2` KQ#BHBiv- B ≪ 1/µX
N6Q` T?QMQM b+ii2`BM; r> = 1.18- r?BH2 7Q` BQMBx2/ BKTm`Biv b+ii2`BM; r> = 1.93 (Rky)X
jX8 1H2+i`B+ i`MbTQ`i BM bBHB+QM ej
µ> = µ/r> +M #2 /2/m+2/ 7`QK  +QK#BMiBQM Q7 i?2 K2bm`2/ bKTH2 +QM/m+iBpBiv
M/ i?2 >HH +Q2{+B2Mi b,
µ> =
σ0
R>
UjXkeV
h?2 #Qp2 /2`Bp2/ 2[miBQMb `2 pHB/ 7Q` 2H2+i`QM i`MbTQ`i- 7Q` r?B+? R> Bb
M2;iBp2X R> `2p2`b2b bB;M 7Q` ?QH2 UpV i`MbTQ`iX AM b2KB+QM/m+iQ`b- Q7i2M #Qi?
2H2+i`QMb BM i?2 +QM/m+iBQM #M/ M/ ?QH2b BM i?2 pH2M+2 #M/ +QMi`B#mi2 iQ i?2
+m``2Mi /2MbBiv jxX AM i?Bb +b2 i?2 +QM/m+iBpBiv Bb ;Bp2M #v
σ0 = e(pµp + nµn)X UjXkdV
h?Bb H2/b iQ i?2 >HH +Q2{+B2Mi 7Q`  b2KB+QM/m+iQ` (RRk- Rky),
R> =
r>
e
pµ2p − nµ2n
(pµp + nµn)2
UjXk3V
A7 i?2 +``B2` /2MbBiv Q7 QM2 +``B2` ivT2 ?2pBHv Qmir2B;?b i?2 Qi?2` ivT2 i?2M i?2
bB;M Q7 R> bB;MHb i?2 KDQ`Biv +``B2` ivT2X aBKBH`Hv- i?2 KQ#BHBiv- /2/m+2/ 7`QK 
+QK#BMiBQM Q7 >HH M/ +QM/m+iBpBiv K2bm`2K2Mi Bb i?2 KQ#BHBiv Q7 i?Bb KDQ`Biv
+``B2`X >Qr2p2`- B7 i?2 irQ +``B2` /2MbBiB2b `2 bBKBH`- Q` B7 i?2 /Bz2`2M+2 BM
KQ#BHBiv Bb H`;2- i?2M +QM+HmbBQMb 7`QK  bBM;H2 >HH K2bm`2K2Mi `2;`/BM; +``B2`
ivT2 M/ +``B2` KQ#BHBiv `2 /B{+mHi iQ /`rX 6Q` bBHB+QM i HQr i2KT2`im`2b-
i?2 ?QH2 M/ 2H2+i`QM KQ#BHBiv `2 7B`Hv bBKBH` (RR9- R99- R98)- bQ i?2 bB;M Q7 R>
b?QmH/ /B`2+iHv `2Hi2 iQ i?2 KDQ`Biv +``B2` ivT2X aQK2r?i +QmMi2`@BMimBiBp2Hv- B7
i?2 bBM;H2 +``B2` i`MbTQ`i KQ/2H Q7 UjXk8V Bb TTHB2/ iQ  +b2- r?2`2- BM 7+i- irQ@
+``B2` ivT2b rBi? n = p UM/ µn = µpV +QMi`B#mi2 iQ i?2 i`MbTQ`i- i?2 r`QM;7mH
+QM+HmbBQM Bb /`rM i?i n Bb +HQb2 iQ BM}MBiv M/ µ> Bb ∼ 0X
aQ 7`- i?2 2tT`2bbBQMb r2`2 /2`Bp2/ 7Q` i?2 HQr K;M2iB+ }2H/ +b2- +?`+i2`Bx2/
#v (µ>Bz)2 ≪ 1X 6Q` ?B;? K;M2iB+ }2H/b- Bi +M #2 b?QrM i?i i?2 bKHH mM+2`@
iBMiv /m2 iQ r> +M #2 pQB/2/ M/ i?i i?2 bBM;H2 +``B2` >HH +Q2{+B2Mi Bb /B`2+iHv
;Bp2M #v R> = −1/(ne) (Rky)X 6Q` bBHB+QM- rBi? bBHB+QM KQ#BHBiB2b QM i?2 `M;2 Q7
104 Ĝ 105 +KkfUobV- i?2 K;M2iB+ }2H/ b2T`iBM; HQr M/ ?B;? }2H/ HBKBi Bb #Qmi
yXRh iQ RhX
 0SEJOBSZ NBHOFUPSFTJTUBODF
aBM+2  T2`T2M/B+mH` K;M2iB+ }2H/ /2~2+ib i?2 +?`;2 +``B2`b /m2 iQ i?2 GQ`2Mix
7Q`+2- Bi Bb BMimBiBp2 i?i i?2 KQ#BHBiv M/ i?mb +QM/m+iBpBiv Q7  +`vbiH /2T2M/ QM
i?2 K;M2iB+ }2H/ bi`2M;i?X ai`iBM; 7`QK i?2 r2F }2H/ +QM/m+iBpBiv i2MbQ` UjXk9V
e9 *?Ti2` j 6mM/K2MiHb Q7 bBHB+QM M/ Bib /QMQ`b
M/ mbBM; i?2 bK2 /2}MBiBQM Q7 jy = 0- Bi +M #2 b?QrM i?i jx Bb  7mM+iBQM B2z M/
`2/m+2b rBi? BM+`2bBM; K;M2iB+ }2H/X h?2 `2HiBp2 +?M;2 BM `2bBbBiBpBiv ρ = 1/σ
BM i?2 HQr K;M2iB+ }2H/ HBKBi +M i?2M #2 +H+mHi2/ b (Rky),
ρ(B)− ρ0
ρ(B)
=
∆ρ(B)
ρ(B)
= TJ(e ⟨τK⟩Bz/m∗)2 = TJ(µB=0Bz/m∗)2 UjXkNV
b rBi? r>- TJ /2T2M/b QM i?2 ivT2 Q7 +``B2` b+ii2`BM; M/ `M;2b ivTB+HHv
7`QK yXj3 U7Q` +QmbiB+ T?QMQM b+ii2`BM;V iQ kXR8 U7Q` BQMBx2/ BKTm`Biv b+ii2`BM;V
(Rky)X h?2 K;M2iQ`2bBbiM+2 BM HQr K;M2iB+ }2H/b Bb T`#QHB+ rBi? T`QTQ`iBQMHBiv
+QMbiMi /QKBMi2/ #v i?2 KQ#BHBiv µB=0 i pMBb?BM; K;M2iB+ }2H/X
6Q` ?B;? K;M2iB+ }2H/ bi`2M;i? Ubm+? i?i∆ρ ≈ ρ(B) Q` 2[mBpH2MiHv (µ>Bz)2 ≫
1V- i?2 K;M2iQ`2bBbiM+2 Bb ;Bp2M #v
∆ρ(B)
ρ(B)
= 1− 1⟨τK⟩ ⟨τ−1K ⟩
UjXjyV
h?Bb Bb  +QMbiMi i?i ;BM /2T2M/b QM i?2 ivT2 Q7 b+ii2`BM; K2+?MBbK M/
bbmK2b  pHm2 Q7 yXRk 7Q` +QmbiB+ T?QMQM b+ii2`BM; M/ yXdR 7Q` BQMBb2/ BKTm`Biv
b+ii2`BM;X
6B;m`2 jX3 b?Qrb irQ 2tKTH2b Q7 K;M2iQ`2bBbiM+2 BM bBHB+QM i T = 9X8E-
rBi? T?QiQ+``B2`b +`2i2/ #v +QMiBMmQmb Hb2`b rBi? T?QiQM 2M2`;B2b Q7 RXR8y 2o
M/ RXR3k 2oX h?2 K2bm`2K2Mib `2 +QM/m+i2/ QM bKTH2 MiaB@>HH-  b[m`2
+mi 7`QK  #mHF@/QT2/- T?QbT?Q`Qmb /QT2/ r72` rBi? `QQK i2KT2`im`2 `2bBbiBpBiv
Q7 ∼jX9Ǖ+K U+7X *?X 9XRXkVX h?2 b[m`2 Bb +QMi+i2/ i i?2 7Qm` +Q`M2`b rBi?
2pTQ`i2/ HmKBMBmK +QMi+ib QM `b2MB+ /QT2/ P?KB+ +QMi+ibX i 2+? K;M2iB+
}2H/ TQBMi- i?2 /i `2 +[mB`2/ mbBM; i?2 pM /2` Smr >HH K2bm`2K2Mib- b
QmiHBM2/ BM *?X 8XkXRX 6Q` #Qi? Hb2` rp2H2M;i?b- i?2 bK2 [mHBiiBp2 #2?pBQm`
Bb Q#b2`p2/X h?2 +``B2` +QM+2Mi`iBQM /Q2b MQi /2T2M/ QM i?2 K;M2iB+ }2H/- b
2tT2+i2/- M/ i?2 +?M;2 Q7 `2bBbiM+2 Bb bQH2Hv /m2 iQ  +?M;2 Q7 +``B2` KQ#BHBivX
6B;m`2 jX3U/V THQib i?2 MQ`KHBx2/- `2HiBp2 K;M2iQ`2bBbiM+2 +?M;2 b /2}M2/
#v i?2 H27i@?M/ bB/2 Q7 UjXkNVX 6Q` HQr K;M2iB+ }2H/b- bbmKBM; TJ = 0.55- i?2
/i TQBMib `2 }ii2/ #v i?2 T`#QHB+ /2T2M/2M+2 Q7 1[X jXkNX 6Q` K;M2iB+ }2H/b
?B;?2` i?M 1/µB=0 ≈ ReyKh- i?2 K;M2iQ`2bBbiM+2 bbmK2b  +QMbiMi pHm2-
;BM b 2tT2+i2/X h?2 /b?2/@/Qii2/ HBM2 b?Qrb i?2 2tT2+i2/ bvKTiQiB+ pHm2 7Q`
BQMBb2/ BKTm`Biv b+ii2`BM;X h?2 KQ#BHBiv 7Q` bBHB+QM i HB[mB/ ?2HBmK i2KT2`im`2b
Bb- ?Qr2p2`- 2tT2+i2/ iQ #2 HBKBi2/ #v M2mi`H BKTm`Biv b+ii2`BM;- b b22M BM i?2
M2ti b2+iBQMX h?2 bvKTiQiB+ pHm2 7Q` i?Bb b+ii2`BM; K2+?MBbK Bb MQi FMQrM-
?2M+2 Bi Bb BKTQbbB#H2 iQ }i i?2 ?B;? K;M2iB+ }2H/ /i biBb7vBM;HvX
jX8 1H2+i`B+ i`MbTQ`i BM bBHB+QM e8
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'JHVSF  h?2 K;M2iQ`2bBbiM+2 Q7 T?QiQ+``B2`b Q7 bKTH2 MiaB@>HH i
9X8E mTQM BHHmKBMiBQM rBi? RXR8y 2o U;`2v /QibV M/ RXR3k 2o Ubi`bVX h?2
bKTH2 +QM/m+iBpBiv UV- +``B2` /2MbBiv U#Qi? n@ivT2V U#V- M/ >HH KQ@
#BHBiv U+V ?p2 #22M /2/m+2/ 7`QK pM /2` Smr >HH K2bm`2K2MibX U/V
THQib i?2 K;M2iQ`2bBbiM+2 b ∆ρ(B)/ρ(B)X h?2 Hb2` BMi2MbBiB2b r2`2
IG(RXR8y 2o) ≈ R× Ry9qfKk M/ IG(RXR3k 2o) ≈ 8yqfKk /m2 iQ i?2 /B7@
72`2M+2 BM #bQ`TiBQM +Q2{+B2MiX
AM bmKK`v-  K;M2iQ`2bBbiM+2 Q7 bBHB+QM Bb #Qi? 2tT2`BK2MiHHv Q#b2`p2/ M/
i?2Q`2iB+HHv 2tT2+i2/X h?2 `2bBbiM+2 BM+`2b2b `Qm;?Hv irQ@7QH/ M/ bim`i2b
i }2H/b #Qp2 ∼ReyKh- r?B+? Bb i?2 2tT2+i2/ Q`/2` Q7 K;MBim/2- #mi 7m`i?2`
+QM+HmbBQMb +M MQi #2 /`rM /m2 iQ i?2 mMFMQrM pHm2 Q7 i?2 bvKTiQiB+ K;M2@
iQ`2bBbiM+2 7Q` M2mi`H BKTm`Biv b+ii2`BM;X "Qi? i?2 r2F }2H/ K;M2iQ`2bBbiM+2
M/ i?2 i`MbBiBQM 7`QK r2F iQ ?B;? }2H/ HBKBi `2 BM ;QQ/ ;`22K2Mi rBi? i?2
i?2Q`2iB+H T`2/B+iBQMX
 $BSSJFS GSFF[F PVU BOENPCJMJUZ UFNQFSBUVSF EFQFOEFODF
h?Bb b2+iBQM BMp2biB;i2b i?2 i2KT2`im`2 /2T2M/2M+2 Q7 i?2 +QM/m+iBQM #M/ 2H2+@
i`QM /2MbBiv M/ KQ#BHBivX i `QQK i2KT2`im`2 2H2+i`QMb `2 MQi HQ+HBb2/ iQ i?2
/QMQ` /m2 iQ i?2 bKHH /QMQ` #BM/BM; 2M2`;v +QKT`2/ iQ i?2 i?2`KH 2M2`;vX b
i?2 2M2`;v Bb `2/m+2/- M BM+`2bBM; MmK#2` Q7 2H2+i`QMb `2 #QmM/ iQ i?2 /QMQ` M/
i?2 +QM/m+iBQM #M/ 2H2+i`QM /2MbBiv /2+`2b2b b?`THv- M 2z2+i FMQrM b +``B2`
7`22x2 QmiX
ee *?Ti2` j 6mM/K2MiHb Q7 bBHB+QM M/ Bib /QMQ`b
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'JHVSF h2KT2`im`2 /2T2M/2M+2 Q7 UV i?2 `2bBbiBpBiv- U#V i?2 +``B2` /2MbBiv
M/ U+V i?2 KQ#BHBiv Q7 i?2 #mHF T?QbT?Q`mb@/QT2/ bKTH2 MiaB@>HHX h?2
HBM2b `2T`2b2Mi i?2Q`2iB+H 2tT`2bbBQMb b /2p2HQT2/ BM i?2 KBM i2tiX
6B;m`2 jXN b?Qrb i?Bb 2z2+i rBi? /i 7`QK i?2 bK2 bKTH2 MiaB@>HH M/ b2imT
mb2/ BM i?2 T`2pBQmb b2+iBQMX ai`iBM; 7`QK `QQK i2KT2`im`2- i 2+? i2KT2`im`2
b2i TQBMi i?2 pM@/2`@Smr >HH K2bm`2K2Mib `2 +``B2/ Qmi 7i2`  i?2`KHBxiBQM
iBK2 Q7 ∼8KBMX HH K2bm`2K2Mib `2 T2`7Q`K2/ BM i?2 /`FX
h?2 +``B2` /2MbBiv n- b?QrM BM 6B;X jXN U#V- 72im`2b i?2 2tT2+i2/ +QMbiMi +``B2`
/2MbBiv iQr`/b `QQK i2KT2`im`2- r?B+? Bb 2[mH iQ i?2 T?QbT?Q`mb +QM+2Mi`iBQM
Q7 ∼jX8× RyR8 +KƐj- M/ iQr`/b bKHH2` i2KT2`im`2b  7`22x2 Qmi Q7 +``B2`b Bb
Q#b2`p2/X h?2 /i `2 r2HH 2tTHBM2/ #v i?2 2tT`2bbBQM 7Q` i?2 2ti`BMbB+ +``B2`
+QM+2Mi`iBQM n(T ) /m2 iQ BQMBbiBQM Q7  /QMQ` rBi? #BM/BM; 2M2`;v E.y U(RR9) Ry-
1[bX URXjeV  URX8eVV,
RyP7i2M  ivTB+H bbmKTiBQM mb2/ 7Q` i?2 /2p2HQTK2Mi Q7 2tT`2bbBQMb Q7 n(T ) Bb N. ≪
1
2U+ 2tT
(
−E*−E.yk"T
)
- r?B+? Bb MQ HQM;2` pHB/ 7Q` HQr i2KT2`im`2bX h?2 2tT`2bbBQMb mb2/
BM i?Bb i?2bBb /Q MQi `2Hv QM i?Bb bbmKTiBQM M/ `2 pHB/ 7Q` i?2 +QKTH2i2 i2KT2`im`2 `2;BK2
(RR9)X
jX8 1H2+i`B+ i`MbTQ`i BM bBHB+QM ed
n(T ) = U+(T ) 2tT
(
−E* − E6(T )
k"T
)
UjXjRV
U+(T ) = 2
(
πm∗Mk"T
h2
)3/2
UjXjkV
E6(T ) =
E* + E.y
2
+
k"T
2
HM
(
N.
2U+(T )
)
− UjXjjV
− k"T bBM?−1
⎛⎝√U+(T )
8N.
2tT
(
−E* − E.y
2k"T
)⎞⎠ -
r?2`2 E6 Bb i?2 62`KB 2M2`;v M/ U+ Bb i?2 2z2+iBp2 /2MbBiv Q7 bii2b BM i?2 +QM@
/m+iBQM #M/X h?2 #H+F HBM2 Q7 6B;X jXN U#V `2T`2b2Mib i?2 i?2Q`2iB+H 2tT`2bbBQM
7Q` n(T ) 7`QK 1[X UjXjkV 7Q` T?QbT?Q`mb rBi? E.y = Ɛ98K2o M/ /QTBM; H2p2H Q7
N. = jX8× RyR8 +KƐjX
h?2 KQ#BHBiv µ Q7 i?2 +QM/m+iBQM #M/ 2H2+i`QMb BM bBHB+QM U6B;X jXN U+VV 2t?B#Bib
 +QKTH2t i2KT2`im`2 /2T2M/2M+2 rBi? /Bz2`2Mi `2;BK2b b  7mM+iBQM Q7 i2K@
T2`im`2 M/ M bvKTiQiB+ #2?pBQm` 7Q` T < jyEX 6Q` #mHF /2pB+2b rv 7`QK
BMi2`7+2b- i?`22 b+ii2`BM; K2+?MBbKb `2 bB;MB}+Mi, 1H2+i`QM@T?QMQM b+ii2`@
BM; UµT?QMQMV- BQMBb2/ /QMQ` b+ii2`BM; UµL+V M/ M2mi`H /QMQ` b+ii2`BM; UµLyVX
h?2 BM/BpB/mH KQ#BHBiv +QMi`B#miBQMb `2 THQii2/ BM 6B;X jXNU+V- 7QHHQrBM; +HQb2Hv
i?2 2tT`2bbBQMb M/ }ii2/ pHm2b 7Q` bBHB+QM ;Bp2M BM `272`2M+2b (RR9- R9e- R9d)X Ai
b?QmH/ #2 bi`2bb2/ i?i i?2 QMHv BMTmi iQ i?2b2 2tT`2bbBQM Bb i?2 #Qp2 /2/m+2/
/QMQ` +QM+2Mi`iBQM N. = jX8× RyR8 +KƐj M/ i?i HH Qi?2` T`K2i2`b `2 HBi2`@
im`2 pHm2bX h?2 BM/BpB/mH KQ#BHBiv +QMi`B#miBQMb `2 +QK#BM2/ #v Jii?B2bb2MǶb
`mH2 M/ THQii2/ BM #H+F- r?B+? `2bmHib BM M 2t+2HH2Mi ;`22K2Mi #2ir22M i?2Q`v
M/ /iX S?QMQM@b+ii2`BM; /QKBMi2b i `QQK@i2KT2`im`2 rBi? BQMBb2/ BKTm@
`Biv b+ii2`BM; #2BM; T`iB+mH`Hv BKTQ`iMi `QmM/ RyyEX "2HQr ∼jyE M2mi`H
BKTm`Biv b+ii2`BM; Bb i?2 KDQ` b+ii2`BM; K2+?MBbK 7Q` i?2 ;Bp2M /QMQ` +QM+2M@
i`iBQMX Hi?Qm;? Bi rb BKTQbbB#H2 iQ Q#iBM /i TQBMib i HQr2` i2KT2`im`2b-
Bi Bb FMQrM i?i i?2 KDQ`Biv +``B2` KQ#BHBiv Q7 +`vbiHHBM2 bBHB+QM /Q2bMǶi +?M;2
Km+? #2HQr kyE (R93) M/ bQ 7`QK i?2 ;QQ/ ;`22K2Mi #2ir22M i?2Q`v M/ /i M
2H2+i`QM KQ#BHBiv i 9X8E Q7 TT`QtBKi2Hv e× Ry9 +KkfUo bV iQ 3× Ry9 +KkfUo bV
Bb 2tT2+i2/- HBKBi2/ #v M2mi`H BKTm`Biv b+ii2`BM;X h?Bb Bb BM ;QQ/ ;`22K2Mi rBi?
i?2 KQ#BHBiv Q7 T?QiQ@2t+Bi2/ +``B2`b BM i?Bb bKTH2 i pMBb?BM; K;M2iB+ }2H/
U+7X 6B;X jX3VX
e3 *?Ti2` j 6mM/K2MiHb Q7 bBHB+QM M/ Bib /QMQ`b
6B;m`2 jXN UV THQib i?2 K2bm`2/ bKTH2 `2bBbiBpBiv b +B`+H2b M/ i?2 `2bBbiBpBiv
/2/m+2/ 7`QK i?2 /2`Bp2/ i?2Q`2iB+H 2tT`2bbBQMb 7Q` µ M/ n- ;Bp2M #v ρ = (eµn)−1X
;BM-  p2`v ;QQ/ ;`22K2Mi #2ir22M i?2Q`v M/ /i Bb Q#b2`p2/X
$IBQUFS 
4BNQMFT EFWJDF GBCSJDBUJPO BOE
FYQFSJNFOUBM BQQBSBUVT
h?Bb +?Ti2` bmKK`Bx2b i?2 ǵBM;`2/B2MibǶ Q7 i?2 2tT2`BK2Mib Q7 i?Bb i?2bBbX h?2
}`bi b2+iBQM 72im`2b M Qp2`pB2r Q7 i?2 mb2/ bKTH2b M/ bmKK`Bx2b i?2 7#`B@
+iBQM bi2Tb Q7 i?2 bBHB+QM JPa@/2pB+2bX h?2 b2+QM/ b2+iBQM BMi`Q/m+2b i?2 KBM
BMbi`mK2MiiBQM 2KTHQv2/ 7Q` i?2 T`2b2Mi2/ K2bm`2K2MibX
 4BNQMFT
hrQ /Bz2`2Mi ivT2b Q7 bKTH2b ?p2 #22M mb2/ i?`Qm;?Qmi i?Bb i?2bBb, h?2 }`bi
`2 #mHF +`vbiHHBM2 bKTH2b iQ bim/v i?2 BMi`BMbB+ Ki2`BH@`2Hi2/ HBKBiiBQMb Q7
/QMQ`b BM bBHB+QM `2;`/BM; i?2B` bTBM@+Q?2`2M+2 M/ QTiB+H .ys T`QT2`iB2bX h?2
b2+QM/ b2i Q7 /2pB+2b 72im`2b K2iH +QMi+ib iQ i?2 bKTH2 iQ T2`7Q`K UT?QiQ@V
+QM/m+iBpBiv K2bm`2K2Mib rBi? /B`2+i 2H2+i`B+H +QMi+ib iQ i?2 bKTH2X h#H2
9XR ;Bp2b M Qp2`pB2r Qp2` i?2 bKTH2b mb2/ i?`Qm;?Qmi i?Bb i?2bBb- r?BH2 a2+iBQM
9XRXR M/ 9XRXk /Bb+mbb i?2 Q`B;BMf7#`B+iBQM Q7 i?2 #mHF +`vbiHHBM2 bKTH2b M/ i?2
2H2+i`B+H .ys.1o /2pB+2b- `2bT2+iBp2HvX
 4J TBNQMFT
h?2 #mHF@+`vbiHHBM2 k3aB bKTH2b ?p2 #22M ;`QrM 7`QK BbQiQTB+HHv Tm`B}2/ bBHM2
;b- b T`i Q7 i?2 pQ;/`Q T`QD2+i 7Q`  `2/2}MBiBQM Q7 i?2 FBHQ;`K pB Tm`B}2/
bBHB+QM bT?2`2b (ky)X aKTH2 k3aB@pQ Bb QM2 Q7 i?2 Tm`2bi TB2+2b Q7 i?2 `2bmHiBM; k3aB
+`vbiH- r?BH2 bKTH2b k3aB@jjR M/ k3aB@jkR ?p2 BMi2MiBQMHHv #22M /QT2/ rBi?
T?QbT?2M2 ;b /m`BM; ;`Qri? iQ +?B2p2 M@ivT2 bBHB+QM rBi? ?B;?2` /QMQ` +QM+2M@
i`iBQMX HH k3aB bKTH2b `2 7#`B+i2/ mbBM; i?2 ~QiBM; xQM2 U6wV K2HiBM; T`Q+2bb
iQ +?B2p2  ?B;? +`vbiH Tm`Biv rBi? HQr +QM+2Mi`iBQMb Q7 Qtv;2M M/ +`#QMX h?Bb
eN
dy *?Ti2` 9 aKTH2b- /2pB+2 7#`B+iBQM M/ 2tT2`BK2MiH TT`imb
aKTH2 hvT2 (S) U+KƐjV *?Ti2`b *QKK2Mib
k3aB@pQ #mHF ∼8× RyRR eXj k3aB, NNXNN8W-
(") 4 R× RyRj +KƐj
k3aB@jjR #mHF ∼k× RyR9 8X9  eXk k3aB, NNXNNRWU V-
(") 4 R× RyR9 +KƐj
k3aB@jkR #mHF j× RyR8 eXk  eX9 k3aB, NNXNNRWU V-
(") 4 R× RyR9 +KƐj
k3aB@"m7 #mHF (S) k× RyR9-
(b) 8× RyR9-
(a#) R× RyR9
8X9 k3aB
k3aB@2TB k3aB /2pB+2 1015 8Xj  dXR k8 ƒK i?B+F k3aB UNNXNWV
Hv2` QM MiaB bm#bi`i2
MiaB@
>HH
MiaB /2pB+2
U.ys.1oV
j× RyR8 jX8  8Xk >HH b[m`2 U3.5× 3.5,KKkV
Q7 #mHF /QT2/ r72`
MiaB@
_2b"`b
MiaB /2pB+2
U.ys.1oV
8× RyR8 dXk  dX9 JmHiBTH2- T`HH2H n+
+QMi+ib QM S BKTHMi
MiaB@
T`1H2+Ry
MiaB /2pB+2
U.ys.1oV
j× RyR8 dXk  dX9 S`HH2H n+ +QMi+ib URy ƒK
b2TX- 8y ƒK H2MXV QM #mHF
/QT2/ r72`
MiaB@
T`1H2+ky
MiaB /2pB+2
U.ys.1oV
j× RyR8 dX9 S`HH2H n+ +QMi+ib Uky ƒK
b2TX- 3yy ƒK H2MXV QM #mHF
/QT2/ r72`
MiaB@
bKHH>HH
MiaB /2pB+2
U.ys.1oV
8× RyR8 dX9 AKTHMi2/ b[m`2
U50× 50 ƒKkV rBi? n+
+QMi+ib QM i?2 +Q`M2`b
MiaB@
a+M
MiaB /2pB+2
U.ys.1oV
8× RyR8 dXj S`HH2H n+ +QMi+ib U9yy ƒK
b2TX- keyy ƒK H2MXV rBi?
Tii2`M2/ S BKTHMi `2b
5BCMF  Pp2`pB2r Q7 bKTH2b mb2/ i?`Qm;?Qmi i?Bb i?2bBb- i?2B` /QMQ` M/
++2TiQ` +QM+2Mi`iBQM M/ BbQiQTB+H Tm`BivX h?2 bi2`BbF U V /2MQi2b i?i
i?2 BbQiQTB+ Tm`Biv Q7 i?2b2 bKTH2b Kv #2 HQr2` i?M i?2 pHm2 HBbi2/ /m2
iQ TQbbB#H2 mMBMi2MiBQMH `2/m+iBQM Q7 BbQiQTB+ 2M`B+?K2Mi /m`BM; i?2 ;`Qri?
T`Q+2bbX
9XR aKTH2b dR
Bb /2bB`#H2 7Q` .ys K2bm`2K2Mib- bBM+2 Pk M/ * #`Q/2M i?2 .ys HBM2rB/i? BM
i?2 bK2 rv b  kNaB (kN- R9N)X h?2 bKTH2b `2 +mi BMiQ +`vbiHb Q7 `Qm;?Hv
kKK× kKK× RyKK M/ M BK;2 Q7 bKTH2 k3aB@jjR +M #2 7QmM/ BM 6B;X eXRX
h?2 k3aB@2TB bKTH2 mb2/ 7Q` .ys@bbBbi2/ 1a_ K2bm`2K2Mib Q7 *?X dXR +QMbBbib
Q7  k3aB Hv2` Q7 k8 ƒK i?B+FM2bb rBi? Tm`Biv Q7 NNXNW i?i Bb ;`QrM 2TBitBHHv mM/2`
mM/2` T?QbT?2M2 ;b BMi`Q/m+iBQM QM iQT Q7  MQKBMHHv mM/QT2/ MiaB bm#bi`i2
U6wVX h?2 `2bmHiBM; T?QbT?Q`Qmb +QM+2Mi`iBQM rBi?BM i?2 k3aB Hv2` Bb 1015 +KƐjX
 'BCSJDBUJPO PG %9%&7 TBNQMFT
1H2+i`B+H /2pB+2b `2 `2[mB`2/ iQ BMp2biB;i2 p`BQmb bT2+ib Q7 i?2 .ys i`MbBiBQM
i?i +QmH/ MQi #2 BM72``2/ 7`QK i?2 +T+BiBp2 K2bm`2K2Mi +``B2/ Qmi 7Q` i?2
#mHF k3aB bKTH2bX .m2 iQ i?2 ?B;? pHm2 M/ b+`+Biv Q7 k3aB r72`b M/ i?2 TQQ`
QTiB+H T`QT2`iB2b Q7 *xQ+?`HbFB@;`QrM bBHB+QM- Bi rb +?Qb2M iQ mb2 ~Qi@xQM2 ;`QrM
MiaB r72`b 7Q` i?2 BMBiBH /2pB+2 bim/B2bX h?2 7#`B+iBQM Q7 i?2b2 /2pB+2b UH#2HH2/
ǵ.ys.1oǶV rb KBMHv +``B2/ Qmi BM i?2 +H2M`QQK Q7 i?2 GQM/QM *2Mi`2 7Q`
LMQi2+?MQHQ;v- rBi? i?2 BQM@BKTHMiiBQM bi2Tb T2`7Q`K2/ i i?2 am``2v AQM "2K
*2Mi`2 M/ i?2 /`v QtB/2 ;`QrM i i?2 aQmi?KTiQM LMQ7#`B+iBQM *2Mi`2X h?2
7QHHQrBM; /2b+`B#2b i?2 7#`B+iBQM bi2Tb- r?BH2  KQ`2 /2iBH2/ 2tTHMiBQM Q7 i?2
bT2+B}+ /2pB+2 /2bB;Mb `2 T`2b2Mi2/ rBi?BM 2+? `2bT2+iBp2 2tT2`BK2MiH +?Ti2`X
M Qp2`pB2r Q7 i?2 7#`B+iBQM bi2Tb Bb T`2b2Mi2/ BM 6B;X 9XR- r?BH2 i?2 7mHH +H2M@
`QQK T`Q+2bb bi2Tb M/ +QKK2Mib iQ 2+? bi2T +M #2 7QmM/ BM TT2M/Bt X
* "MJHONFOU NBSLFS hQ HB;M HH bm#b2[m2Mi T?QiQHBi?Q;`T?v bi2Tb- HB;MK2Mi
K`F2`b rBi?  /2Ti? Q7 9yy MK r2`2 2i+?2/ BM  `2+iBp2 BQM@2i+?X
** 0INJD DPOUBDU JNQMBOUBUJPO *QMi+ib rBi? HQr +QMi+i `2bBbiM+2 `2 +?B2p2/
mbBM;  /2;2M2`i2 `b2MB+ n+ BKTHMiiBQMX  RX3 ƒK i?B+F T?QiQ `2bBbi Bb mb2/
iQ /2}M2 i?2 +QMi+i `2 T?QiQ@HBi?Q;`T?B+HHvX h?2 2tT2+i2/ BKTHMiiBQM
T`Q}H2 /B`2+iHv 7i2` BKTHMiiBQM M/ 7i2` i?2 MM2HBM; Q7 bi2T Ao Bb /2TB+i2/
BM 6B;X 9XkU#V- rBi? M 2tT2+i2/ /2;2M2`i2 b +QM+2Mi`iBQM Q7 1020 +KƐj i
i?2 BMi2`7+2X `b2MB+ ?b #22M +?Qb2M 7Q` i?2 n+ +QMi+ib- bBM+2 Bib .ys
HBM2 /Q2b MQi Qp2`HT rBi? i?2 T?QbT?Q`mb .ys bT2+i`mKX J2bm`2/ b?22i
`2bBbiM+2b 7Q` i?2b2 BKTHMiiBQM T`K2i2`b `2 e8Ǖf"X
*** 1IPTQIPSVT JNQMBOUBUJPO h?2 +iBp2 `2 Q7 2+? /2pB+2 Bb i?2 T?QbT?Q`mb BK@
THMiiBQM- r?B+? Bb Tii2`M2/ #v i?2 bK2 T?QiQ@HBi?Q;`T?v T`Q+2bbX h?2
`2bmHiBM; /QMQ` /Bbi`B#miBQM U+7X 6B;X 9XkU+VV ?b  T2F +QM+2Mi`iBQM Q7
8× RyR8 +KƐj i  /2Ti? Q7 Rjy MK- `2HiBp2Hv 7` 7`QK i?2 bBHB+QM bm`7+2X
dk *?Ti2` 9 aKTH2b- /2pB+2 7#`B+iBQM M/ 2tT2`BK2MiH TT`imb
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Ion: P
E: 100 keV
D: 7×1010cm-2
Ion: As
Energy: 40keV
Dose: 2×1015 cm-2
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'JHVSF  UV M BK;2 Q7 i?2 .ys.1o /2pB+2b Q7 i?2 9Ǵ #mHF@/QT2/ r72`
7i2` i?2 }MH /B+BM; 7#`B+iBQM bi2TX h?2 rB/i? Q7 i?2 /B+2/ +?BTb Bb jX8KKX
h?2 2tT2+i2/ BKTHMiiBQM T`Q}H2 BKK2/Bi2Hv 7i2` BKTHMiiBQM U#Hm2V M/
7i2` i?2 MM2H Q7 i?2 QtB/2 ;`Qri? bi2T UQ`M;2V `2 b?QrM 7Q` U#V i?2 Q?KB+
+QMi+i `b2MB+ BKTHMi M/ U+V i?2 HQr /Qb2 T?QbT?Q`mb BKTHMiX
h?2 K2bm`2/ `QQK i2KT2`im`2 b?22i `2bBbiM+2 Q7 ∼Ry FǕf" bmTTQ`ib i?2
2biBKi2/ T2F +QM+2Mi`iBQM M/ +QM+2Mi`iBQM T`Q}H2 M/ +QM}`Kb  ?B;?
/QMQ` +iBpiBQM `i2X
*7 %SZ PYJEF HSPXUI aQK2 /2pB+2b 72im`2 ;i2 2H2+i`Q/2b- r?B+? `2[mB`2  }2H/ Qt@
B/2X M 2bi#HBb?2/ /`v QtB/2 ;`Qri? T`Q+2bb i i?2 lMBp2`bBiv Q7 aQmi?KT@
iQM ?b #22M 2KTHQv2/ UPk iKQbT?2`2- 8KBM- N8y ◦*V- `2bmHiBM; BM  K2@
bm`2/ QtB/2 i?B+FM2bb Q7 RR MK iQ Rk MKX h?2 JPa61h i2bi bi`m+im`2b r2`2
MQi z2+i2/ #v ;i2 H2F;2- b?Qr2/ ;QQ/ i`MbBbiQ` #2?pBQm` M/ 72im`2/
M QtB/2 #`2F@/QrM pQHi;2 Q7 ∼9o i `QQK i2KT2`im`2X
7 0YJEF FUDI hQ pQB/ //BiBQMH bi`BMBM; Q7 i?2 T?QbT?Q`mb BKTHMi2/ `2b-
i?2 QtB/2 ?b #22M `2KQp2/ 2p2`vr?2`2 2t+2Ti 7Q` i?2 pB+BMBiv Q7 i?2 ;i2
HmKBMBmK mbBM;  T?QiQHBi?Q;`T?v KbF M/  #mz2`2/ QtB/2 2i+? 7Q` jy b
UL>96/>6 4 e,RVX
7* $POUBDU BMVNJOJVN h?2 HmKBMBmK iQ +QMi+i i?2 bBHB+QM ?b #22M /2TQbBi2/
mbBM; M QTiB+H HBi?Q;`T?v KbF M/  i?2`KH 2pTQ`iQ`X h?2 i`;2i2/ }@
MH i?B+FM2bb Bb jy MKX AM i?2 /2pB+2 /2bB;M Bi rb ii2KTi2/ r?2`2 TQbbB#H2 iQ
KtBKBx2 i?2 /BbiM+2 #2ir22M i?2 HmKBMBmK /2TQbBiBQM M/ i?2 T?QbT?Q`mb
d9 *?Ti2` 9 aKTH2b- /2pB+2 7#`B+iBQM M/ 2tT2`BK2MiH TT`imb
BKTHMiiBQM- iQ pQB/ bi`BMBM; Q7 i?2 Hii2`X J2bm`2/ +QMi+i `2bBbiM+2b
7Q` 20× 20 ƒKk +QMi+ib `2 QM i?2 Q`/2` Q7 RyǕ i `QQK i2KT2`im`2X
7** (BUF BMVNJOJVN h?2 ;i2 HmKBMBmK ?b #22M 7#`B+i2/ MHQ;QmbHv iQ i?2
+QMi+i HmKBMBmK- ;BM rBi?  }HK i?B+FM2bb Q7 jy MKX
7*** 8BGFS EJDJOH b i?2 Hbi bi2T Q7 i?2 7#`B+iBQM- i?2 r72` Bb /B+2/ BMiQ +?BTb
rBi?  rB/i? Q7 jX8KK- bKHH 2MQm;? iQ }i BMiQ i?2 /B22H2+i`B+ `BM; `2bQMiQ`b
Q7 i?2 KB+`Qrp2 bT2+i`QK2i2`X
 T`Q+2bb2/ M/ /B+2/ r72` rBi? .ys.1o /2pB+2b Bb b?QrM BM 6B;X 9XkUVX
.2pB+2b r2`2 7#`B+i2/ QM 7Qm` /Bz2`2Mi 6w r72` bm#bi`i2b, URV QM  MQK@
BMHHv BMbi`BMbB+ 6w bBHB+QM r72`- UkV QM  #mHF /QT2/ T?QbT?Q`mb r72` rBi?
[S] = j× RyR8 +KƐj 7Q` r?B+? i?2 T?QbT?Q`mb BKTHMiiBQM bi2T rb QKBii2/- M/
Uj  9V 7Q` irQ bBHB+QM@QM@BMbmHiQ` UaPAV r72`b rBi?  6w ;`QrM /2pB+2 Hv2` M/
irQ /Bz2`2Mi ?M/H2 r72` /QTBM; +QM+2Mi`iBQMX lM7Q`imMi2Hv i?2 aPA r72` /B/
MQi b?Qr  .ys bB;MH UHBF2Hv /m2 iQ bi`BM BM i?2 /2pB+2 Hv2`V- bQ QMHv `2bmHib QM
i?2 }`bi irQ bm#bi`i2b `2 b?QrM ?2`2X
9Xk 1tT2`BK2MiH BMbi`mK2MiiBQM d8
 &YQFSJNFOUBM JOTUSVNFOUBUJPO
h?2 BMbi`mK2Mib mb2/ 7Q` i?2 2tT2`BK2Mib Q7 i?Bb i?2bBb +M `Qm;?Hv #2 /BpB/2/ BMiQ
7Qm` +i2;Q`B2b, h?2 Hb2` rBi? Bib QTiB+H +QKTQM2Mib- i?2 +`vQbii M/ K;M2i-
i?2 KB+`Qrp2@TmHb2 bQm`+2 M/ 2+?Q /2i2+iBQM- M/ i?2 bKTH2@+QM/+miBpBiv K2@
bm`2K2MiX h?2 bKTH2 +QM/m+iBpBiv K2bm`2K2Mi Bb 2Bi?2` T2`7Q`K2/ +T+BiBp2Hv
U*?X eV Q` pB /B`2+i 2H2+i`B+H +QMi+ib iQ i?2 bKTH2 U*?X dV M/ i?2 /2iBHb Q7
i?2 `2bT2+iBp2 +QM/m+iBpBiv K2bm`2K2Mib `2 /Bb+mbb2/ BM i?2b2 +?Ti2`bX h?Bb b2+@
iBQM BMi`Q/m+2b i?2 b?`2/ +QKTQM2Mib Q7 HH K2bm`2K2Mib- BX2X i?2 2KTHQv2/ Hb2`b
Ua2+X 9XkXRV- +`vQbiib Ua2+X 9XkXkV M/ KB+`Qrp2 bT2+i`QK2i2`b Ua2+X 9XkXjVX
 -BTFS
h?2 KBM Hb2` mb2/ BM i?2 2tT2`BK2Mib Bb M vii2`#BmK /QT2/ }#`2 Hb2` UEQ@
?2`b "QQbiBFV 7`QK LEh S?QiQMB+b- H#2H2/ i?`Qm;?Qmi i?Bb i?2bBb b .ys@Hb2`
Q` RXR8 2o@Hb2`X h?2 T?QiQM 2M2`;v Bb imM#H2 7`QK RXR9N ey 2o iQ RXR8y j8 2o
URyddX3 MK Ĝ Ryd3X8 MKVX h?2 QmiTmi TQr2` `M;2b 7`QK k8Kq mT iQ MQKBMHHv
Rq- #mi- /m2 iQ `2~2+iBQMb BM i?2 b2imT- rb HBKBi2/ iQ  KtBKmK Q7 ∼kyyKqX
h?2 MQKBMH HBM2rB/i? Bb yXj M2o Udy F>xVX h?2 Hb2` +M #2 b2i M/ bi#BHBx2/ i
Mv rp2H2M;i? rBi?BM i?2 `M;2 mbBM; i?2 #mBHi@BM TB2xQ@imMBM;X h?2 /2bB`2/ rp2@
H2M;i? Bb b2i pB  +QKTmi2`@+QMi`QHH2/ pQHi;2 bQm`+2 U2X;X E2Bi?H2v k9yyV mbBM;
i?2 `2/BM; 7`QK  >B;?6BM2bb2 qad rp2H2M;i? K2i2`X h?2 Hb2` TQr2` `M;2 Bb
2ti2M/2/ iQr`/b i?2 HQr TQr2` `M;2 pB h?Q`H#b #bQ`TiBp2 L. }Hi2`b M/ i?2
Hb2` bTQi /BK2i2` Bb ∼jKKX AM KQbi 2tT2`BK2Mib- ?B;?2` ?`KQMB+b Q` mMrMi2/
Hb2` KQ/2b `2 }Hi2`2/ Qmi mbBM;  h?Q`H#b 6"RRyy@Ry #M/Tbb }Hi2`X
h?2 b2+QM/ Hb2` Bb  *LA JGG@AAA@Ry9d /BQ/2@TmKT2/ bQHB/ bii2 Hb2`- rBi?
T?QiQM 2M2`;v Q7 RXR39 2o URy9d MKV bHB;?Hiv #Qp2 i?2 bBHB+QM #M/;TX h?2 Hb2`
TQr2` Bb }t2/- rBi?  K2bm`2/ pHm2 Q7 8NyKqX h?Bb Hb2` Bb H#2HH2/ b i?2
#Qp2@#M/;T Hb2` Q` RXR3 2o@Hb2`X h?2 #2K /BK2i2` i Bib QmiTmi Bb ∼RX8KK
M/ i?2 #2K /Bp2`;2M+2 Bb RX8K`/X
"Qi? Hb2`b `2 +QMiBMmQmb M/ +M- B7 `2[mB`2/- #2 KQ/mHi2/ mbBM; K2+?MB+H
b?mii2`b UaiM7Q`/ _2b2`+? a_9d8V- rBi?  b?mii2` QT2Mf+HQb2 iBK2 Q7 8KbX
 $SZPTUBU  NBHOFU
h?2 2tT2`BK2Mib `2 +``B2/ Qmi BM irQ /Bz2`2Mi ivT2b Q7 +QMiBMmQmb ~Qr ?2HBmK
+`vQbiibX h?2 }`bi QM2 Bb M Pt7Q`/ AMbi`mK2Mib *6Nj8 +`vQbii U6B;X 9XjUVV-
r?B+? Bb +QQH2/ pB M 2ti2`MH HB[mB/ ?2HBmK /2r`X h?2 /2r` Bb T`2bbm`Bx2/ iQ
de *?Ti2` 9 aKTH2b- /2pB+2 7#`B+iBQM M/ 2tT2`BK2MiH TT`imb
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'JHVSF  h?2 irQ +QMiBMmQmb ~Qr ?2HBmK +`vQbiib mb2/ BM i?Bb i?2bBbX h?2
Pt7Q`/ BMbi`mK2Mi +`vQbii UV `2[mB`2b M 2ti2`MH- T`2bbm`Bx2/ HB[mB/ ?2@
HBmK /2r`X h?2 *`vQ;2MB+ +HQb2/ +v+H2 bvbi2K U#V 72im`2b  bKTH2 bT+2
p2`v bBKBH` iQ i?2 Pt7Q`/ +`vQbii BM+Hm/BM; M QTiB+H rBM/Qr UeVX h?2 T`B@
K`v ?2HBmK +B`+mHiBQM Bb Tmb?2/ pB  TmKT BMiQ TQ`i UkV- r?2`2 Bi Tbb2b
 +QH/ i`T M/ i?2 b2+QM/ bi;2 Q7 i?2 +`vQ+QQH2` URV- r?B+? Bb mbmHHv i
`QmM/ kEX h?2 ?2HBmK Tbb2b  ?2i2` M/ M22/H2 pHp2 UjV iQ +QMi`QH ~Qr
M/ i2KT2`im`2X h?2 bKTH2 bT+2 Bb mbmHHv i  T`2bbm`2 Q7 ∼RyK#`- H@
i?Qm;? QT2`iBQM +HQb2 iQ iKQbT?2`B+ T`2bbm`2 Bb HbQ TQbbB#H2X h?2 ?2HBmK
2tBib i?2 +`vQbii pB TQ`i U9V M/ `2im`Mb iQ i?2 `2b2`pQB`X h?2 +HQb2/ +v+H2
bvbi2K ?b  i2KT2`im`2 `M;2 BM +QMiBMmQmb QT2`iBQM Q7 RX8E iQ kyyE-
r?BH2 i?2 Pt7Q`/ +`vQbii Bb HBKBi2/ BM +QMiBMmQmb QT2`iBQM iQ i2KT2`im`2b
# 9XkEX
9Xk 1tT2`BK2MiH BMbi`mK2MiiBQM dd
∼yX8 #` Qp2`T`2bbm`2 M/ i?2 ?2HBmK Bb i?mb Tmb?2/ i?`Qm;? i?2 +`vQbii rBi?Qmi
Mv TmKTX h?2 i2KT2`im`2 Bb +QMi`QHH2/ pB  ?2i2` M/ i2KT2`im`2 b2MbQ` +HQb2
iQ i?2 BMH2i iQ i?2 bKTH2 bT+2 i #QiiQK Q7 i?2 +`vQbiiX h?2 bKTH2 bT+2 Bb
`Qm;?Hv i iKQbT?2`B+ T`2bbm`2X
h?2 b2+QM/ +`vQbii Bb  *`vQ;2MB+ Gi/X *6@ohA- r?B+? ?b #22M +[mB`2/ M/
BMbiHH2/ /m`BM; i?2 +Qm`b2 Q7 i?Bb i?2bBb pB i?2 S?. bim/2Mi 2[mBTK2Mi 7mM/ Q7
l*GǶb *2Mi`2 7Q` .Q+iQ`H h`BMBM; BM .2HBp2`BM; ZmMimK h2+?MQHQ;B2bX Ai Bb HbQ
 +QMiBMmQmb ~Qr +`vQbii rBi?  p`B#H2 i2KT2`im`2 BMb2i- BMi2M/2/ iQ KF2 i?2
bKTH2 bT+2 p2`v bBKBH` iQ i?2 Pt7Q`/ AMbi`mK2Mib +`vQbii U+7X 6B;X 9XjU#VVX h?2
/Bz2`2M+2 ?Qr2p2` Bb i?i i?2 T`BK`v ?2HBmK +B`+mHiBQM Bb +HQb2/ HQQT- K2MBM;
i?i MQ ?2HBmK Bb HQbi /m`BM; QT2`iBQMX h?2 T`BK`v ?2HBmK +B`+mHiBQM Bb /`Bp2M
#v  P2`HBFQM b+`QHH TmKT- Tmb?BM; i?2 ?2HBmK 7`QK i?2 `2b2`pQB` pB +?`+QH i`Tb
Tbi  +QH/ ?2/ BMiQ i?2 +`vQbii 7`QK r?B+? Bi `2im`Mb iQ i?2 `2b2`pQB`X h?2
T`BK`v +B`+mBi i?mb K2`2H2v +ib b  ?2i 2t+?M;2` 7Q` i?2 +QQHBM; TQr2` Q7 i?2
TmHb2 im#2 +`vQ+QQH2` KQmMi2/ i i?2 #+F Q7 i?2 +`vQbiiX "Qi? +`vQbiib 72im`2
[m`ix rBM/Qrb 7Q` QTiB+H ++2bbX
h?2 K;M2ib `2 ri2`@+QQH2/ "`mF2` 2H2+i`Q@K;M2ib- +T#H2 Q7 mT iQ RX8h-
M/ Bib TQH2b `2 /2TB+i2/ BM 6B;X 9XjUVX PM2 Q7 i?2 K;M2ib Bb QT2`i2/ #v 
#BTQH` TQr2` bmTTHv M/ 2M#H2b  `2p2`bH Q7 i?2 K;M2iB+ }2H/R r?BH2 i?2 irQ
Qi?2` K;M2ib `2 QMHv mMB@/B`2+iBQMHX
 .JDSPXBWF JOTUSVNFOUBUJPO
hrQ ivT2b Q7 TmHb2/ 1a_ bT2+i`QK2i2` `2 mb2/ i?`Qm;?Qmi i?Bb i?2bBbX h?2 }`bi
bT2+i`QK2i2` Bb  +QKK2`+BH "`mF2` 18yyf183y bT2+i`QK2i2`- BM +QMDmM+iBQM rBi?
 R Fq i`Mp2HBM; rp2 im#2 UhqhV KTHB}2`X h?Bb bT2+i`QK2i2` HHQrb 7Q` bi`QM;
M/ 7bi KB+`Qrp2 TmHb2b rBi? π@TmHb2b /QrM iQ ∼Ry MbX >Qr2p2`- i?2 bQ7ir`2
M/ ?`/r`2 `2 MQi QTiBKH 7Q` KQ`2 +QKTH2t TmHb2 b2[m2M+2bX 6m`i?2`KQ`2-
Bi T`Qp2/ MQi iQ #2 bmBi#H2 7Q` p2`v HQM; +Q?2`2M+2 iBK2 K2bm`2K2Mib- /m2 iQ
bTm`BQmb /2bi`m+iBp2 T?b2 MQBb2 QM i?2 2+?Q bB;MH U18yyV- r?B+? Bb HBF2Hv `2Hi2/
iQ i?2 KBMb 7`2[m2M+v b Bi ?/  8y>x bB;Mim`2X
>2M+2- i?2 KBM bT2+i`QK2i2` 2KTHQv2/ rBi?BM i?Bb rQ`F Bb M BM@?Qmb2 #mBHi 1a_
bT2+i`QK2i2`X h?2 bT2+i`QK2i2` rb H2/@/2p2HQT2/ #v :`v qQH7QrB+x-  7Q`K2`
K2K#2` Q7 i?2 ;`QmT- M/ i?2M 7m`i?2` MQBb2@QTiBKBx2/ M/ K/2 +QKTiB#H2 rBi?
i?2 hqh KTHB}2` /m`BM; i?2 +Qm`b2 Q7 i?Bb i?2bBbX h?2 b+?2KiB+ Q7 i?2 TmHb2/
1a_ bT2+i`QK2i2` Bb b?QrM BM 6B;X 9X9X hrQ /Bz2`2Mi KQ/2b Q7 QT2`iBQM Q++m`
Rq?B+? BM+`2b2b i?2 ++m`+v Q7 i?2 >HH K2bm`2K2Mib Q7 a2+X 8XkX
d3 *?Ti2` 9 aKTH2b- /2pB+2 7#`B+iBQM M/ 2tT2`BK2MiH TT`imb
VS
G
 m
ic
ro
w
av
e 
so
ur
ce
50 Ω 50 Ω
D
io
de
 
PE
80
12
P
To
/F
ro
m
 E
PR
 C
av
ity
AWG
I Q
To
 R
F
AWG
Markers
Power Ch1Acq
Ch2
MW
Ch3
RF
Ch4
User
Manual
Pulse/CW
switch
+5V regulation
CMOS(-5V)
POWER SUPPLIES
I Q CW/Tuning
Oscilloscope
50 Ω
50
 Ω
Tr
an
sf
er
 sw
itc
h
M
TS
-1
8-
12
B+
SP
D
T 
sw
itc
h
ZA
SW
A2
-5
0D
R-
FT
+
SPST sw
itch
S213DPo
w
er
 d
iv
id
er
11
1.
A0
23
4
Li
m
ite
r
LM
-0
60
01
20
0
IQ mixer
HMC-C041
Circulator
D4C8012
SP
D
T 
sw
itc
h
ZA
SW
A2
-5
0D
R-
FT
+
D
irectional 
coupler
6 dB
SP
D
T 
sw
itc
h
H
M
C5
47
Amplifier
ZX60-
183A+
LNA
AMF-5F-
08001200SPD
T sw
itch
H
M
C547
SPST switch
S213D
Circulator
D4C8012
Pulse Amplifier:
TWT / 
ZVE-3W-183+
-5V,1A +5V, 2A -12V, 0.7A +12V, 0.7A -15V, 0.5A +15V, 0.5A
19dBm
23
dB
m
-3
.5
dB -6.5 dB
16 dBm
-20 dB
Low
 pass
20 M
H
z
Low
 pass
20 M
H
z
'JHVSF  h?2 ?QK2@#mBHi TmHb2/ 1a_ bT2+i`QK2i2`X Aib KBM +QKTQM2Mib
+QMbBbi Q7 i?2 TQr2` #Q`/ UiQT H27iV- i?2 HQ;B+ #Q`/ UiQT `B;?iV iQ +QMi`QH i?2
KB+`Qrp2 brBi+?2b M/ i?2 KB+`Qrp2 +B`+mBi`vX h?2 QT2`iBQM Q7 i?2 bT2+@
i`QK2i2` Bb /2b+`B#2/ BM i?2 KBM i2tiX h?2 bT2+i`QK2i2` `2[mB`2b  MmK#2`
Q7 2ti2`MH BMbi`mK2Mib- MK2Hv M q: U;BH2Mi 3RR3y#V-  KB+`Qrp2
TmHb2 bQm`+2 rBi? AZ KQ/mHiBQM BMTmi U;BH2Mi 13ked.V- M 2ti2`MH KB@
+`Qrp2 KTHB}2` U?2`2 2Bi?2`  hqh KTHB}2` rBi? bm#b2[m2Mi ?B;? TQr2`
ii2MmiQ`- q2BMb+?2H 1RRd@eN@jj Q`  H2bb TQr2`7mH jq bQHB/ bii2 K@
THB}2` UJBMB*B`+mBi wo1@jq@R3jYV M/ M Qb+BHHQb+QT2 UE2vbB;?i JaP@s
jRy9VX h?2 bT2+i`QK2i2` 7m`i?2`KQ`2 ?b  KB+`Qrp2 +pBiv imMBM; Ti?
i?i K2bm`2b i?2 KB+`Qrp2 `2~2+iBQM Q7 i?2 `2bQMiQ` pB  KB+`Qrp2
/BQ/2 M/ Bb 2M#H2/ #v i?2 #QiiQK `B;?i brBi+?X
9Xk 1tT2`BK2MiH BMbi`mK2MiiBQM dN
/m`BM;  +QMp2MiBQMH KB+`Qrp2 TmHb2 b2[m2M+2ě}`bi- i?2 /2HBp2`v Q7 KB+`Qrp2
TmHb2b M/- b2+QM/Hv- i?2 T2`BQ/ Q7 2+?Q /2i2+iBQMX h?2 KB+`Qrp2 Ti?b rBi?BM i?2
bT2+i`QK2i2` `2 /Bz2`2Mi 7Q` 2+? Q7 i?2b2 T2`BQ/b- r?B+? Bb /2b+`B#2/ #2HQrX
.JDSPXBWF QVMTFT  KB+`Qrp2 b2[m2M+2 }`bi b2M/b KB+`Qrp2 TmHb2b Q7 bT2+B}+
TQr2` M/ T?b2 iQ i?2 bKTH2- r?B+? Bb BHHmbi`i2/ b i?2 #Hm2 bB;MH Ti? BM i?2
bT2+i`QK2i2` b+?2KiB+b Q7 6B;X 9X9X AM i?Bb +b2- i?2 `#Bi``v rp27Q`K ;2M2`iQ`
Uq:V /2}M2b i?2 TmHb2 H2M;i? M/ b?T2 M/ KQ/mHi2b i?2 I M/ Q BMTmi Q7
i?2 KB+`Qrp2 bQm`+2X h?2 mTKBt2/ KB+`Qrp2 TmHb2b 2Mi2` i?2 1a_ bT2+i`QK2i2`
r?2`2 i  TQr2` /BpB/2`-  T`i Q7 i?2 TmHb2 TQr2` Bb bTHBi Qz iQ /`Bp2 i?2 GP TQ`i
Q7 i?2 KBM AZ KBt2`X h?2 Qi?2` T`i Q7 i?2 TmHb2 2Mi2`b i?2 TmHb2 KTHB}2` M/
Bb i?2M `Qmi2/ iQr`/b i?2 KB+`Qrp2 +pBiv r?2`2 Bi /`Bp2b i?2 bTBM `2bQMM+2X
h?2 `2~2+i2/ T`i Q7 i?2 TmHb2 Bb /B`2+i2/ pB  +B`+mHiQ` M/ TQr2` HBKBi2` iQ i?2
_6 TQ`i Q7 i?2 AZ KBt2`X h?2 /QrM@KBt2/ I M/ Q bB;MHb `2 +Tim`2/ QM i?2
Qb+BHHQb+QT2 M/ `2p2H TQbBiBQM M/ T?b2 Q7 i?2 TmHb2bX
&DIP EFUFDUJPO .m`BM; 2+?Q /2i2+iBQM UQ`M;2 Ti? Q7 6B;X 9X9V- i?2 q: biBHH
b2M/b Qmi  TmHb2 iQ /`Bp2 i?2 GP TQ`i Q7 i?2 AZ KBt2`X h?Bb iBK2 ?Qr2p2`- i?2 q:
K`F2` TmHb2b b?mi i?2 brBi+?2b `QmM/ i?2 TmHb2 KTHB}2`- 2Mbm`BM; i?i M2Bi?2`
i?2 TmHb2 MQ` i?2 KTHB}2` MQBb2 `2 b2Mi iQ i?2 +pBivX AMbi2/- i?2 UivTB+HHv bKHHV
2+?Q bB;MH Q`B;BMiBM; 7`QK i?2 bKTH2 Bb `Qmi2/ pB i?2 +B`+mHiQ` M/ HBKBi2` iQ 
HQr@MQBb2 KTHB}2` UGLV M/  b2+QM/ KTHB}2` bi;2X h?2 KTHB}2/ 2+?Q bB;MH
Bb i?2M /QrMKBt2/ i i?2 AZ KBt2` M/ +Tim`2/ #v i?2 Qb+BHHQb+QT2 Ub b22M BM
6B;X jXeVX
6m`i?2` iQ i?2b2 KQ/2b Q7 QT2`iBQM- i?2 bT2+i`QK2i2` Bb HbQ +T#H2 Q7 b2M/BM;
_6 TmHb2b 7Q` Mm+H2` bTBM KMBTmHiBQMX h?2 b2H2+iBQM Q7 i?2 /Bz2`2Mi bT2+i`QK2i2`
QT2`iBQM KQ/2b Bb /QM2 pB K`F2` TmHb2b 7`QK i?2 q:- r?B+? 2Mi2` i?2 bT2+@
i`QK2i2` i i?2 HQ;B+ #Q`/ UiQT `B;?i Q7 6B;X 9X9V- i?i BM im`M TQr2` M/ +QMi`QH
i?2 Jq brBi+?2bX
hvTB+H +?B2p#H2 KB+`Qrp2 TmHb2 H2M;i?b `2 QM i?2 Q`/2` Q7 R8y Mb- /m2 iQ
TQr2` HBKBiiBQMb Q7 +2`iBM +QKTQM2MibX q?BH2 i?Bb bT2+i`QK2i2` Bb i?mb KQ`2
~2tB#H2 BM Bib mb;2- Bi HbQ K2Mb i?i i?2 HQM;2` TmHb2 /m`iBQMb `2[mB`2 bKTH2b
rBi? bKHH2` bTBM HBM2rB/i?bX

$IBQUFS 
'VOEBNFOUBMT PG UIF CPVOE FYDJUPO
USBOTJUJPO
h?Bb +?Ti2` 7Q+mb2b QM i?2 T`BM+BTH2b Q7 M2mi`H /QMQ` #QmM/ 2t+BiQMb BM bBHB+QM
M/ i?2 T?2MQK2M bm``QmM/BM; i?2KX Ai bi`ib BM a2+X 8XR rBi?  /2b+`BTiBQM Q7 i?2
#QmM/ 2t+BiQM M/ Bib 2M2`;v- #27Q`2 /Bb+mbbBM; i?2 #QmM/ 2t+BiQM m;2` /2+v- i?2
+Tim`2 iBK2 b+H2 Q7 i?2 m;2` 2H2+i`QM #v M BQMBx2/ /QMQ`- M/ i?2 +QKT2iBM;
T?QiQ+``B2` ;2M2`iBQM K2i?Q/b Q7 BMi`BMbB+ bBHB+QM #bQ`TiBQM M/ /B`2+i T?QiQ@
BQMBbiBQM Q7 /QMQ`bX 6`QK i?2 bi`2M;i? Q7 i?2b2 i`MbBiBQMb-  }/2HBiv 2biBKi2 7Q`
bTBM@`2/Qmi pB i?2 .ys i`MbBiBQM Bb /2/m+2/X
7i2` i?Bb i?2Q`2iB+H /2b+`BTiBQM Q7 i?2 T?2MQK2M- i?2 bm#b2[m2Mi b2+iBQMb /2H
rBi? i?2 2tT2`BK2MiH pHB/iBQM Q7 i?`22 F2v bT2+ib Q7 i?2 .ys i`MbBiBQMX 6B`biHv-
a2+X 8Xk BMp2biB;i2b i?2 T?QiQ +``B2` /2MbBiv M/ +``B2` ivT2 mM/2` .ys Hb2`
2t+BiiBQM- #Qi? QM@ M/ Qz `2bQMM+2- mbBM; T?QiQ@>HH K2bm`2K2MibX a2+QM/Hv-
a2+X 8Xj BMp2biB;i2b i?2 +?M;2b Q7 i?2 .ys i`MbBiBQM 2M2`;v b  7mM+iBQM Q7 +`vbiH
bi`BM M/ K;M2iB+ }2H/ M/ i?2 ++m`i2 i?2Q`2iB+H /2b+`BTiBQM Q7 i?2 Q#b2`p2/
b?B7ibX 6BMHHv- a2+X 8X9 +QM+2`Mb i?2 ?vT2`TQH`BxiBQM Q7 i?2 bTBM bvbi2K pB i?2
.ys i`MbBiBQM M/ BMp2biB;i2b i?2 +?B2p#H2 TQH`BbiBQM /2;`22 M/ i?2 iBK2
b+H2 Q7 i?2 TQH`BbiBQM #mBH/@mTX
3R
3k *?Ti2` 8 6mM/K2MiHb Q7 i?2 #QmM/ 2t+BiQM i`MbBiBQM
 5IF EPOPS CPVOE FYDJUPO
1t+BiQMb- BX2X 2H2+i`QbiiB+HHv +QmTH2/ 2H2+i`QM@?QH2 TB`b- Q++m` BM b2KB+QM/m+iQ`b
#Qi? b 7`22 T`iB+H2b M/ #QmM/ iQ /272+ibX h?2 7`22 2t+BiQM Bb ivTB+HHv 7Q`K2/
#v T?QiQMb rBi? #Qp2@#M/;T 2M2`;v- 2t+BiBM; M 2H2+i`QM 7`QK i?2 pH2M+2 #M/
iQ i?2 +QM/m+iBQM #M/- r?B+? i?2M #BM/b iQ i?2 ;2M2`i2/ ?QH2 pB  *QmHQK#
BMi2`+iBQMX AM b2KB+QM/m+iQ`b- /m2 iQ i?2 /B2H2+i`B+ b+`22MBM;- i?2 2t+BiQM #BM/BM;
2M2`;v Bb `2/m+2/- `2bmHiBM; BM  "Q?` `/Bmb UaX = 9XN MK (R8y)V Km+? H`;2` i?M
i?2 HiiB+2 bT+BM;- r?B+? Bb ivTB+H 7Q` qMMB2`@JQii 2t+BiQMb (RRk)X
h?2 2M2`;v Q7 i?2 7`22 2t+BiQM Bb ;Bp2M #v,
Es = E; + EFBM − E"s U8XRV
r?2`2 E; Bb i?2 b2KB+QM/m+iQ` #M/;T- EFBM i?2 FBM2iB+ 2M2`;v Q7 i?2 7`22 2t+BiQM
M/ E"s i?2 7`22 2t+BiQM #BM/BM; 2M2`;v- r?B+? Bb R8XyK2o i +`vQ;2MB+ i2KT2`@
im`2b (R8R)X .m2 iQ i?2 `M;2 Q7 TQbbB#H2 EFBM i?2 T?QiQHmKBM2b+2M+2 HBM2rB/i?b `2
BM ;2M2`H `2HiBp2Hv #`Q/X
AM +QMi`bi- 2t+BiQMb #QmM/ iQ BKTm`BiB2b BM b2KB+QM/m+iQ`b `2 /2}M2/ #v EFBM =
0- `2bmHiBM; BM Km+? b?`T2` i`MbBiBQMbX "QmM/ 2t+BiQMb +M #2 7Q`K2/ #Qi? QM
++2TiQ`b M/ /QMQ`b- BM i?2B` M2mi`H M/ mM/2` i?2 `B;?i +B`+mKbiM+2b HbQ BM i?2B`
+?`;2/ +QM};m`iBQMX h?2 bi#BHBiv Q7 i?2 BQMBb2/ /QMQ`f++2TiQ` #QmM/ 2t+BiQM
U.+s Q` −sV /2T2M/b QM i?2 `iBQ Q7 i?2 2z2+iBp2 Kbb2b Q7 ?QH2 M/ 2H2+i`QMX
6Q` i?2 +b2 Q7 bBHB+QM- i?Bb `iBQ m∗e/m∗h ≈ 0.61 /Q2b MQi HHQr i?2 7Q`KiBQM Q7
BQMBb2/ /QMQ`f++2TiQ` #QmM/ 2t+BiQMb (R8y)X
hrQ /Bz2`2Mi TB+im`2b 7Q` i?2 M2mi`H #QmM/ 2t+BiQM 7Q`KiBQM +M #2 7QmM/ BM
i?2 HBi2`im`2X h?2 }`bi QM2 mM/2`biM/b i?2 #QmM/ 2t+BiQM b i?2 `2bmHi Q7  +Tim`2
T`Q+2bb Q7  7`22 2t+BiQM #v  M2mi`H /QMQ` rBi?  +2`iBM +Tim`2 +`Qbb b2+iBQMX
h?Bb TB+im`2 ?b Bib Q`B;BM BM T?QiQHmKBM2b2M+2 USGV K2bm`2K2Mib- r?2`2 i?2 .ys
bT2+i`mK Bb BMp2biB;i2/ mM/2`  +QMbiMi #Qp2@#M/;T BHHmKBMiBQM ;2M2`iBM;
7`22 2t+BiQMbX AM i?Bb TB+im`2- i?2 #QmM/ 2t+BiQM 2M2`;v Bb ;Bp2M #v i?2 7`22 2t+BiQM
2M2`;v Es rBi? x2`Q FBM2iB+ 2M2`;v- KQ/B}2/ //BiBQMHHv #v  HQ+HBbiBQM 2M2`;v
Q7 i?2 2t+BiQM iQ i?2 /QMQ` EHQ+,
E.ys = E; − E"s − EHQ+ U8XkV
8XR h?2 /QMQ` #QmM/ 2t+BiQM 3j
EHQ+ BM im`M Bb FMQrM iQ b+H2 rBi? i?2 #BM/BM; 2M2`;v Q7 i?2 /QMQ`f++2TiQ` E.y -
r?B+? Bb FMQrM b >vM2b `mH2 M/ ;Bp2M 7Q` i?2 +b2 Q7 /QMQ`b BM bBHB+QM b (R8y),
EHQ+ = a+ bE.y U8XjV
rBi? a ≈ 0 M/ b ≈ 0.1 (R8y)X h?Bb `2bmHib BM EHQ+(jRS) ≈ 8K2o M/ i?2 iQiH /QMQ`
#QmM/ 2t+BiQM 2M2`;v Bb E; − (E"s + EHQ+) ≈ E; − kyK2o X
 KQ`2 ++m`i2 M/ [mMiBiiBp2 /2b+`BTiBQM Q7 i?2 #QmM/ 2t+BiQM ;`QmM/ bii2
2M2`;v `2[mB`2b i?2 bQHmiBQM Q7 i?2 >KBHiQMBM Q7 i?`22 +?`;2/ T`iB+H2b BM 
b+`22M2/ *QmHQK# TQi2MiBH THmb i?2 >KBHiQMBM Q7 i?2B` KmimH BMi2`+iBQMb (RkR),
H.ys = H0,e1 +H0,e2 +H0,h +He1,e2 +He1,h +He2,h U8X9V
h?2 }`bi i?`22 i2`Kb `2T`2b2Mi i?2 bBM;H2 T`iB+H2 >KBHiQMBMb Q7 i?2 irQ 2H2+@
i`QMb M/ i?2 ?QH2 rBi?Qmi BMi2`+iBQMb M/ i?2 Hbi i?`22 i2`Kb `2T`2b2Mi i?2
2H2+i`QM@2H2+i`QM M/ 2H2+i`QM@?QH2 BMi2`+iBQMbX _?KM 2i HX ?p2 bQHp2/ i?Bb
2[miBQM BM M Bi2`iBp2- b2H7@+QMbBbi2Mi KMM2` (R8k) M/- KQM; Qi?2` }M/BM;b `2@
+QM}`K2/  +2Mi`H bii2K2Mi Q7 i?2 b?2HH KQ/2H 7Q` #QmM/ 2t+BiQMb BMi`Q/m+2/ BM
i?2 RNeyǶb (R8j),
lM/2` bKHH T2`im`#iBQMb- i?2 #QmM/ 2t+BiQM 2M2`;v Bb ;Bp2M #v i?2 2M2`;v Q7 i?2
i?`22 bBM;H2 T`iB+H2 rp27mM+iBQMb Q7 i?2 2H2+i`QM M/ ?QH2 THmb  T?2MQK2MQHQ;B+H
2M2`;v i2`K 7Q` i?2 T`iB+H2 BMi2`+iBQMb ETB ++QmMiBM; 7Q` i?2 M2;H2+i2/ 2H2+i`QM@
2H2+i`QM M/ 2H2+i`QM@?QH2 BMi2`+iBQMb,
E.ys = E0,e1 + E0,e2 + E0,h + ETB U8X8V
h?2 rp27mM+iBQMb Q7 i?2 .ys ;`QmM/ bii2 `2 ?2M+2 r2HH /2b+`B#2/ #v irQ
2H2+i`QMb rBi? QTTQbBM; bTBM Q++mTvBM; i?2 /QMQ` ;`QmM/ bii2 RbR(ms = ±1/2)
M/  ?QH2 i?i Q++mTB2b QM2 Q7 i?2 7Qm`@7QH/ /2;2M2`i2 J = 3/2 pH2M+2 #M/
bii2bX aBM+2 i?2 2H2+i`QMb 7Q`K  bBM;H2i- i?2 bTBM Q7 i?2 .ys Bb 2MiB`2Hv ;Bp2M #v
i?2 ?QH2 bTBM rBi? mj = {−3/2, . . . , 3/2}X 1t+Bi2/ bii2b Q7 i?2 #QmM/ 2t+BiQM M/
KmHiB@2t+BiQM +QKTH2t2b 2tBbi- BM r?B+? KmHiBTH2 2H2+i`QM@?QH2 TB`b `2 HQ+HBx2/ i
i?2 /QMQ` (R89)X "Qi? Q7 i?2b2 `2 7QmM/ i Km+? ?B;?2` i`MbBiBQMb 2M2`;B2b M/
/Q MQi THv  `QH2 BM i?2 b+QT2 Q7 i?Bb i?2bBbX
 b+?2KiB+ Q7 i?2 .ys 2t+BiiBQM M/ `2HtiBQM T`Q+2bb mM/2` BHHmKMiBQM Bb
;Bp2M BM 6B;m`2 8XRX qBi?Qmi 2ti2`MH K;M2iB+ }2H/- i?2 Hb2` 2t+Bi2b i?2 /QMQ`
iQ Bib #QmM/ 2t+BiQM bii2 7`QK r?B+? Bi /2+vb MQM@`/BiBp2Hv pB M m;2` /2+v
T`Q+2bbX h?2 2D2+i2/ 2H2+i`QM i?2`KHBx2b M/ `2+QK#BM2b rBi? i?2 BQMBb2/ /QMQ`-
39 *?Ti2` 8 6mM/K2MiHb Q7 i?2 #QmM/ 2t+BiQM i`MbBiBQM
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'JHVSF  a+?2KiB+ Q7 i?2 .ys 2t+BiiBQM- /2+v- i?2`KHBxiBQM M/ `2@
+QK#BMiBQM T`Q+2bb2b Q7 M2mi`H /QMQ`b BM bBHB+QM mM/2` +QMiBMmQmb Hb2`
2t+BiiBQMX UV h?2 bBimiBQM BM pMBb?BM; K;M2iB+ }2H/- H2/BM; iQ  +QM@
iBMmQmb +v+HBM; Q7 i?2 .ys i`MbBiBQM- r?BH2 U#V BM M 2ti2`MH K;M2iB+
}2H/- TmKTBM; QM QM2 Q7 i?2 bBt HHQr2/ .ys i`MbBiBQM H2/b iQ  /2TH2@
iBQM Q7 i?2 TmKT2/ /QMQ` bii2 M/  TQH`BbiBQM Q7 i?2 /QMQ` bTBMX h?2
;`2v MmK#2`b BM U#V BM/B+i2 i?2 `2HiBp2 bi`2M;i? Q7 i?2 i`MbBiBQM Ki`Bt
2H2K2Mi ++Q`/BM; iQ i?2 *H2#b+?@:Q`/QM +Q2{+B2Mib U+X7X a2+X 8XjXRVX
7Q`KBM; i?2 M2mi`H /QMQ` 7`QK r?B+? i?2 +v+H2 +M bi`i ;BMX 1+? Q7 i?2b2
T`Q+2bb2b Bb rQ`i?  /2iBH2/ /Bb+mbbBQM r?B+? Bb /QM2 BM i?2 bm#b2[m2Mi i?`22 bm#@
b2+iBQMbX
6B;m`2 8XRU#V /2TB+ib i?2 bBimiBQM rBi? }MBi2 K;M2iB+ }2H/X h?2 .ys bTHBib BMiQ
7Qm` H2p2Hb- r?BH2 i?2 .y bTHBib BMiQ irQRX h?2 b2H2+iBQM `mH2b T2`KBi bBt HHQr2/
i`MbBiBQMbX SmKTBM; QM2 Q7 i?2b2 i`MbBiBQMb HHQrb  #mBH/@mT Q7 TQH`BbiBQM Q7
i?2 M2mi`H /QMQ`- r?B+? Bb BMp2biB;i2/ BM a2+X 8X9X
 %9 FYDJUBUJPO BOE PTDJMMBUPS TUSFOHUI
h?2 .ys 2t+BiiBQM M/ `/BiBp2 `2+QK#BMiBQM `2 #Qi? bBM;H2 T?QiQM T`Q+2bb2b
Q#2vBM; i?2 b2H2+iBQM `mH2 ∆m = 0,Ǭ1X lbmHHv BM BM/B`2+i b2KB+QM/m+iQ`b 2Bi?2`
M QTiB+H Q` +QmbiB+ T?QMQM ?b iQ iF2 T`i BM i?2 T`Q+2bb iQ 2Mbm`2 KQK2MimK
+QMb2`piBQMX >Qr2p2`- bBM+2 i?2 /QMQ` BKTm`Biv #`2Fb i?2 HiiB+2 T2`BQ/B+Biv- i?2
b?Q`i `M;2 TQi2MiBH Kv b+ii2` i?2 2H2+i`QM rBi?BM i?2 "`BHHQmBM xQM2- HHQrBM;
i?2 .ys +`2iBQM iQ #2  MQ T?QMQM T`Q+2bb (R8y)X h?2 2[mBpH2Mi- [mHBiiBp2
TB+im`2 Q7 i?Bb T`Q+2bb Bb b 7QHHQrb, h?2 HQ+HBbiBQM Q7 i?2 #QmM/ 2t+BiQM H2/b
RL2;H2+iBM; i?2 Mm+H2` bTBM i2`Kb- BM+Hm/BM; ?vT2`}M2 BMi2`+iBQM- ?2`2 7Q` bBKTHB+BivX
8XR h?2 /QMQ` #QmM/ 2t+BiQM 38
Qb+BHHiQ` bi`2M;i? f.ys τ`/ (ƒb) τ.ys,m;2` (Mb) τ`/fτ.ys,m;2`
jRS dXR× RyƐe kyyy kdk 7353
d8b Ry× RyƐe R9ky R3j ddey
RkRa# ∼d× RyƐe Ĝ Ĝ Ĝ
kyN"B kk× RyƐe Ĝ Ĝ Ĝ
RR" kN× RyƐe 9Ny Ry88 9e9
5BCMF  h?2 Qb+BHHiQ` bi`2M;i? Q7 i?2 .ys i`MbBiBQM 7Q` p`BQmb /QMQ`b
M/ ++2TiQ`b BM bBHB+QM i T < kXRE b ;Bp2M #v .2M 2i HX (R8e)- i?2
2biBKi2/ `/BiBp2 HB72iBK2b τ`/ /m2 iQ i?2b2 Qb+BHHiQ` bi`2M;i?b M/ i?2
2tT2`BK2MiHHv Q#b2`p2/ HB72iBK2 τ.ys,m;2` /m2 iQ m;2` `2+QK#BMiBQM b
K2bm`2/ #v a+?KB/ 2i HX (k3)
iQ  #`Q/2MBM; BM k@bT+2 /m2 iQ >2Bb2M#2`;Ƕb mM+2`iBMiv T`BM+BTH2 M/ i?mb 
}MBi2 rp2 7mM+iBQM KTHBim/2 i k = 0X h?Bb BM im`M `2bmHib BM  }MBi2 MQ@T?QMQM
i`MbBiBQM T`Q##BHBiv (R8y)X
"Qi? i?Bb k@bT+2 #`Q/2MBM; M/ i?2 ǳ;BMi Qb+BHHiQ`Ǵ 2z2+i BM r?B+? HH bBHB@
+QM iQKb rBi?BM i?2 .ys `/Bmb +i b ǳMi2MMbǴ 7Q` i?2 i`MbBiBQM `2bmHi BM 
`2HiBp2Hv H`;2 Qb+BHHiQ` bi`2M;i? 7Q` i?2 MQ T?QMQM .ys i`MbBiBQM +QKT`2/ iQ
i?2B` T?QMQMĜBMpQHp2/ `2THB+b M/ iQ i?2 7`22 2t+BiQM Qb+BHHiQ` bi`2M;i? (R8y- R88)X
.2M 2i HX 2ti`+i2/ i?2 .ys Qb+BHHiQ` bi`2M;i? Q7 p`BQmb /QMQ`b M/ ++2TiQ`b
7`QK #bQ`TiBQM K2bm`2K2Mib rBi? ?2pBHv /QT2/ bKTH2b (R8e)X h?2 2ti`+i2/
pHm2b `2 bmKK`Bx2/ BM h#H2 8XRX
b  };m`2 Q7 K2`Bi 7Q` i?2 bi`2M;i? Q7 i?Bb i`MbBiBQM- i?2 7QHHQrBM; +H+mHi2b i?2
_#B 7`2[m2M+v 7Q` Qb+BHHiBQMb #2ir22M i?2 .ys bii2 M/ i?2 /QMQ` ;`QmM/ bii2
Q7  bBM;H2 T?QbT?Q`mb /QMQ` BM  ivTB+H Hb2` BMi2MbBivX h?2 QTiB+H _#B 7`2[m2M+v
Bb ;Bp2M #v (R8d)
fR = 2π
2µ21E0
! U8XeV
r?2`2 µ21 = RXj× RyƐjR*K Bb i?2 i`MbBiBQM /BTQH2 KQK2Mi 7Q` T?QbT?Q`mb +H+m@
Hi2/ 7`QK Bib Qb+BHHiQ` bi`2M;i? f.ys = dXR× RyƐe 7QHHQrBM; `272`2M+2 (R8d) M/
E0 =
√
2IG
cnaBϵ0
Bb i?2 2H2+i`B+ }2H/ bi`2M;i? /m2 iQ i?2 Hb2` BMi2MbBiv IG U[qfKk]V
BM  Ki2`BH rBi? /Bz`+iBp2 BM/2t naB U?2`2 bBHB+QM rBi? naB ≈ 3.7VX  TQr2`
Q7 RKq 7Q+mbb2/ QM  bTQi bBx2 Q7 R ƒK `/Bmb `2bmHib BM fR ≈ RyyJ>x- HHQr@
BM; 7Q` +Q?2`2Mi /`BpBM; Q7  bBM;H2 /QMQ` #2ir22M i?2 #QmM/ 2t+BiQM M/ M2mi`H
/QMQ` bii2X 6Q` P = RyyKq M/  ivTB+H #2K /BK2i2` Q7 i?2 mM7Q+mbb2/ Hb2`
Q7 jKK- fR ≈ dyy F>x- r?B+? Bb bB;MB}+MiHv bHQr2` i?M i?2 .ys /2+v `i2 Q7
Γm;2` ≈ 9J>x U/Bb+mbb2/ BM i?2 M2ti b2+iBQMV- M/ ?2M+2 rBi?BM i?2 b+QT2 Q7 i?Bb
i?2bBb MQ +Q?2`2Mi /`BpBM; Q7 i?2 .ys i`MbBiBQM Bb `2+?2/X
3e *?Ti2` 8 6mM/K2MiHb Q7 i?2 #QmM/ 2t+BiQM i`MbBiBQM
6BMHHv- M 2tT`2bbBQM 7Q` i?2 .ys 2t+BiiBQM `i2 Γ.ys Q7 M 2Mb2K#H2 Q7 M2mi`H
/QMQ`b rBi? HBM2rB/i? ∆f BM pMBb?BM; K;M2iB+ }2H/ Bb /2p2HQT2/, h?2 `i2 Q7 T?Q@
iQM #bQ`TiBQM M/ 2[mBpH2MiHv M2mi`H /QMQ` 2t+BiiBQM /2T2M/b QM i?2 1BMbi2BM
+Q2{+B2Mi 7Q` T?QiQM #bQ`TiBQM Bf12 M/ i?2 bT2+i`H Qp2`HT Q7 i?2 Hb2` bT2+i`H
TQr2` /2MbBiv ρ(f) M/ i?2 HBM2b?T2 7mM+iBQM Q7 i?2 /QMQ` 2Mb2K#H2 g(f, f0)X h?2
`i2 2[miBQM 7Q` i?2 M2mi`H /QMQ` /2MbBiv N0 Bb ;Bp2M #v (RjN- R8d- R83),
/N0
/t = −N
0Bf12
ˆ ∞
0
g(f, f0)ρ(f)df ≡ −Γ.ysN0 U8XdV
Bf12 Bb `2Hi2/ iQ i?2 Qb+BHHiQ` bi`2M;i? #v Bf12 = e2/(4ϵ0m0!ω)f.ys (R8d)- r?B+?
;Bp2b 7Q` T?QbT?Q`mb Bf12 = jXR× RyRe CƐRKjbƐkX ρ(f) /2b+`B#2b i?2 Hb2` TQr2` T2`
mMBi pQHmK2 M/ T2` Hb2` 7`2[m2M+v BMi2`pHX AM KQbi +b2b- i?2 .ys Hb2` Bb Km+?
b?`T2` i?M i?2 i`MbBiBQM HBM2rB/i? M/ +M #2 TT`QtBKi2/ b  /2Hi 7mM+iBQM,
ρ(f) = IG/(c/naB)δ(f0) U8X3V
r?2`2 IG Bb i?2 Hb2` BMi2MbBiv ((q/Kk)) M/ c Bb i?2 bT22/ Q7 HB;?iX g(f, f0) `2T`2b2Mib
i?2 7`2[m2M+v /2T2M/2M+2 Q7 Bf12- BX2X Bi mbmHHv Bb  GQ`2MixBM U7Q` ?QKQ;2M2Qmb
#`Q/2MBM;V Q` :mbbBM 7mM+iBQM U7Q` BM?QKQ;2M2Qmb #`Q/2MBM;V rBi? +2Mi2` 7`2@
[m2M+v f0 M/ HBM2rB/i? ∆f - r?Qb2 BMi2;`H Bb MQ`KHBx2/ iQ mMBivX h?2 BMi2;`H
`2im`Mb- 7Q`  δ@HBF2 Hb2` bT2+i`H HBM2b?T2- i?2 T2F pHm2 Q7 i?2 GQ`2MixBM Q`
:mbbBM 7mM+iBQM- r?B+? Bb iQ  ;QQ/ TT`QtBKiBQM ;Bp2M #v 2/(π∆f)X
AM bmKK`v- i?2 #QmM/ 2t+BiQM i`MbBiBQM `i2- 7Q`  M``Qr Hb2` HBM2rB/i? +QK@
T`2/ iQ i?2 2Mb2K#H2 HBM2rB/i?- M/ r?2M IG Bb bKHH 2MQm;? iQ M2;H2+i +Q?2`2Mi
/`BpBM;- Bb ;Bp2M #v,
Γ.ys = B
f
12
ˆ ∞
0
g(f, f0)ρ(f)df ≈ Bf12
IG
c/naB
2
π∆f
U8XNV
AM M 2ti2`MH K;M2iB+ }2H/ i?2 .ys i`MbBiBQM bi`2M;i?b Q7 i?2 p`BQmb i`MbB@
iBQMb `2 MQi 2[mHX G2pBM;  /Bb+mbbBQM Q7 i?Bb 2z2+i iQ a2+X 8XjXR- Bi b?QmH/ bBKTHv
#2 bii2/ ?2`2 i?i- 7Q` i?2 +b2 Q7 i?2 i`MbBiBQMb 7`QK i?2 J = 1/2 /QMQ` iQ
J = 3/2 .ys H2p2H- i?2 `2HiBp2 BMi2MbBiB2b fr `2 fr = 1 7Q` ms± 1/2→ mj = ±3/2
i`MbBiBQMb- fr = 2/3 7Q` ms ± 1/2 → mj = ±1/2 i`MbBiBQMb- M/ fr = 1/3 7Q`
ms ± 1/2 → mj = ∓1/2 i`MbBiBQMbX 6B;m`2 8XR H#2Hb 2+? i`MbBiBQM rBi? Bib
+Q``2bTQM/BM; `2HiBp2 BMi2MbBivX
8XR h?2 /QMQ` #QmM/ 2t+BiQM 3d
 3BEJBUJWF BOE "VHFS EFDBZ
aBM+2 bBHB+QM Bb M BM/B`2+i b2KB+QM/m+iQ`- i?2 .ys /2+vb T`BK`BHv pB M m;2`
T`Q+2bb BM r?B+? QM2 2H2+i`QM M/  ?QH2 `2+QK#BM2 M/ i`Mb72` i?2 `2KBMBM; 2M@
2`;v iQ i?2 `2bB/mH 2H2+i`QM- i?2`2#v 2D2+iBM; Bi b  ?Qi 2H2+i`QM BMiQ i?2 +QM/m+iBQM
#M/ M/ H2pBM; #2?BM/ M BQMBb2/ /QMQ`X h?2 .ys HB72iBK2 ?b #22M K2bm`2/
b τ.ys,m;2` = kdk Mb 7Q` T?QbT?Q`mb (k3) U+7X h#H2 8XRV- r?B+? BKK2/Bi2Hv ;Bp2b
 HQr2` #QmM/ 7Q` i?2 .ys HBM2rB/i? Q7 ∆f.ys = 1/(2πτ.ys,m;2`) = 838 F>xX h?Bb
Bb Km+? bKHH2` i?M i?2 w22KM bTHBiiBM; Q7 i?2 2H2+i`QM bTBM Q` i?2 ?vT2`}M2
BMi2`+iBQM Q7 /QMQ`b BM bBHB+QM M/ HHQrb 7Q` bTBM@/2T2M/2Mi .ys BQMBbiBQMX
h?2 `/BiBp2 HB72iBK2 Bb #Qmi 104 iBK2b HQM;2` U+7X h#H2 8XRV- i?mb bB;MB}+MiHv
z2+iBM; i?2 HmKBM2b+2M+2 [mMimK 2{+B2M+v M/ `2M/2`BM; QTiB+H bTBM `2/@Qmi
7Q` /QMQ`b BM i?2 #mHF Q7 bBHB+QM BKTQbbB#H2X S?QiQM #M/ bi`m+im`2 2M;BM22`BM;
M/ Sm`+2HH 2M?M+2K2Mi Kv- ?Qr2p2`- #2 iQQHb iQ BM+`2b2 i?2 `/BiBp2 /2+v
`i2 (R8N- Rey)X
 &MFDUSPO DBQUVSF CZ UIF JPOJ[FE EPOPS
AM Q`/2` iQ `2im`M iQ i?2`KH 2[mBHB#`BmK- i?2 BQMBx2/ /QMQ` H27i #2?BM/ #v i?2 .ys
m;2` /2+v 2p2MimHHvb +Tim`2 M 2H2+i`QM 7`QK i?2 +QM/m+iBQM #M/X h?2 +Tim`2
T`Q+2bb +QKT`Bb2b M BMBiBH +Tim`2 BMiQ M 2t+Bi2/ /QMQ` bii2- rBi? bm#b2[m2Mi
T?QMQM@bbBbi2/ `2HtiBQM iQ i?2 /QMQ` ;`QmM/ bii2 (R93)X h?2 `i2 Q7 i?2 +Tim`2
T`Q+2bb- 7`QK i?2 pB2rTQBMi Q7 i?2 BQMBx2/ /QMQ`- b?QmH/ /2T2M/ QM i?2 #mM/M+2 Q7
+QM/m+iBQM #M/ 2H2+i`QMb UnVX 6`QK i?2 pB2rTQBMi Q7 M 2H2+i`QM BM i?2 +QM/m+iBQM
#M/ i?2 +Tim`2 `i2 b?QmH/ /2T2M/ QM i?2 +QM+2Mi`iBQM Q7 BQMBb2/ /QMQ`b UN+VX
h?2 +Tim`2 `i2 Bb i?mb /2b+`B#2/ #v  `2+QK#BMiBQM +Q2{+B2Mi Bn→N0 iBK2b
nN+ (ReR- Rek),
dn
/t =
dN+
/t = −Bn→N0N
+n U8XRyV
h?2 `2+QK#BMiBQM +Q2{+B2Mi Bn→N0 +M- BM T`BM+BTH2- #2 mM/2`biQQ/ b i?2 /QMQ`
?pBM;  +2`iBM +Tim`2 +`Qbb b2+iBQM σ_ rBi? r?B+? Bi +Tim`2b M 2H2+i`QM Q7
i?2`KH p2HQ+Biv vi? =
√
8k"T/(πm∗)X h?Bb ;Bp2b Bn→N0 = σ_vi?X >Qr2p2`- Bi Bb
7pQ`#H2 iQ /Bb+mbb i?2 +Tim`2 `i2 BM i2`Kb Q7 Bn→N0 BMbi2/ Q7 σ_ #2+mb2 vi? Bb
Q7i2M KQ/B}2/ /m2 iQ /`B7i +m``2Mib M/ σ_ Kv 7m`i?2`KQ`2 ?p2  /2T2M/2M+2 QM
vi? (ReR)X 6Q` bBHB+QM i i2KT2`im`2b #2ir22M RE iQ 9E Bn→N0 Bb `Qm;?Hv +QMbiMi
i Bn→N0 = eXN× RyƐe +Kjfb 7Q` T?QbT?Q`mb (Rej) M/ bBKBH` pHm2b `2 7QmM/ 7Q`
Qi?2` b?HHQr /QMQ`b- b b?QrM BM h#H2 8XkX b  };m`2 Q7 K2`Bi- 7Q`  ivTB+H
33 *?Ti2` 8 6mM/K2MiHb Q7 i?2 #QmM/ 2t+BiQM i`MbBiBQM
Bn→N0 U+KjfbV σ/B`2+i, T2F U+KkV
jRS eXN× RyƐe Rd× RyƐRe
d8b dXk× RyƐe kk× RyƐRe
RkRa# RXe× RyƐe ek× RyƐRe
kyN"B j9× RyƐe dXk× RyƐRe
5BCMF  h?2 `2+QK#BMiBQM +Q2{+B2Mi Bn→N0 7Q` i?2 +QM/m+iBQM #M/ 2H2+@
i`QM +Tim`2 T`Q+2bb #v i?2 BQMBb2/ /QMQ` b ;Bp2M #v (Rej) M/ i?2 T2F
pHm2 Q7 i?2 /B`2+i T?QiQ@BQMBbiBQM σ/B`2+i, T2F Q7 b2H2+i2/ /QMQ`b (Rek)X
BQMBb2/ T?QbT?Q`mb +QM+2Mi`iBQM Q7 N+ ! R× RyRj +KƐj- i?2 +Tim`2 iBK2 b+H2 Q7
 +QM/m+iBQM #M/ 2H2+i`QM Bb 1/(Bn→N0N+) # R8 MbX
Ai b?QmH/ #2 MQi2/ i?i i?2`2 Bb  +QKT2iBM; 2H2+i`QM +Tim`2 T`Q+2bb #v  M2mi`H
++2TiQ` A0 iQ 7Q`K A−X h?2 +Tim`2 +`Qbb b2+iBQM 7Q` i?Bb T`Q+2bb Bb #Qmi irQ
Q`/2`b Q7 K;MBim/2 bKHH2` (Rej)X 6m`i?2`KQ`2- i?2 i?2`KHBxiBQM Q7 i?2 ?B;?
2M2`;v m;2` 2H2+i`QM rBi? 2M2`;v HQbb pB T?QMQM 2KBbbBQM Bb `2HiBp2Hv [mB+F- QM
i?2 Q`/2` Q7 ! R Mb i 9E (R93- Re9) M/ Bb ?2M+2 i`2i2/ b M BMbiMiM2Qmb T`Q+2bb
rBi?BM i?2 b+QT2 Q7 i?Bb i?2bBbX
A7 i?2 bTBM K2bm`2K2Mi Bb /2bB;M2/ iQ /2i2+i i?2 +?`;2 bii2 Q7 i?2 BQMBx2/
/QMQ` BMbi2/ Q7 i?2 +?M;2 Q7 bKTH2 +QM/m+iBpBiv /m2 iQ m;2` 2H2+i`QMb- i?2M Bi
rQmH/ #2 TQbbB#H2 iQ +QMi`QH i?2 `2+QK#BMiBQM iBK2 #v +QMi`QHHBM; i?2 +QM/m+iBQM
2H2+i`QM /2MbBiv BM i?2 pB+BMBiv Q7 i?2 /QMQ`X h?Bb Kv #2 2X;X `2HBx2/ #v mbBM;
 bBM;H2 2H2+i`QM i`MbBbiQ` Ua1hV iQ K2bm`2 i?2 +?`;2 bii2 Q7  bBM;H2 /QMQ`X
h?2 ;i2 pQHi;2b Q7 i?2 a1h Kv i?2M +QMi`QH i?2 Q++mTiBQM Q7 i?2 k.1: M/
i?2`27Q`2 i?2 `2M2mi`HBbiBQM iBK2 b+H2 Q7 i?2 /QMQ`X
 $PNQFUJOH DBSSJFS HFOFSBUJPO NFDIBOJTN
b 2tT2+i2/ 7Q` rp2H2M;i?b +HQb2 iQ i?2 #M/ 2/;2 Q7 bBHB+QM- i?2`2 `2 HbQ Qi?2`
K2+?MBbKb i?i #bQ`# T?QiQMb M/ `2 #H2 iQ +?M;2 i?2 +QM/m+iBpBivX 6B;m`2 8Xk
b?Qrb  b+?2KiB+ Q7 i?2 T`Q+2bb2b BMpQHp2/ M/ i?2B` T?QiQM 2M2`;v /2T2M/2M+2X
AM i?2 pB+BMBiv Q7 i?2 #QmM/ 2t+BiQM HBM2- i?2`2 `2 HbQ Qi?2` 2t+BiQMB+ i`MbBiBQMb-
MK2Hv 7`22 2t+BiQM i`MbBiBQMb M/ #QmM/ KmHiB@2t+BiQM +QKTH2t2b- HQM; rBi?
T?QMQM `2THB+b Q7 HH Q7 i?2b2 HBM2bX 6Q`imMi2Hv- BM Tm`2 +`vbiHHBM2 bBHB+QM- i?2b2
HBM2b `2 bm{+B2MiHv M``Qr M/ bT`2/- M/ /Q MQi Qp2`HT rBi? i?2 MQ@T?QMQM
#QmM/ 2t+BiQM HBM2 (R8y)X h?2 irQ K2+?MBbKb i?i +QmH/ Qp2`HT rBi? i?2 #QmM/
2t+BiQM HBM2 `2 i?2 BMi`BMbB+ M/ 2ti`BMbB+ #bQ`TiBQMX h?2 2ti`BMbB+ #bQ`TiBQM
/2b+`B#2b  /B`2+i T?QiQ@BQMBbiBQM Q7 /QMQ`b M/ ++2TiQ`b i?i T`QKQi2b  ?B;?
2M2`;2iB+ 2H2+i`QM iQ i?2 +QM/m+iBQM #M/X h?2 BMi`BMbB+ #bQ`TiBQM /2b+`B#2b i?2
8XR h?2 /QMQ` #QmM/ 2t+BiQM 3N
lo
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)
photo energy (eV)
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extrinsic
intrinsic
bound exciton
free excitons
excitonic complexes
phonon replicas
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'JHVSF   b+?2KiB+ Q7 i?2 T?QiQ T`Q+2bb2b BMpQHp2/ +HQb2 iQ #M/ 2/;2 Q7
/QT2/ BM/B`2+i b2KB+QM/m+iQ`bX h?2 BMi2MbBiv `iBQ #2ir22M #QmM/ 2t+BiQM
M/ 7`22 2t+BiQM i`MbBiBQMb `2 `#Bi``v ?2`2- bBM+2 i?2v /2T2M/ KQM;
Qi?2` i?BM;b QM i?2 /QTBM; +QM+2Mi`iBQM (R8y)X
T`QKQiBQM Q7  pH2M+2 #M/ 2H2+i`QM iQ i?2 +QM/m+iBQM #M/ iQ 7Q`K 2Bi?2`  7`22
2t+BiQM Q` 7`22 2H2+i`QMb M/ ?QH2bX h?2 7QHHQrBM; b2+iBQMb BMp2biB;i2 i?2b2 irQ
K2+?MBbKb BM /2iBHX AM i?Bb b2+iBQM M/ i?`Qm;?Qmi i?2 i?2bBb ?2iBM; 2z2+ib Q7
i?2 bKTH2 `2 H`;2Hv QKBii2/X h?Bb Bb #b2/ QM i?2 `2bmHib Q7 `272`2M+2 (Re8)- r?B+?
7QmM/ #v bim/vBM; 7`22 2t+BiQM T?QiQHmKBM2b+2M+2 HBM2b?T2b- i?i- 2p2M 7Q` #Qp2
#M/;T `/BiBQM U!ω ≈ kX8 2oV- Hb2` BMi2MbBiB2b IG > k× RyeqfKk `2 `2[mB`2/
iQ `Bb2 i?2 bKTH2 i2KT2`im`2 #v KQ`2 i?M RE- rBi? i?2 bKTH2 BKK2`b2/ BM
 HB[mB/ ?2HBmK #i?X h?2 Hb2` BMi2MbBiB2b mb2/ i?`Qm;?Qmi i?Bb i?2bBb `2 i H2bi
irQ Q`/2`b Q7 K;MBim/2 bKHH2`- ivTB+HHv 7Qm` Q`/2`b Q7 K;MBim/2 bKHH2`X
 *OUSJOTJD BCTPSQUJPO PG TJMJDPO
h?2 BMi`BMbB+ #bQ`TiBQM Q7  T?QiQM BM  b2KB+QM/m+iQ` 2t+Bi2b M 2H2+i`QM 7`QK
i?2 pH2M+2 #M/ iQ i?2 +QM/m+iBQM #M/X 6Q` BM/B`2+i b2KB+QM/m+iQ` #bQ`TiBQM-
/m2 iQ KQK2MimK +QMb2`piBQM- i?2 T`Q+2bb Kmbi BMpQHp2 i?2 2KBbbBQM Q` #bQ`T@
iBQM Q7  T?QMQM rBi? rp2 p2+iQ` FT?QMQM i?i Ki+?2b i?2 b2T`iBQM BM F@bT+2
Q7 pH2M+2 #M/ M/ +QM/m+iBQM #M/ U+7X a2+X jXk  6B;X jXkVX AM ;2M2`H- HH 7Qm`
#`M+?2b Q7 i?2 bBHB+QM T?QMQM bT2+i`mK U+7X a2+X jXR  6B;X jXRV +M +QMi`B#mi2
iQ i?2 #bQ`TiBQM- #mi 7Q` bBHB+QM- i?2 i`MbBiBQMb BMpQHpBM; G M/ GP T?QMQMb
`2 r2FX h?mb- Bi Bb bm{+B2Mi iQ QMHv BMpQF2 i?2 h@ M/ hP@bbBbi2/ i`MbBiBQMb
rBi? Eh = R3K2o M/ EhP = 83K2oX AM ;2M2`H- i HQr i2KT2`im`2b M/ +HQb2
Ny *?Ti2` 8 6mM/K2MiHb Q7 i?2 #QmM/ 2t+BiQM i`MbBiBQM
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1 phonon
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D0X D0X
Theory Experiment
'JHVSF  h?2 BMi`BMbB+ T?QiQM #bQ`TiBQM BM bBHB+QMX h?2 i?2Q`2iB+H MHvbBb
UV 72im`2b KmHiBTH2 T?QMQM 2/;2b +Q``2bTQM/BM; iQ i?2 2KBbbBQM M/ MMB@
?BHiBQM Q7 h M/ hP T?QMQMbX  7`22x2 Qmi Q7 i?2 T?QMQM #i? iQr`/b
HQr2` i2KT2`im`2b bmTT`2bb2b i?2 T?QMQM@MMB?BHiBQM bbBbi2/ #bQ`TiBQMX
h?2 i?2Q`2iB+H /2b+`BTiBQM Ki+?2b r2HH 2tT2`BK2MiH /i U#V Q#iBM2/ #v
CX EQKK BM i?2 ;`QmT Q7 _X Lr`Q/i i i?2 6`B2/`B+? a+?BHH2` lMBp2`bBiv-
C2MX 2t+2Ti 7Q` k@T?QMQM MMB?BHiBQM T`Q+2bb2b i ?B;?2` i2KT2`im`2bX
iQ i?2 #M/ 2/;2- i?2 #bQ`TiBQM /Q2b BMpQHp2 i?2 7Q`KiBQM Q7 7`22 2t+BiQMb rBi?
#BM/BM; 2M2`;v Es = R8XyK2o (RRe- R8R)X Ai Bb /B{+mHi iQ /2b+`B#2 i?2 7mM+iBQMH
/2T2M/2M+2 Q7 i?2 #bQ`TiBQM 2/;2 BM  +HQb2/ MHviB+H 7Q`K (Ree)- #mi 7Q` T?QiQM
2M2`;B2b b2p2`H 7+iQ`b Q7 Es #Qp2 i?2 #M/;T i?2 /2T2M/2M+2 +M #2 TT`QtB@
Ki2/ b (!ω − (E; − EsǬET?QMQM))2- r?2`2 i?2 Ǭ bB;M `272`b iQ T?QMQM 2KBbbBQM
Q` MMB?BHiBQMX
h?2 T?QMQM@MMB?BHiBQM bbBbi2/ T`Q+2bb HbQ /2T2M/b QM i?2 T?QMQM /2MbBiv i
i?2 T`iB+mH` i2KT2`im`2X >2M+2- i?2 #bQ`TiBQM +Q2{+B2Mi Qp2` i?2 +QKTH2i2
i2KT2`im`2 `M;2 +M #2 TT`QtBKi2/ b (Ree- Red),
αMMB?BHiBQM ∝ N (ET?QMQM) (!ω − (E; − Es − ET?QMQM))2 U8XRRV
7Q` i?2 +b2 Q7 T?QMQM MMB?BHiBQM- r?2`2 N (ET?QMQM) =
[
2tT
(
ET?QMQM
k"T
)
− 1
]−1
Bb
i?2 i2KT2`im`2@/2T2M/2Mi T?QMQM Q++mTiBQM MmK#2`X 6Q` T`Q+2bb2b rBi? T?QMQM
+`2iBQM- i?2 #bQ`TiBQM +Q2{+B2Mi Bb +Q``2bTQM/BM;Hv,
α+`2iBQM ∝ (1 +N (ET?QMQM)) (!ω − (E; − Es + ET?QMQM))2 U8XRkV
8XR h?2 /QMQ` #QmM/ 2t+BiQM NR
6B;m`2 8XjUV THQib i?2 i?mb /2`Bp2/ i?2Q`2iB+H BMi`BMBbB+ #bQ`TiBQM b  7mM+iBQM
Q7 T?QiQM 2M2`;v M/ i2KT2`im`2- 7QHHQrBM; +HQb2bHv i?2 /2`BpiBQMkX M/ }i pHm2b
Q7 _DFMM 2i HX (RRy)X 6Q` i2KT2`im`2b +HQb2 iQ `QQK i2KT2`im`2- #bQ`TiBQM
rBi? T?QMQM MMB?BHiBQM ;Bp2b `Bb2 iQ  /BbiBM+i BM+`2b2 BM #bQ`TiBQM i !ω = E;−
Es−EhP U`2/ i`BM;H2 i RXy8 2o BM 6B;X 8XjUVV- rBi?  7m`i?2` #bQ`TiBQM 2/;2 i
2M2`;B2b r?2`2 h@MMB?BHiBQM bbBbi2/ #bQ`TiBQM #2+QK2b HHQr2/ U`2/ /BKQM/
i RXyN 2oVX qBi? /2+`2bBM; i2KT2`im`2- i?2 T?QMQM #i? 7`22x2b Qmi U?B;?2`
2M2`;v hP T?QMQMb }`biV M/ #bQ`TiBQM rBi? T?QMQM MMB?BHiBQM Bb bmTT`2bb2/X
6Q` T = jE- T?QMQM@MMB?BHiBQM bbBbi2/ #bQ`TiBQM pMBb?2b +QKTH2i2Hv M/ i?2
#bQ`TiBQM 2/;2 Bb HQ+i2/ i i?2 HQr2bi 2M2`;v T?QMQM@+`2iBQM T`Q+2bb rBi? !ω =
E; − Es + EhX
1tT2`BK2MiH /i i HB[mB/ ?2HBmK i2KT2`im`2b M/ !ω ≈ RXR8 2o Bb b+`+2 /m2
iQ i?2 HQr #bQ`TiBQM +Q2{+B2Mi pHm2- rBi? BMbi`mK2Mi b2MbBiBpBiv HBKBib QM i?2
Q`/2` Q7 R× RyƐk +KƐR (ReN)X S`Bpi2 +QKKmMB+iBQM rBi? _X Lr`Q/ij 2M#H2/
mb iQ ++2bb Ub v2iV mMTm#HBb?2/ /i QM i?2 BMi`BMbB+ #bQ`TiBQM Q7 bBHB+QM rBi?
mMT`2+2/2Mi2/ T`2+BbBQMX h?2 `2bmHib `2 /2TB+i2/ BM 6B;m`2 8XjU#V M/ i?2 [mHBi@
iBp2 M/ [mMiBiiBp2 ;`22K2Mi #2ir22M /i M/ i?2Q`v Bb `2K`F#H2- 2bT2+BHHv
bBM+2 i?2 /i 7Q` i?2 Q`B;BMH i?2Q`v }i ?/  b2MbBiBpBiv HBKBi Q7 Ry +KƐR (RRy)X
aiBHH- i?2`2 `2 irQ KBM /Bz2`2M+2b +QKT`2/ rBi? i?2 i?2Q`v i`+2bX 6B`biHv- irQ
T?QMQM T`Q+2bb2b Q++m` i ?B;?2` i2KT2`im`2b r?B+? `2 MQi +Tim`2/ #v i?2 i?2@
Q`vX >Qr2p2`- 7Q` i2KT2`im`2b rBi? T?QMQM #i? 7`22x2 Qmi- BX2X T < 8yE- i?2b2
T`Q+2bb2b `2 MQi Q7 bB;MB}+M+2X
a2+QM/Hv- i?2`2 Bb  /2pBiBQM 7`QK i?2 i?2Q`2iB+H HBM2b?T2 7Q` i?2 T = 8yE
M/ 2bT2+BHHv i?2 T = jE i`+2 i i?2 HQr2` 2M2`;v bB/2 Q7 i?2 #bQ`TiBQM 2/;2X
q?BH2 i?2 i?2Q`2iB+H i`2iK2Mi T`2/B+ib  b?`T /`QT i i?2 2/;2- i?2 /i b?Qrb
 KQ`2 ;2MiH2 /2+`2b2 Q7 i?2 #bQ`TiBQM +Q2{+B2Mi #2HQr i?2 #bQ`TiBQM 2/;2X
h?2 `2bQM 7Q` i?Bb /Bb+`2TM+v `2KBMb mMFMQrM bQ 7` M/ +QmH/ #2 /m2 iQ K2@
bm`2K2Mi 2``Q`b- ?2iBM; Ub22 BX2X i?2 T = k8E i`+2 BM 6B;X 8XjUVV Q` 2ti`BMbB+
T?QiQ+QM/m+iBpBivX  bvbi2KiB+ bim/v Q7 i?2 #bQ`TiBQM +Q2{+B2Mi b  7mM+iBQM Q7
/QTBM; +QM+2Mi`iBQM b?QmH/ #2 #H2 iQ `2bQHp2 i?2 Q`B;BM Q7 i?Bb #bQ`TiBQM #2HQr
i?2 2t+BiQMB+ #M/;TX
kh?2 #M/;T mb2/ BM i?Bb Tm#HB+iBQM Bb BM 7+i i?2 2t+BiQMB+ #M/;T E;t = E;−Es- b 2pB/2Mi
7`QK i?2 HQr i2KT2`im`2 #M/;T pHm2 Q7 ∼RXR88 2o- #Qmi R8K2o HQr2` i?M i?2 +imH
HQr i2KT2`im`2 #M/;T pHm2 Q7 bBHB+QM(RR8- R8R- Re3)
j_QMMv Lr`Q/i- 6`B2/`B+? a+?BHH2` lMBp2`bBiv C2M- rBi? /i iF2M #v ?Bb S?. bim/2Mi CmHBmb
EQKKX
Nk *?Ti2` 8 6mM/K2MiHb Q7 i?2 #QmM/ 2t+BiQM i`MbBiBQM
L2p2`i?2H2bb- M mTT2` #QmM/ 7Q` i?2 #bQ`TiBQM +Q2{+B2Mi i 9X8E M/ RXR8 2o
+M #2 /2/m+2/ 7`QK i?2 /i iQ,
αaB(jE, RXR8 2o) ! j× RyƐ9 +KƐR U8XRjV
>Qr /Q2b i?2 BMi`BMbB+ #bQ`TiBQM +QMi`B#mi2 iQ i?2 +?`;2 i`MbTQ`i\ 6Q` T?QiQM
2M2`;B2b Km+? H`;2` i?M i?2 #M/;T Bi Bb 2tT2+i2/ i?i /m2 iQ i?2 ?B;? 2M2`;v
i?2 2t+BiQM /BbbQ+Bi2b- H2/BM; iQ M BM+`2b2/ /2MbBiv Q7 7`22 2H2+i`QM n M/ 7`22
?QH2b pX h?Bb Bb i?2 ivTB+H- BMimBiBp2 T?QiQ+QM/m+iBp2 `2bTQMb2 iQ #Qp2 #M/;T
HB;?iX >Qr2p2`- 7Q` HH Hb2`b mb2/ i?`Qm;?Qmi i?Bb i?2bBb i?2 T?QiQM 2M2`;v Bb
!ω < E; + ET?QMQM M/ i?mb i?2 FBM2iB+ 2M2`;v Q7 i?2 2t+BiQM Bb bKHH2` i?M Bib
#BM/BM; 2M2`;v EsX h?2 7Q`K2/ 7`22 2t+BiQMb /Q MQi /BbbQ+Bi2 i?2`KHHv i HQr
i2KT2`im`2b- #mi BMbi2/ +M /2+v pB i?`22 TQbbB#H2 `2+QK#BMiBQM Ti?rvb,
h?2 }`bi Ti? Bb /BbbQ+BiBQM BM M 2H2+i`B+ }2H/- BX2X i?i i?2 2H2+i`B+ }2H/ Bb
bi`QM; 2MQm;? iQ Qp2`+QK2 Bib #BM/BM; 2M2`;v M/ `BT i?2 2t+BiQM T`iX h?2 Q`/2`
Q7 K;MBim/2 `2[mB`2/ 7Q` i?Bb Bb ;Bp2M #v 2Es/eas (Rdy)- rBi? as ≈ 9XN MK b i?2
7`22 2t+BiQM "Q?` `/Bmb (R8y)X h?Bb ;Bp2b M 2H2+i`B+ }2H/ /BbbQ+BiBQM i?`2b?QH/ Q7
E ≈ eXd× RyeofKX hvTB+H #Bb2b mb2/ rBi?BM i?Bb i?2bBb `2 QM i?2 Q`/2` Q7 Ro
Qp2` ∼RKK UE ≈ 103ofKV- ?2M+2 Bi Bb mMHBF2Hv i?i 2H2+i`B+ }2H/ BQMBbiBQM THvb
 `QH2X
h?2 b2+QM/ K2+?MBbK Bb `/BiBp2 `2+QK#BMiBQM rBi? T?QMQM 2KBbbBQM- rBi? 
iBK2 b+H2 Q7 τs,`/ ≈ 8y ƒb (RdR- Rdk)X h?Bb Ti?rv /Q2b MQi Hi2` n Q` pX
h?2 i?B`/ Ti?rv Bb i?2 i`TTBM; Q7 i?2 7`22 2t+BiQM #v  M2mi`H /QMQ` Q`
++2TiQ`- +`2iBM;  /QMQ` #QmM/ 2t+BiQMX h?2 #QmM/ 2t+BiQM /2+vb pB i?2 m;2`
T`Q+2bb M/ ?2M+2 H2/b iQ M 2t+HmbBp2 BM+`2b2 Q7 n 7Q` /QMQ`b Q` p 7Q` ++2TiQ`bX
h?2 i`TTBM; T`Q+2bb Bb /2b+`B#2/ #v i?2 7QHHQrBM; 2[miBQM 7Q` i?2 7`22 2t+BiBQM
/2MbBiv Ns,
/Ns
/t =
/N0
/t = −Bs→.ysN
0Ns U8XR9V
rBi? Bs→.ys ≈ kXj× RyƐd +Kjfb- (Rdk- Rdj)X h?2 7`22 2t+BiQM HB72iBK2 +M #2
+H+mHi2/ b τs = (Bs→.ysN0)−1 = 9 Mb 7Q` N0 = R× RyR8 +KƐjX h?Bb Bb Km+?
b?Q`i2` i?M i?2 `/BiBp2 HB72iBK2 K2MBM; i?i 7`22 2t+BiQMb `2 HKQbi BMbiMi@
M2QmbHv #QmM/ iQ M2mi`H /QMQ`b M/- pB i?2 m;2` T`Q+2bb- H2/ iQ M BM+`2b2 Q7
nX
h?2 7`22 2t+BiQM ;2M2`iBQM `i2 7Q` i?2 +b2 r?2`2 i?2 #bQ`TiBQM H2M;i? 1/αaB
Bb Km+? H`;2` i?M i?2 bKTH2 i?B+FM2bb Ur?B+? Bb i?2 +b2 7Q` !ω ≈ RXR8 2o M/
8XR h?2 /QMQ` #QmM/ 2t+BiQM Nj
T < RyEV Bb ;Bp2M #v (Rd9),
Gs,BMi`BMbB+ =
IG
!ωαaB U8XR8V
 %JSFDU QIPUPJPOJTBUJPO PG EPOPST BOE BDDFQUPST
M BM+QKBM; T?QiQM +M HbQ /B`2+iHv BQMBx2  /QMQ` U++2TiQ`V M/ b2M/ i?2 2H2+i`QM
U?QH2V iQ i?2 +QM/m+iBQM #M/ +QMiBMmmK B7 i?2 T?QiQM 2M2`;v Bb H`;2` i?M i?2
#BM/BM; 2M2`;v Q7 i?2 /QMQ` E.y X h?2 /B`2+i T?QiQ@BQMBbiBQM #bQ`TiBQM +`Qbb
b2+iBQM σ/B`2+i i?mb ?b  HQM;@rp2H2M;i? +mi@Qz i i?2 rp2H2M;i? +Q``2bTQM/BM;
iQ E.y - b b?QrM BM 6B;X 8X9UV 7Q`  p`B2iv Q7 /QMQ`b M/ ++2TiQ`b BM bBHB+QM
i HB[mB/ ?2HBmK i2KT2`im`2b (ReR)X h?2 T2F +`Qbb b2+iBQM K;MBim/2 M/ i?2
7mM+iBQMH /2T2M/2M+2 Q7 i?2 +`Qbb b2+iBQM QM rp2H2M;i? /2T2M/b bi`QM;Hv QM E.y
M/ i?2`2 Bb MQ mMB}2/ i?2Q`2iB+H /2b+`BTiBQM (ReR)X h?2 +`Qbb b2+iBQM Bb +H+mHi2/
#v 62`KBǶb ;QH/2M `mH2- #mi /2T2M/BM; QM i?2 bbmK2/ /QMQ` TQi2MiBH U?v/`Q;2M@
HBF2- 2z2+iBp2 Kbb Q` δ@7mM+iBQMV M/ QmiTmi bii2b U+QMiBMmmK >v/`Q;2M- "HQ+?
7mM+iBQMbV i?2 i?2Q`2iB+H T`2/B+i2/ +`Qbb b2+iBQMb T2F #2ir22M E.y M/ 2E.y M/
?p2  7mM+iBQMH /2T2M/2M+2 iQr`/b ?B;?2` T?QiQM 2M2`;B2b #2ir22M (!ω)−7/2 M/
(!ω)−3/2 (Rd8ĜRdd)X
6B;m`2 8X9U#V /2TB+ib i?2 BQMBbiBQM +`Qbb b2+iBQM Q7 `b2MB+ b  7mM+iBQM Q7
rp2H2M;i?X Ai Bb 7QmM/ i?i i?2 +`Qbb b2+iBQM 7Q` b?Q`i2` rp2H2M;i?b 7QHHQrb
(!ω)−1.34 ≈ (!ω)−3/2X h?2 +`Qbb b2+iBQM i i?2 .ys i`MbBiBQM 2M2`;v URXR8 2o Q`
Ryd3 MKV +M #2 2ti`TQHi2/ iQ 1−2×10−16+Kk- r?B+? Bb TT`QtBKi2Hv 1/10 i? iQ
1/20 i? Q7 i?2 T2F T?QiQ BQMBbiBQM +`Qbb b2+iBQM σ/B`2+i, T2FX h?2 pHm2b Q7 σ/B`2+i, T2F
7Q` p`BQmb /QMQ`b `2 ;Bp2M BM h#H2 8XkX .m2 iQ i?2 bBKBH` T2F +`Qbb b2+iBQM pHm2
M/ bBKBH` /QMQ` #BM/BM; 2M2`;B2b 7Q` T?QbT?Q`mb M/ `b2MB+- Bi b?QmH/ #2 `2bQM@
#H2 iQ bbmK2 i?i i?2 rp2H2M;i? /2T2M/2M+2 Q7 i?2 BQMBbiBQM +`Qbb b2+iBQM Q7
T?QbT?Q`mb Bb bBKBH` iQ i?i Q7 `b2MB+X
h?2 Qz@`2bQMMi- /B`2+i /QMQ` BQMBbiBQM `i2 +M i?2M #2 /2b+`B#2/ b (R8d- Rd9),
/N0
/t = −N
0 IG
!ωσ/B`2+i ≡ −Γ/B`2+iN
0 U8XReV
r?2`2 IG/(!ω) Bb i?2 T?QiQM ~mt- BX2X i?2 MmK#2` Q7 T?QiQMb TbbBM; i?2 bKTH2
T2` `2 M/ iBK2X i RXR8 2o M/ 9E- G/B`2+i = Γ/B`2+iN0 > Gs,BMi`BMbB+ 7Q` /QMQ`
/2MbBiB2b N0 > R× RyRj +KƐjX
N9 *?Ti2` 8 6mM/K2MiHb Q7 i?2 #QmM/ 2t+BiQM i`MbBiBQM
(a) (b)
'JHVSF  h?2 /QMQ` BQMBbiBQM +`Qbb b2+iBQM b  7mM+iBQM Q7 Hb2` 2M2`;vX
UV h?2 BQMBbiBQM +`Qbb b2+iBQM T2Fb i  Hb2` rp2H2M;i? +HQb2 iQ i?2
+Q``2bTQM/BM; BQMBbiBQM 2M2`;v Q7 i?2 /QMQ` U`2T`Q/m+2/ 7`QK (Rek)VX U#V
h?2 /2T2M/2M+2 iQr`/b b?Q`i2` rp2H2M;i? 7Q` `b2MB+ M/ MiBKQMv i 8E
U`2T`Q/m+2/ 7`QK (ReR)VX h?2 2bi#HBb?2/ i?2Q`v UbQHB/ HBM2bV Bb MQi #H2 iQ
}i i?2 /i U+B`+H2bV Qp2` i?2 2MiB`2 2M2`;v `M;2X
 'JEFMJUZ FTUJNBUF GPS %9 TJOHMF TQJO SFBEPVU
qBi? FMQrM pHm2b 7Q` i?2 .ys Qb+BHHiQ` bi`2M;i? M/ i?2 /B`2+i /QMQ` BQMBbiBQM
+`Qbb b2+iBQM- Bi Bb TQbbB#H2 iQ 2biBKi2 M mTT2` HBKBi 7Q` i?2 bBM;H2 /QMQ` bTBM
`2/Qmi }/2HBiv pB i?2 .ys@bbBbi2/ bTBM iQ +?`;2 +QMp2`bBQMX 6QHHQrBM; i?Bb
b+?2K2- rBi?Qmi HQbb Q7 ;2M2`HBiv- i?2 .ys Hb2` Bb +?Qb2M iQ TmKT QM i?2 |↑⟩
bii2 7Q` bQK2 /m`iBQM tTX h?2 |↑⟩ bii2 2``Q` e↑ Bb ;Bp2M #v i?2 T`Q##BHBiv P↑ i?i
i?2 |↑⟩ bii2 `2KBM2/ M2mi`H /m`BM; BHHmKBMiBQM- e↑ = P↑X 6Q` i?2 |↓⟩ bii2- M
mMBMi2MiBQMH BQMBbiBQM +QMbiBimi2b M 2``Q`- BX2X e↓ = 1 − P↓X h?2 K2bm`2K2Mi
}/2HBiv Bb /2}M2/ b i?2 p2`;2 Q7 i?2b2 irQ 2``Q`b- ;Bp2M #v (k9),
FJ = 1− e↓ + e↑
2
U8XRdV
hrQ /Bz2`2Mi KQ/2b Q7 QT2`iBQM- r?B+? /2T2M/ QM i?2 Hb2` TQr2` mb2/- Kmbi
#2 /BbiBM;mBb?2/, BV r2F 2t+BiiBQM rBi? Hb2` TmHb2b Km+? HQM;2` i?M i?2 m;2`
/2+v- M/ BBV +Q?2`2Mi /`BpBM; Q7 i?2 .y $ .ys bvbi2K- r?2`2  b?Q`i bi`QM; Hb2`
TmHb2 +ib b  π@TmHb2X h?Bb b2+iBQM QMHv /Bb+mbb2b i?2 7Q`K2` T`Q+2bb- #2+mb2 i?2
/2`BpiBQMb 7Q` i?2 Hii2` /Q MQi b?Qr  bB;MB}+Mi }/2HBiv BM+`2b2 M/ `2 /Bb+mbb2/
BM TT2M/Bt "X
8XR h?2 /QMQ` #QmM/ 2t+BiQM N8
AM i?2 r2F 2t+BiiBQM HBKBi- i?2 QTiB+H "HQ+? 2[miBQMb 7Q` i?2 .y $ .ys
i`MbBiBQM `2/m+2 iQ i?2 1BMbi2BM `i2 2[miBQMb (RjN)X Ai Bb bbmK2/ i?i i?2 m;2`
/2+v Q7 i?2 2t+Bi2/ .ys Bb Km+? 7bi2` i?M i?2 /`Bp2 M/- 7m`i?2`KQ`2- i?i MQ
`2M2mi`HBbiBQM Bb ?TT2MBM;X lbBM; i?2 1BMbi2BM #bQ`TiBQM 2[miBQM- i?2 2pQHmiBQM
7Q` i?2 T`Q##BHBiv Q7  |↑⟩ /QMQ` iQ #2 M2mi`H Bb ;Bp2M #v 1[X U8XdV,
dP↑
/t = −P↑Γ.ys U8XR3V
r?2`2 Γ.ys /2T2M/b QM i?2 ?QKQ;2M2Qmb HBM2rB/i? ∆f Q7  bBM;H2 /QMQ`X  HQr2`
#QmM/9 7Q` ∆f /m2 iQ i?2 m;2` /2+v `i2 ;Bp2b ∆f = 838 F>xX h?2 bQHmiBQM Q7
1[X U8XR3V rBi? P↑(t = 0) = 1 Bb,
P↑(t) = 2tT(−Γ.yst) = e↑ U8XRNV
h?2 /B`2+i BQMBbiBQM T`Q+2bb ?b #22M QKBii2/ #Qp2 /m2 iQ Bib HQr2` 2t+BiiBQM
`i2c Bi Bb- ?Qr2p2`- i?2 /`BpBM; 7+iQ` 7Q` i?2 BQMBbiBQM Q7 i?2 |↓⟩ bii2X 6QHHQrBM;
1[X U8XReV i?2 `i2 2[miBQM 7Q` i?2 T`Q##BHBiv P↓ Q7 |↓⟩ iQ biv M2mi`H Bb ;Bp2M #v,
dP↓
/t = −P↓Γ/B`2+i U8XkyV
6Q` i?2 +H+mHiBQM Q7 Γ/B`2+i  HQr2` 2biBKi2 7Q` i?2 BQMBbiBQM +`Qbb b2+iBQM Bb mb2/
rBi? σ/B`2+i = σ/B`2+i, T2F/20X h?2 bQHmiBQM 7Q` P↓(t) rBi? P↓(t = 0) = 1 Bb,
P↓(t) = 2tT(−Γ/B`2+i t) = 1− e↓ U8XkRV
*QK#BMBM; i?2b2 irQ `2bmHib ;Bp2b i?2 K2bm`2K2Mi }/2HBiv b  7mM+iBQM Q7 Hb2`
TmHb2 /m`iBQM,
FJ(t) =
1
2
[1 + 2tT (−Γ/B`2+i t)− 2tT (−Γ.ys t)] U8XkkV
6B;m`2 8X8 THQib e↑ M/ e↓ b  7mM+iBQM Q7 iBK2 M/ HbQ i?2 +QK#BM2/- p2`;2
K2bm`2K2Mi 2``Q` 1 − FJ(t)X *H2`Hv- i?2`2 Bb M QTiBKmK Hb2` TmHb2 /m`iBQM
i?i HHQrb 7Q` QTiBKmK .ys BQMBbiBQM Q7 |↑⟩- r?BH2 F22TBM; i?2 /B`2+i BQMBbiBQM
9h?2 QMHv `2TQ`i2/ ?QKQ;2M2Qmb HBM2rB/i? pHm2 7Q` T?QbT?Q`mb ?b #22M bii2/ BM X uM;Ƕb
i?2bBb b ∆f ≈ kX9J>x- TT`QtBKi2Hv 7Qm` iBK2b H`;2` i?M i?2 HB72iBK2 HBKBi2/ pHm2 (Rd3)X
Ne *?Ti2` 8 6mM/K2MiHb Q7 i?2 #QmM/ 2t+BiQM i`MbBiBQM
Laser pulse duration (us)
10 -5
10 -4
10 -3
10 -2
10 -1
10 0
Er
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20 4 6 8 10
'JHVSF  1``Q` `i2 7Q` i?2 |↑⟩@ M/ |↓⟩@bii2 M/ i?2 p2`;2 K2bm`2K2Mi
2``Q` 1 − FJ Q7 i?2 .ys bTBM iQ +?`;2 +QMp2`bBQM b  7mM+iBQM Q7 Hb2`
TmHb2 /m`iBQMX h?2 .ys Hb2` Bb bbmK2/ iQ #2 imM2/ iQ |↑⟩X h?2 QTiBKmK
TmHb2 /m`iBQM U?2`2 tT, QTi ≈ 8 ƒbV Bb  7mM+iBQM Q7 Hb2` TQr2` U?2`2 b?QrM
7Q`  ivTB+H TQr2` Q7 IG ≈ d× RyjqfKkV- r?BH2 i?2 +?B2p#H2 }/2HBiv QMHv
/2T2M/b QM i?2 `iBQ Γ.ys/Γ/B`2+i ≈ 8× Ryj 7Q` T?QbT?Q`mbX
Q7 |↓⟩ b HQr b TQbbB#H2X h?Bb QTiBKmK TmHb2 /m`iBQM Bb ;Bp2M #v,
tT, QTi =
HM
(
Γ.ys
Γ/B`2+i
)
Γ.ys − Γ/B`2+i U8XkjV
M/ `2bmHib BM  #2bi@+?B2p#H2 K2bm`2K2Mi }/2HBiv Q7,
FJ(tT, QTi) =
1
2
⎡⎣1 + ( Γ.ys
Γ/B`2+i
) 1
1+
(
Γ.ys
Γ/B`2+i
)
−
(
Γ.ys
Γ/B`2+i
) 1(
Γ/B`2+i
Γ.ys
)
−1
⎤⎦ U8Xk9V
≈ 1
2
⎡⎣1 + ( Γ.ys
Γ/B`2+i
)−Γ/B`2+iΓ.ys − Γ/B`2+i
Γ.ys
⎤⎦ U8Xk8V
r?2`2 i?2 Hbi TT`QtBKiBQM ?QH/b 7Q` Γ.ys ≫ Γ/B`2+iX h?2 +?B2p#H2 }/2HBiv i?mb
QMHv /2T2M/b QM i?2 `iBQ Γ.ys/Γ/B`2+iX "Qi? Γ.ys M/ Γ/B`2+i /2T2M/ HBM2`Hv QM
IG- K2MBM; i?i i?2 FJ(tT, QTi) Bb BM/2T2M/2Mi Q7 Hb2` TQr2`X 6Q` T?QbT?Q`mb BM
bBHB+QM Γ.ys/Γ/B`2+i ≈ 8× Ryj M/ i?2 +?B2p#H2 bBM;H2 bTBM K2bm`2K2Mi }/2HBiv
Bb i?mb FJ(tT, QTi) ≈ NNXNRWX Ai b?QmH/ #2 MQi2/ i?i i?Bb bBM;H2@b?Qi 2H2+i`QM
bTBM K2bm`2K2Mi }/2HBiv Bb M 2biBKi2- #b2/ QM `2HiBp2Hv QH/ /i 7Q` i?2 .ys
Qb+BHHiQ` bi`2M;i? M/ M 2ti`TQHi2/ pHm2 7Q` /B`2+i T?QiQ@BQMBbiBQM +`Qbb b2+iBQM
σ/B`2+iX Ai +QmH/ i?mb #2 TQbbB#H2 i?i i?2 `2TQ`i2/ pHm2 Bb BM++m`i2X
8XR h?2 /QMQ` #QmM/ 2t+BiQM Nd
M 2``Q` `i2 Q7 R× RyƐj Bb #Qmi QM2 Q`/2` Q7 K;MBim/2 #Qp2 i?2 +QKKQMHv
+Bi2/ 2``Q` i?`2b?QH/ 7Q` bm`7+2 +Q/2 [mMimK +QKTmiiBQM Q7 RW U+7X *?X kVX
6m`i?2`KQ`2 i?Bb pHm2 Bb KQ`2 i?M M Q`/2` Q7 K;MBim/2 #2ii2` i?M i?2 #2bi
2tT2`BK2MiH /QMQ` 2H2+i`QM bTBM@`2/Qmi rBi? M 2``Q` `i2 Q7 jW (ke)X
Ai b?QmH/ #2 MQi2/ i?i #Qi? Q7 i?2b2 2H2+i`QM K2bm`2K2Mi }/2HBiB2b r2`2 /2`Bp2/
7Q` i?2 bBM;H2 b?Qi K2bm`2K2Mi Q7 i?2 2H2+i`QM bTBMX A7 i?2 K2bm`2K2Mi }/2HBiv
Bb Q7 +`BiB+H BKTQ`iM+2 M/ B7 i?2 /QMQ` Mm+H2` bTBM Bb MQi mb2/ BM i?2 [mMimK
+B`+mBi- i?2M Bi b?QmH/ #2 TQbbB#H2 iQ i`/2 `2/@Qmi iBK2 7Q` }/2HBivX aBM+2 i?2
Mm+H2` bTBM T`QD2+iBQM bivb +QMbiMi /m`BM; .ys BQMBbiBQM Q7 i?2 /QMQ` (R3)- Bi Bb
TQbbB#H2 iQ }`bi T2`7Q`K  aqS QT2`iBQM- i`Mb72`BM; i?2 2H2+i`QM bTBM +Q?2`2M+2
iQ i?2 Mm+H2` bTBM (R3- RN)X am#b2[m2Mi /QMQ` 2H2+i`QM bTBM BMBiBHBbiBQM M/ Mm@
+H2` bTBM bii2 /2T2M/2Mi 2H2+i`QM bTBM ~BTb +QMbiBimi2  [mMimK MQM@/2KQHBiQM
UZL.V K2bm`2K2Mi Q7 i?2 Mm+H2` bTBMX h?Bb ZL. K2bm`2K2Mi +M #2 `2T2i@
BiBp2Hv T2`7Q`K2/- `2bi`B+i2/ QMHv #v i?2 HQM; T1 iBK2 Q7 i?2 Mm+H2` /QMQ` bTBM
M/ i?mb 2M#H2b bB;MB}+MiHv BKT`Qp2/ K2bm`2K2Mi }/2HBiB2b i i?2 2tT2Mb2 Q7
K2bm`2K2Mi iBK2 M/ `2bQm`+2 Qp2`?2/ (k8)X
 $PVQMFE SBUF FRVBUJPOT GPS UIF EPOPS FYDJUPO BOE DPOEVDUJPO
CBOE EFOTJUJFT
h?2 }MH T`i Q7 i?Bb b2+iBQM /2Hb rBi? i?2 +QmTH2/ `i2 2[miBQMb Q7 i?2 T`Q+2bb2b
/Bb+mbb2/ BM i?Bb +?Ti2`X _2bi`B+iBM; i?2 /Bb+mbbBQM iQ +HQb2@iQ@#M/;T 2t+BiiBQM
M/ HQr i2KT2`im`2 i?2 +QmTH2/ `i2 2[miBQMb 7Q` i?2 +QM/m+iBQM #M/ 2H2+i`QM
/2MbBiv n- i?2 M2mi`H /QMQ` |↑⟩@ M/ |↓⟩@ /2MbBiB2b N↑  N↓- i?2 #QmM/ 2t+BiQM
/2MbBiv N.ys M/ i?2 7`22 2t+BiQM /2MbBiv Ns `2 U+7X a2+iBQMb 8XRXk iQ 8XRX9XkV,
/N↑
/t = −Γ
↑
.ysN↑ − Γ/B`2+iN↑ − Bs→.ysN↑Ns +
1− Pi?
2
Bn→N0N+n− /N↑↓T1
U8XkeV
/N↓
/t = −Γ
↓
.ysN↓ − Γ/B`2+iN↓ − Bs→.ysN↓Ns +
1 + Pi?
2
Bn→N0N+n+ /N↑↓T1
U8XkdV
/n
/t = N.ys/τ.ys,m;2` + Γ/B`2+i(N↑ +N↓)− Bn→N0N
+n U8Xk3V
/N.ys
/t = Γ
↑
.ysN↑ + Γ
↓
.ysN↓ +Bs→.ys(N↑ +N↓)Ns −N.ys/τ.ys,m;2` U8XkNV
/Ns
/t = Gs,BMi`BMbB+ −Ns/τs,`/Bs→.ys(N↑ +N↓)Ns U8XjyV
N3 *?Ti2` 8 6mM/K2MiHb Q7 i?2 #QmM/ 2t+BiQM i`MbBiBQM
6Q` i?2 M2mi`H /QMQ` /2MbBiv  T1 i2`K ?b #22M BM+Hm/2/ b /N↑↓T1 = ((N↑−N↓)−
Pi?(N↑+N↓))/T1X b /Bb+mbb2/ BM a2+X 8XRX9Xk- +HQb2 iQ M/ #2HQr i?2 #M/;T i?2
/B`2+i T?QiQ BQMBbiBQM `i2 Γ/B`2+i(N↑ + N↓) Qmir2B;?b i?2 7`22 2t+BiQM ;2M2`iBQM
`i2 Gs,BMi`BMbB+X AM i?Bb +b2 i?2 bbmKTiBQM Gs,BMi`BMbB+ ≈ 0 M/ Ns ≈ 0 Bb pHB/X
h?2 +?QB+2 Q7 i?2 BQMBb2/ /QMQ` +QM+2Mi`iBQM N+ Bb [mBi2 +`BiB+H- b rBHH #2 b22M BM
a2+X 8XkXkX  +QKKQM bbmKTiBQM mb2/ i?`Qm;?Qmi i?Bb i?2bBb Bb N+ = N+(N0−
N↑ − N↓)X h?2 #bBb 7Q` i?Bb bbmKTiBQM Bb i?i  `2bB/mH ++2TiQ` +QM+2Mi`iBQM
N H2/b iQ /QMQ`@++2TiQ` `2+QK#BMiBQM (RdN)- BQMBbBM; M 2[mH /2MbBiv Q7 /QMQ`bX
Ai b?QmH/ #2 MQi2/ i?i mM/2` bi`QM; T?QiQ@BHHmKBMiBQM  `2p2`bH Q7 i?2 /QMQ`@
++2TiQ` `2+QK#BMiBQM ?b #22M Q#b2`p2/- rBi? M BM+`2b2 Q7 M2mi`H /QMQ`b 7Q`
 7mHHv +QKT2Mbi2/ bKTH2 b  7mM+iBQM Q7 Hb2` TQr2` (RdN)X i i?2 rp2H2M;i?b
M/ TQr2`b mb2/ rBi?BM i?Bb i?2bBb- MQ bm+? 2z2+ib b22K iQ Q++m` M/ i?2 BQMBb2/
/QMQ` +QM+2Mi`iBQM b22Kb iQ #2 +QMbiMi b BM/B+i2/ #v i?2 HBM2` /2T2M/2M+2 Q7
n QM IG BM a2+bX 8Xk  eXkXkVX
8Xk .ys T?QiQ@>HH J2bm`2K2Mib NN
 %9 QIPUP)BMM .FBTVSFNFOUT
h?Bb b2+iBQM BKb iQ mM/2`biM/ i?2 +?M;2b Q7 +QM/m+iBpBiv- +``B2` +QM+2Mi`@
iBQM M/ KQ#BHBiv mM/2` BHHmKBMiBQM rBi? i?2 Hb2` QM@ M/ Qz `2bQMM+2 rBi? i?2
.ys i`MbBiBQMX aQ 7`- i?2 .ys T?QiQ+QM/m+iBpBiv ?b MQi #22M BMp2biB;i2/ BM
 [mMiBiiBp2 Kii2`- MQ` ?b Bi #22M FMQrM- r?2i?2` KQ#BHBiv +?M;2b- 2X;X /m2
iQ BM+`2b2/ BQMBx2/ /QMQ` b+ii2`BM;- THv  bB;MB}+Mi `QH2X h?2`27Q`2 T?QiQ@>HH
K2bm`2K2Mib Q7 T`2+Bb2Hv i?2b2 [mMiBiB2b b  7mM+iBQM Q7 Hb2` TQr2` M/ T?QiQM
2M2`;v `2 T`2b2Mi2/ BM i?2 7QHHQrBM; b2+iBQMX
a2+iBQM 8XkXR BMi`Q/m+2b i?2 T`BM+BTH2 Q7 i?2 pM@/2`@Smr >HH K2bm`2K2Mi-
r?BH2 a2+X 8XkXk b?Qrb i?2 Hb2` TQr2` /2T2M/2M+2 Q7 +``B2` +QM+2Mi`iBQM M/
KQ#BHBiv- #Qi? QM `2bQMM+2 rBi? i?2 .ys i`MbBiBQM M/ Qz `2bQMM+2X
h?2 bKTH2 mb2/ Bb i?2 bK2 7Q` r?B+? i?2 K;M2iQ`2bBbiM+2 M/ +``B2` 7`22x2@
Qmi r2`2 BMp2biB;i2/ BM a2+X jX8Xj M/ a2+X jX8X9- r?B+? /`2r i?2 +QM+HmbBQM i?i
i?2 2H2+i`QM KQ#BHBiv i ∼9E M/ B = yh b?QmH/ #2 eĜ3× Ry9 +KkfUo bVX
 7BOEFS1BVX QIPUP)BMM NFBTVSFNFOU
a2+iBQM jX8Xk /2b+`B#2/ i?2 2K2`;2M+2 Q7  >HH pQHi;2 BM  K;M2iB+ }2H/- T2`T2M@
/B+mH` iQ #Qi? i?2 +m``2Mi M/ K;M2iB+ }2H/ /B`2+iBQMX h?2 >HH pQHi;2 HHQrb
QM2 iQ /2/m+2 i?2 +``B2` /2MbBiv M/ UBM +QK#BMiBQM rBi?  +QM/m+iBpBiv K2bm`2@
K2MiV  pHm2 7Q` i?2 >HH KQ#BHBivX h?2b2 irQ K2bm`2K2Mib `2 B/2HHv +``B2/ Qmi
mbBM;  >HH #` ;2QK2i`v- r?2`2 i?2 >HH #` `Kb 2M#H2 M ++m`i2 7Qm`@TQBMi
`2bBbiBpBiv K2bm`2K2Mi M/  >HH K2bm`2K2Mi i?i Bb T2`7Q`K2/ rBi? i?2 >HH
pQHi;2 H2/b T2`72+iHv T2`T2M/B+mH` iQ i?2 +m``2Mi /B`2+iBQMX  /`r #+F Q7 i?Bb
``M;2K2Mi Bb i?i Bi `2[mB`2b bB;MB}+MiHv KQ`2 7#`B+iBQM bi2TbX M Hi2`MiBp2 Bb
i?2 K2i?Q/ Q7 pM@/2`@Smr- r?B+? HHQrb 7Q` +QM/m+iBpBiv M/ >HH K2bm`2K2Mib
Q7 `#Bi``BHv b?T2/ bKTH2bX Aib `2[mB`2K2Mib +M #2 2bBHv K2i M/ `2,
Ç h?2 +QMi+ib Kmbi #2 K/2 i i?2 2/;2b Q7 i?2 bKTH2X
Ç h?2 +QMi+i b2T`iBQM Kmbi #2 Km+? H`;2` i?M i?2 i?B+FM2bb Q7 i?2 bKTH2X
Ç h?2 bKTH2 i?B+FM2bb Kmbi #2 mMB7Q`K M/ i?2 +QM/m+iBpBiv Kmbi #2 BbQi`QTB+
M/ ?QKQ;2M2QmbX
Ç h?2 bKTH2 Kmbi MQi ?p2 ?p2 ?QH2b Q` MQM@+QM/m+iBM; BbHM/bX
Ryy *?Ti2` 8 6mM/K2MiHb Q7 i?2 #QmM/ 2t+BiQM i`MbBiBQM
(c) 5mm
I
V
I
V(a) (b)
1
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B
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'JHVSF  h?2 pM@/2`@Smr +QM/m+iBpBiv M/ >HH K2bm`2K2MiX *QMM2+@
iBQM b+?2KiB+ Q7 i?2 +m``2Mi bQm`+2 UAV UrBi? i?2 i2+?MB+H +m``2Mi /B`2+iBQM
BM/B+i2/ #v i?2 ``QrV M/ pQHiK2i2` UoV 7Q` UV i?2 +QM/m+iBpBiv K2bm`2@
K2Mi M/ U#V i?2 >HH K2bm`2K2Mi rBi? TQbBiBp2 K;M2iB+ }2H/ /B`2+iBQM
BM/B+i2/X U+V M BK;2 Q7 bKTH2 MiaB@>HH KQmMi2/ QM  S*" i?i }ib
BMiQ  `2;mH` 8KK 1a_ im#2X Ai Bb +QMM2+i2/ pB +QTT2` S*" i`+Fb M/
HmKBMBmK #QM/ rB`2bX
h?2 7QHHQrBM; K2bm`2K2Mib 7QHHQr i?2 2t+2HH2Mi ;mB/2 #v i?2 LiBQMH AMbiBimi2
Q7 aiM/`/b M/ h2+?MQHQ;v8X aKTH2 MiaB@>HH Bb  b[m`2 +mi 7`QK  #mHF /QT2/
r72` rBi? jX8KK HQM; 2/;2bX 6Qm` Q?KB+ +QMi+ib U`b2MB+ BKTHMi M/ HmKBMBmK
#QM/ T/bV BM i?2 7Qm` +Q`M2`b `2 +QMM2+i2/ pB HmKBMBmK rB`2 #QM/b- b /2TB+i2/
BM 6B;X 8XeU+VX
6Q` i?2 +QM/m+iBpBiv K2bm`2K2Mib- i?2 bKTH2 Bb +QMM2+i2/ b /2TB+i2/ BM
6B;X 8XeUVX h?2 +m``2Mi Bb bQm`+2/ HQM; QM2 2/;2 Q7 i?2 bKTH2 M/ i?2 pQHi@
;2 K2bm`2/ QM i?2 QTTQbBi2 bB/2X 6`QK  HBM2` br22T Q7 i?2 bQm`+2 #Bb- i?2
`2bBbiM+2 pHm2 R12,43 = ∆V43/∆I12 Bb }ii2/X aBKBH`Hv- R23,14 Bb K2bm`2/ HQM;
i?2 T2`T2M/B+mH` 2/;2 Q7 i?2 bKTH2- rBi? +m``2Mi bQm`+2/ 7`QK +QMi+i k iQ j
M/ pQHi;2 K2bm`2/ 7`QK +QMi+i R iQ 9X oM@/2`@Smr b?Qr2/ i?i i?2 b?22i
`2bBbiBpBiv Q7 i?2 bKTH2 Ra HBMFb i?2b2 irQ T2`T2M/B+mH` 7Qm`@TQBMi `2bBbiBpBiv
K2bm`2K2Mib ++Q`/BM; iQ (R3y),
2tT(−πR12,43/Ra) + 2tT(−πR23,14/Ra) = 1 U8XjRV
8?iiTb,ffrrrXMBbiX;QpfTKHf2M;BM22`BM;@T?vbB+b@/BpBbBQMfTQTmH`@HBMFbf
?HH@2772+i- r`Bii2M #v qX _Q#2`i h?m`#2` i LAah :Bi?2`b#m`;- J`vHM/X
8Xk .ys T?QiQ@>HH J2bm`2K2Mib RyR
h?Bb 2[miBQM Bb bQHp2/ MmK2`B+HHve iQ /2i2`KBM2 i?2 pHm2 Q7 RaX h?2 bKTH2
+QM/m+iBpBiv Bb ;Bp2M #v σ0 = 1/(Rad) rBi? d b bKTH2 i?B+FM2bbX hrQ 7m`i?2`
K2bm`2K2Mib `2 +``B2/ Qmi rBi? +m``2Mi bQm`+2/ HQM; i?2 Qi?2` irQ bB/2b Q7
i?2 bKTH2 iQ /2/m+2 MQi?2` b?22i `2bBbiM+2 pHm2 iQ BKT`Qp2 ++m`+v M/ +?2+F
+QMbBbi2M+vX
h?2 +QM};m`iBQM Q7 i?2 >HH K2bm`2K2Mi Bb /2TB+i2/ BM 6B;X 8XeU#VX h?2 +m``2Mi
Bb bQm`+2/ /B;QMHHv 7`QK +QMi+ib k iQ 9- rBi? pQHi;2 #2BM; K2bm`2/ QM i?2 Qi?2`
/B;QMH 7`QK +QMi+ib j iQ RX b #Qp2-  `2bBbiM+2 pHm2 R24,31 = ∆V31/∆I24 Bb
/2i2`KBM2/ 7`QK  pQHi;2 br22TX A7 i?2 +m``2Mi /B`2+iBQM M/ pQHi;2 K2bm`2@
K2Mi H2/b `2 MQi T2`72+iHv T2`T2M/B+mH`- i?2M R24,31 rBHH BM+Hm/2  +QKTQM2Mi
T`QTQ`iBQMH iQ i?2 pQHi;2 /`QT 7`QK +QMi+i k iQ 9X "v T2`7Q`KBM; i?2 K2@
bm`2K2Mi #Qi? BM TQbBiBp2 K;M2iB+ }2H/ R24,31T M/ mM/2` }2H/ `2p2`bH rBi? M2;@
iBp2 K;M2iB+ }2H/ UR24,31MV i?2 Tm`2 >HH pQHi;2 +QMi`B#miBQM +M #2 2ti`+i2/
b R24,31 = (R24,31T − R24,31M)/2X h?2 bB;M Q7 R24,31 /2i2`KBM2b i?2 +``B2` ivT2d-
rBi? R24,31 > 0 B/2MiB7vBM; 2H2+i`QM KDQ`Biv +?`;2 +``B2`b M/ R24,31 < 0 7Q` ?QH2
KDQ`Biv +``B2`b U+7X 1[X UjXk3VVX h?2 +``B2` /2MbBiv +M #2 /2i2`KBM2/ ++Q`/BM;
iQ 1[X UjXk8V,
n =
Bz
e|R24,31|d U8XjkV
;BM- iQ BM+`2b2 ++m`+v M/ Dm/;2 K2bm`2K2Mi +QMbBbi2M+v- i?2 K2bm`2K2Mi
M/ MHvbBb Bb HbQ +``B2/ Qmi rBi? +m``2Mi bQm`+2/ 7`QK +QMi+ib R iQ j M/ pQHi;2
K2bm`2/ 7`QK +QMi+i k iQ 9X
h?2 >HH KQ#BHBiv Bb i?2M +H+mHi2/ #v 1[X UjXkeV b µ> = σ0/(en)X
 %9 MBTFS QPXFS JOøVFODF PO DBSSJFS EFOTJUZ BOENPCJMJUZ
h?2 T?QiQ@>HH K2bm`2K2Mib `2 +QM/m+i2/ i 9X8E M/ BM  K;M2iB+ }2H/ Q7
jyyKh 7Q` #Qi? i?2 >HH M/ `2bBbiBpBiv K2bm`2K2MiX .Bz2`2Mi T?QiQM 2M2`;B2b
`2 BMp2biB;i2/- rBi? i?2 Hb2` imM2/ #Qi? QM@ M/ Qz `2bQMM+2 rBi? i?2 .ys
i`MbBiBQM M/ M //BiBQMH K2bm`2K2Mi i  bHB;?iHv #Qp2 #M/;T 2M2`;v Q7
RXR3 2oX
6B;m`2 8Xd THQib i?2 T?QiQ+m``2Mi b  7mM+iBQM Q7 T?QiQM 2M2`;vX *QKT`2/ iQ
ivTB+H MiaB bT2+i`- i?Bb bKTH2 b?Qrb  H`;2 .ys HBM2rB/i? Q7 kyy ƒ2o- r?B+? Bb
HBF2Hv /m2 iQ bi`BM +mb2/ #v i?2 KQmMiBM; U+7X a2+X 8XjV, 6Q` p`BQmb bKTH2b M
eA7 i?2 bKTH2 Bb  T2`72+i b[m`2- #Qi? `2bBbiBpBiv K2bm`2K2Mib b?QmH/ ;Bp2 i?2 bK2 `2bmHi M/
1[X U8XjRV +M #2 bQHp2/ MmK2`B+HHv rBi? Ra = πR12,43/ HM 2- i?mb `2[mB`BM; QMHv  bBM;H2 K2@
bm`2K2MiX h?2 T2`72+i b[m`2 bbmKTiBQM ?b MQi #22M iF2M BM i?2 T`2b2Mi2/ K2bm`2K2MibX
d"2`BM; i?2 /B{+mHiB2b 7Q` bBKBH` +``B2` +QM+2Mi`iBQMb n ≈ p Q` pbiHv /Bz2`2Mi KQ#BHBiB2b Q7
?QH2b M/ 2H2+i`QMb- /Bb+mbb2/ BM a2+iBQM jX8XkX
Ryk *?Ti2` 8 6mM/K2MiHb Q7 i?2 #QmM/ 2t+BiQM i`MbBiBQM
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'JHVSF  UV h?2 .ys bT2+i`mK- iF2M 7Q`  Hb2` BMi2MbBiv Q7
IG = RX3× Ry9qfKk M/ V13 = Ro pQHi;2 #Bb 2t?B#Bib  `2HiBp2Hv
#`Q/ HBM2rB/i?- #mi +H2`Hv b?Qrb M QM@`2bQMMi U+H2` +B`+H2bV M/ Qz@
`2bQMMi Ub?/2/ +B`+H2bV #2?pBQm`X h?2 Qb+BHHiBQMb- pBbB#H2 QM #Qi? bB/2b
Q7 i?2 `2bQMM+2- `2 HBF2Hv /m2 iQ BMi2`72`2M+2b +mb2/ #v `2~2+iBQMb Q7 i?2
irQ +`vQbii rBM/QrbX U#V h?2 +``B2` /2MbBiv- U/V +QM/m+iBpBiv M/ U7V >HH
KQ#BHBiv b  7mM+iBQM Q7 BM+B/2Mi Hb2` TQr2`X .i TQBMib 7Q` RXR3 2o BHHm@
KBMiBQM `2 BM/B+i2/ b /BKQM/bX U+V-U2V  U;V h?2 `iBQ Q7 i?2 `2bT2+iBp2
T?vbB+H [mMiBiB2b QM M/ Qz `2bQMM+2X
8Xk .ys T?QiQ@>HH J2bm`2K2Mib Ryj
BM+`2b2 BM HBM2rB/i? ?b #22M Q#b2`p2/ B7 i?2 TQbBiBQM i r?B+? Bi Bb ;Hm2/ pB :1
o`MBb? iQ i?2 S*" Bb +HQb2 iQ i?2 K2bm`2/ /QMQ`b Q7 i?2 /2pB+2X qBi? i?Bb b[m`2
bKTH2 ;2QK2i`v Bi Bb BKTQbbB#H2 iQ KQp2 i?2 ;Hm2@HQ+iBQM rv 7`QK i?2 +iBp2 `2
Q7 i?2 /2pB+2- bQ  H`;2- bi`BM@BM/m+2/ HBM2 #`Q/2MBM; +M MQi #2 pQB/2/X aiBHH- 
+H2` BM+`2b2 BM +QM/m+iBpBiv Bb Q#b2`p2/ QM `2bQMM+2 rBi? i?2 .ys i`MbBiBQMX
 Hb2` 2M2`;v Q7 RXR8y yy3 2o U+H2` +B`+H2bV Bb +?Qb2M 7Q` i?2 QM@`2bQMMi T?Q@
iQM 2M2`;v M/ RXR8y kj3 2o Ub?/2/ +B`+H2bV 7Q` i?2 Qz@`2bQMMi /i M/ i?2 >HH
K2bm`2K2Mib `2 T2`7Q`K2/ 7Q` /Bz2`2Mi Hb2` TQr2`b mM/2` +QMiBMmQmb BHHmKBM@
iBQMX h?2 `2bmHib `2 b?QrM BM 6B;bX 8XdU#-/-7V HQM; rBi? K2bm`2K2Mib bHB;?iHv
#Qp2 #M/;T i RXR39k 2o BM/B+i2/ b /BKQM/bX 6B;m`2b 8XdU+-2-;V THQi i?2 +Q`@
`2bTQM/BM; `iBQ #2ir22M i?2 K2bm`2/ [mMiBiv QM `2bQMM+2 /BpB/2/ #v Bib pHm2
Qz `2bQMM+2X AM i?2 7QHHQrBM;- }`bi i?2 .ys /i `2 /Bb+mbb2/- 7QHHQr2/ #v i?2
#Qp2 #M/;T /iX
$POEVDUJWJUZ POPò SFTPOBODF XJUI UIF %9 USBOTJUJPO qBi? i?2 Hb2` 2M2`;v BM
i?2 pB+BMBiv Q7 RXR8 2o #Qi? i?2 +QM/m+iBpBiv M/ +``B2` /2MbBiv BM+`2b2 rBi? BM@
+`2bBM; Hb2` BMi2MbBiv 7Q` HH Hb2` +QM/BiBQMbX h?2 +``B2` ivT2 Bb n@ivT2 M/ 
HBM2` /2T2M/2M+2 Bb Q#b2`p2/ #2ir22M n M/ IG U+7X Q`M;2 HBM2VX h?2 bi2/v bii2
T?QiQ+``B2` /2MbBiv /2T2M/b QM i?2 #HM+2 Q7 i?2 Hb2` BMi2MbBiv@/2T2M/2Mi +``B2`
;2M2`iBQM `i2 G(IG) M/ T?QiQ+``B2` `2+QK#BMiBQM `i2 τn(IG) b (Rd9),
n = G(IG)τn(IG) U8XjjV
6`QK i?2 /Bb+mbbBQM Q7 a2+X 8XRX9Xk- Bi +M #2 +M bbmK2/ i?i i RXR8 2o i?2
BMi`BMbB+ +?`;2 ;2M2`iBQM Bb Km+? r2F2` i?M i?2 .ys@ M/ Qz@`2bQMMi /B`2+i
BQMBbiBQM `i2 M/ ?2M+2 αaB ≈ 0X 6m`i?2`KQ`2- #Qi? i?2 .ys 2t+BiiBQM `i2 Γ.ys
M/ i?2 /B`2+i T?QiQ BQMBbiBQM `i2 Γ/B`2+i b+H2 HBM2`Hv rBi? IGX h?2 KBM `2@
+QK#BMiBQM T`Q+2bb 7Q` i?2 2H2+i`QMb Bb i?2 i`TTBM; #v M BQMBb2/ /QMQ` BKTm`Biv
U+7X a2+X 8XRXjV rBi? M `2+QK#BMiBQM iBK2 Q7 τn = 1/(Bn→N0N+)X AM Q`/2` iQ
2Mbm`2  HBM2` /2T2M/2M+2 Q7 n rBi? IG- N+ Kmbi #2 BM/2T2M/2Mi Q7 IGX A7 QMHv
i?2 BQMBb2/ /QMQ`b i?i T`QKQi2/ 2H2+i`QMb iQ i?2 +QM/m+iBQM #M/ r2`2 T`iF@
BM; BM i?2 `2+QK#BMiBQM- τn rQmH/- ?Qr2p2`- /2T2M/ QM IGX >2M+2- //BiBQMHHv-
 K2+?MBbK b22Kb iQ 2tBbi i?i 2Mbm`2b  UiQ }`bi Q`/2`V +QMbiMi N+ /2MbBivX
 HBF2Hv K2+?MBbK i?i 2M#H2b  bm#b2i Q7 /QMQ`b iQ #2 T2`KM2MiHv BQMBb2/ Bb
i?2 bQ@+HH2/ ǵ/QMQ`@++2TiQ` `2+QK#BMiBQMǶ (RdN), A7  /QMQ` ?b M ++2TiQ` BM
Bib BKK2/Bi2 pB+BMBiv- i?2 2H2+i`QM Q7 i?2 /QMQ` `2+QK#BM2b rBi? i?2 ?QH2 Q7 i?2
++2TiQ`- i?mb BQMBbBM; #Qi? i?2 ++2TiQ` M/ /QMQ`X h?2 +?`;2 i`Mb72` iBK2
Ry9 *?Ti2` 8 6mM/K2MiHb Q7 i?2 #QmM/ 2t+BiQM i`MbBiBQM
b+H2 /2T2M/b 2tTQM2MiBHHv QM i?2 /QMQ`@++2TiQ` b2T`iBQM- M/ bm{+B2MiHv +HQb2
/QMQ`b KB;?i #2 BQMBb2/ BM/2T2M/2Mi Q7 +QM/m+iBQM #M/ 2H2+i`QM /2MbBivX h?2 +@
+2TiQ` +QM+2Mi`iBQM Q7 i?2 r72` Bb mMFMQrM- #mi  pHm2 Q7 N = 1012−14 +KƐj
/Q2b MQi b22K mM`2bQM#H2- r?2M +QKT`2/ 2X;X rBi? i?2 ++2TiQ` +QM+2Mi`iBQMb
Q7 i?2 k3aB bKTH2bX
 7m`i?2` mM+2`iBMiv BM i?2 `2bmHib Bb i?2 +imH Hb2` TQr2` rBi?BM i?2 bKTH2X
"2K `2~2+iBQMb QM i?2 bBHB+QM bm`7+2 `2 QM i?2 Q`/2` Q7 9yW M/ Kv //BiBQMHHv
#2 z2+i2/ #v i?2 Hb2` /2HBp2`v /B`2+iBQM- r?B+? Bb BM@THM2 rBi? i?2 bKTH2 /m2
iQ i?2 `2[mB`2K2Mi Q7 T2`T2M/B+mH` KQmMiBM; Q7 i?2 bKTH2 BM i?2 K;M2iB+ }2H/X
6m`i?2`KQ`2- #bQ`TiBQMbf`2~2+iBQMb /m2 i?2 K2iHHB+ ;`B/ Q7 i?2 `2bQMiQ` +pBiv
M/ i?2 p`BQmb QTiB+H rBM/Qrb `2 T`2b2MiX AM i?2 7QHHQrBM;- i?2 Hb2` TQr2` rBi?BM
i?2 bKTH2 rb 2biBKi2/ iQ #2 #Qmi RyW Q7 IGX .2}MBM; M 2``Q` `M;2 7Q` i?Bb
2biBKi2 Bb /B{+mHi #mi i?2 +imH Hb2` BMi2MbBiv +QmH/ 2bBHv #2 MQi?2` 7+iQ` kĜ8
QzX
h?2 bQHmiBQM Q7 1[X U8XjjV 7Q` i?2 Qz@`2bQMMi +b2 Bb THQii2/ b i?2 Q`M;2 HBM2 BM
6B;X 8XdU/VX GBi2`im`2 pHm2bUσ/B`2+i = 0.05σ/B`2+i, T2FV r2`2 mb2/ 7Q` Γ/B`2+i M/ i?2
`2+QK#BMiBQM iBK2 rb mb2/ b  }i T`K2i2`- ;BpBM; τn ≈ kN MbX h?Bb +Q``2bTQM/b
iQ  `2bQM#H2 pHm2 Q7 N+ ≈ 8× RyRk +KƐjX
h?2 >HH KQ#BHBiv µ>- #Qi? QM M/ Qz `2bQMM+2 HbQ BM+`2b2b rBi? IG- #mi QMHv
#v `QmM/ kyW Qp2` irQ Q`/2`b Q7 K;MBim/2 p`BiBQM BM IGX Ai Bb i?mb KBMHv
i?2 +?M;2 Q7 ∆n i?i BM~m2M+2b i?2 T?QiQ+QM/m+iBpBiv- r?B+? HbQ b+H2b `Qm;?Hv
HBM2`Hv U;`2v HBM2 BM 6B;X 8XdU#VVX h?2 KQ#BHBiv pHm2 i IG = RX3× Ry9qfKk
U8× Ry9 +KkfUobVV Bb i?2 bK2 b i?i 2ti`+i2/ 7`QK i?2 K;M2iQ`2bBbiM+2 /i
i jyyKh U6B;X jX3VX h?2 K;M2iQ`2bBbiM+2 bim/v b?Qr2/ i?i i?2 T?QiQ+``B2`
KQ#BHBiv i 9X8E M/ yKh Ki+?2/ p2`v r2HH i?2 2ti`TQHi2/ 2H2+i`QM KQ#BHBiv Q7
i?2 i2KT2`im`2 bim/v Q7 6B;X jXN M/ i?mb Bi b22Kb p2`v HBF2Hv i?i Bi Bb Tm`2Hv n@ivT2
T?QiQ+QM/m+iBpBiv rBi? QMHv  M2;HB;B#H2 ?QH2 +QMi`B#miBQM iQ i?2 T?QiQ i`MbTQ`iX
M 2p2M bi`QM;2` `;mK2Mi 7Q` i?Bb +QM+HmbBQM +M #2 7QmM/ 7`QK i?2 KQ#BHBiv `iBQ
µPM `2b/µP77 `2bX 6Q` HH Hb2` TQr2`b i?Bb `iBQ Bb p2`v +HQb2 iQ QM2- r?BH2 i?2 +``B2`
/2MbBiv +?M;2 #Qmi  7+iQ` Q7 kX h?Bb TQBMib iQ i?2 +QM+HmbBQM i?i BM #Qi?
+b2b i?2 bK2 T?QiQ@+``B2` ivT2 Bb `2bTQMbB#H2 7Q` i?2 +QM/m+iBpBiv M/ bBM+2 i?2
QM@`2bQMMi +``B2` /2MbBiv `Bb2 Bb FMQrM iQ #2 +mb2/ #v i?2 .ys m;2` 2H2+i`QMb-
Bi Bb `2bQM#H2 iQ bbmK2 i?i i?2 Qz@`2bQMMi T?QiQ+``B2`b `2 HbQ 2H2+i`QMbX
1IPUPDPOEVDUJWJUZ GPS TMJHIUMZ BCPWF CBOEHBQ FYDJUBUJPO h?2 /Bb+mbbBQM 7Q` T?Q@
iQM 2M2`;B2b #Qp2 #M/;T- BX2X i?2 /BKQM/ /i TQBMib Q7 6B;bX 8Xd U#- /  7V
rBi? !ω ≈ RXR39k 2o- Bb MQi b +QM+HmbBp2X h?2 T?QiQ +``B2` /2MbBiv 7Q`  ;Bp2M IG
8Xk .ys T?QiQ@>HH J2bm`2K2Mib Ry8
Bb #Qmi QM2 iQ irQ Q`/2`b Q7 K;MBim/2 ?B;?2` i?M i?i 7Q` !ω ≈ RXR8 2oX i }`bi
;HM+2- i?2 +``B2` KQ#BHBiv i !ω ≈ RXR3 2o HbQ b22Kb H`;2` 7Q` 2+? Hb2` BMi2M@
biBvX >Qr2p2`- r?2M THQiiBM; KQ#BHBiv ;BMbi +``B2` /2MbBiv U+7X BMb2i Q7 6B;X 8XdV-
i?2M HH i?`22 Hb2` +QM/BiBQMb b?Qr `Qm;?Hv i?2 bK2 #2?pBQm` Ĝ  bHB;?i BM+`2b2
BM +``B2` KQ#BHBiv iQr`/b ?B;?2` +``B2` /2MbBiB2bX
h?Bb Kv H2/ iQ i?2 +QM+HmbBQM i?i HbQ i !ω ≈ RXR39 2o- 2H2+i`QMb `2 i?2 KBM
+?`;2 +``B2`- r?B+? rQmH/ }i i?2 `;mK2Mib T`2b2Mi2/ BM a2+X 8XRX9XRX 6Q` RXR39k 2o
i?2 2t+BiQM 2M2`;v 7i2`  i`MbBiBQM 7`QK i?2 pH2M+2 #M/ iQ i?2 +QM/m+iBQM #M/
pB 2KBbbBQM Q7 i?2 HQr2bi 2M2`;v h@T?QMQM Bb 9K2o #2HQr i?2 +QM/m+iBQM #M/X
h?mb i?2 7Q`K2/ 7`22 2t+BiQM b?QmH/ HQ+HBx2 i  /QMQ` iQ 7Q`K  #QmM/ 2t+BiQM-
r?B+? i?2M /2+vb pB i?2 m;2` T`Q+2bb M/ 2KBbbBQM Q7 M 2H2+i`QMX >2M+2- Tm`2
2H2+i`QM +QM/m+iBQM b22Kb `2bQM#H2 i RXR39k 2o 7Q` i?Bb bKTH2 UN. ≫ NVX
>Qr2p2`- r?2M +QMbB/2`BM; i?2 K2bm`2/ #bQ`TiBQM +Q2{+B2Mi- M BM+QMbBb@
i2M+v 2K2`;2bX 6`QK i?2 jE ;`T? Q7 6B;X 8XjU#V M #bQ`TiBQM +Q2{+B2Mi Q7
αn(RXR39k 2o) ≈ yXyjj +KƐR Bb /2/m+2/X lbBM; i?Bb iQ +H+mHi2 i?2 2t+BiQM ;2M@
2`iBQM `i23 Gs,BMi`BMbB+ `2bmHib BM  pHm2 i?i Bb QM i?2 bK2 Q`/2` Q7 K;MBim/2
b i?2 /B`2+i BQMBbiBQM `i2 Γ/B`2+iN0X h?Bb rQmH/ `2bmHi BM  bBKBH` +QM/m+iBQM
#M/ +QM+2Mi`iBQM iQ i?2 QM2 K2bm`2/ mM/2` UQz@`2bQMMiV RXR8 2o 2t+BiiBQMX AM
Q`/2` iQ #2 +QMbBbi2Mi rBi? 7`22 2t+BiQM +Tim`2 M/ m;2` `2+QK#BMiBQM- 2Bi?2`
i?2 2H2+i`QM HB72iBK2 τn Kmbi #2 /`KiB+HHv HQM;2` i RXR3 2o +QKT`2/ iQ RXR8 2o
Q` i?2 2tT2`BK2MiH #bQ`TiBQM +Q2{+B2Mi Bb 2``QM2QmbX "Qi? Q7 i?2b2 i?2Q`B2b +M
MQi #2 p2`B}2/ rBi? i?2 pBH#H2 /iX
aiBHH- i?2 /i bm;;2bi i?i BM/22/- i RXR3 2o i?2 T?QiQ+QM/m+iBQM Bb T`BK`BHv
/m2 iQ  +QM/m+iBQM #M/ 2H2+i`QM KDQ`BivX 6m`i?2` BMp2biB;iBQMb `2- ?Qr2p2`-
M22/2/ iQ +H`B7v i?2 Q`B;BM M/ 2H2+i`QM HB72iBK2 HBKBiBM; T`Q+2bb #2?BM/ i?2 T?QiQ@
+QM/m+iBpBiv i RXR3 2oX
3q?B+? #v i?2 T`BM+BTH2 Q7 /2iBH2/ #HM+2 Bb HbQ i?2 2t+BiQM /2+v `i2 M/ i?2`27Q`2 2H2+i`QM
;2M2`iBQM `i2X
Rye *?Ti2` 8 6mM/K2MiHb Q7 i?2 #QmM/ 2t+BiQM i`MbBiBQM
 *OøVFODF PG NBHOFUJD öFME BOE TUSBJO PO UIF %9
USBOTJUJPO
h?Bb b2+iBQM BMp2biB;i2b i?2 .ys i`MbBiBQM 2M2`;v BM ;`2i2` /2iBHX b #Qi? i?2
/QMQ` 2M2`;v M/ i?2 .ys bii2 `2 7mM+iBQMb Q7 i?2 HQ+H bi`BM M/ K;M2iB+
}2H/- Bi Bb 2tT2+i2/ i?i i?2 i`MbBiBQM 2M2`;v Bb HbQ bm#D2+i iQ i?2b2 BM~m2M+2bX
h?2Q`2iB+H 2tT`2bbBQMb 7Q` i?2 i`MbBiBQM 2M2`;v `2 /2p2HQT2/ BM a2+X 8XjXR M/
bm#b2[m2MiHv mb2/ BM a2+X 8XjXk iQ 2tTHBM i?2 Q#b2`p2/ bT2+i`mK Q7 aKTH2 k3aB@
2TBě bi`BM2/ Hv2` Q7 T?QbT?Q`mb /QT2/ k3aB- ;`QrM 2TBitBHHv QM iQT Q7  MiaB
bm#bi`i2X
 %9 USBOTJUJPO FOFSHZ
b /Bb+mbb2/ BM a2+X 8XR- mM/2` r2F T2`im`#iBQMb Q7 i?2 rp27mM+iBQMb- i?2 #QmM/
2t+BiQM 2M2`;v +M #2 +H+mHi2/ b i?2 bBM;H2 T`iB+H2 2M2`;B2b Q7 i?2 2H2+i`QMb
M/ ?QH2- r?B+? #Qi? /2T2M/ QM K;M2iB+ }2H/ M/ bi`BM M/  UiQ  }`bi Q`/2`
+QMbiMiV i2`K 7Q` i?2 BMi2`@T`iB+H2 BMi2`+iBQMb ETB- ++QmMiBM; 7Q` i?2 2H2+i`QM@
2H2+i`QM M/ 2H2+i`QM@?QH2 BMi2`+iBQMX h?2 2H2+i`QM bBM;H2 T`iB+H2 2M2`;B2b `2 i?2
/QMQ` ;`QmM/ bii2 2M2`;B2b BM M 2ti2`MH K;M2iB+ }2H/N E0,e = E.y,ms X h?2 ?QH2
Q++mTB2b QM2 Q7 i?2 w22KM@bTHBi pH2M+2 #M/b +?`+i2`Bb2/ #v mj rBi? 2M2`;v
E0,h = −Eo",mj X
h?2 T?QiQM 2M2`;v `2[mB`2/ 7Q` i?2 i`MbBiBQM 7`QK i?2 .y ms bii2 iQ i?2 .ys
mj bii2 Bb ;Bp2M #v i?2 /Bz2`2M+2 BM 2M2`;v Q7 i?2 .ys M/ .y H2p2Hb- ;Bp2M #v
1[X U8X8V b,
!ω = E.ys − E.y U8Xj9V
=
(
E.y,+1/2 + E.y,−1/2 − Eo",mj + ETB
)− E.y,ms U8Xj8V
= E.y,−ms − Eo",mj + ETB U8XjeV
E.y,ms M/ Bib bi`BM M/ K;M2iB+ }2H/ /2T2M/2M+2 +M #2 +H+mHi2/ 7`QK
1[bX UjXRkV  UjXRjV- r?BH2 i?2 pH2M+2 #M/ 2M2`;v Eo",mj 7QHHQrb 1[X UjX3VX
h?2 `2bmHi +M HbQ #2 BMi2`T`2i2/ BM  KQ`2 BMimBiBp2 TB+im`2 Q7 i?2 .ys@
7Q`KiBQM, "2bB/2b i?2 T`iB+H2 BMi2`+iBQM i2`K ETB i?2 i`MbBiBQM 2M2`;v QMHv
/2T2M/b QM i?2 /Bz2`2M+2 #2ir22M i?2 mMQ++mTB2/ /QMQ` H2p2H M/ i?2 pH2M+2 #M/
BM r?B+? i?2 ?QH2 Bb +`2i2/X >2M+2- BM  [mHBiiBp2 KMM2`- i?2 .ys +`2iBQM
Nb BM a2+X 8XR i?2 Mm+H2` bTBM +QMi`B#miBQM iQ i?2 >KBHiQMBM BM+Hm/BM; i?2 ?vT2`}M2 BMi2`+@
iBQM `2 M2;H2+i2/ ?2`2 7Q` bBKTHB+BivX
8Xj AM~m2M+2 Q7 K;M2iB+ }2H/ M/ bi`BM QM i?2 .ys i`MbBiBQM Ryd
+M #2 BMi2`T`2i2/ b i?2 2t+BiiBQM Q7  pH2M+2 #M/ 2H2+i`QM iQ i?2 mMQ++mTB2/
/QMQ` H2p2HX h?Bb M/ i?2 +Q``2bTQM/BM; HHQr2/ i`MbBiBQMb `2 BHHmbi`i2/ BM 6B;@
m`2 8X3UV- HQM; rBi? i?2 +QMp2MiBQMH H#2HBM; Q7 i?2 #QmM/ 2t+BiQM i`MbBiBQMX
h?2 7Q`#B//2M i`MbBiBQMb `2 H#2HH2/ 7R M/ 7kX
b K2MiBQM2/ T`2pBQmbHv- MQi HH Q7 i?2 .ys i`MbBiBQMb BM M 2ti2`MH K;M2iB+
}2H/ `2 2[mHHv bi`QM;X h?2 i`MbBiBQM bi`2M;i? /2T2M/b QM i?2 i`MbBiBQM Ki`Bt
2H2K2Mi #2ir22M BMBiBH bii2 |J,mj⟩ M/ }MH bii2 |J ′,m′j⟩ rBi? i?2 /BTQH2 KQK2Mi
e`- ;Bp2M #v ⟨J,mj|e`|J ′,m′j⟩X 6QHHQrBM; i?2 qB;M2`@1+F`/i `mH2 i?2 2MiB`2 M;mH`
KQK2MimK /2T2M/2M+2 +M #2 7+iQ`2/ Qmi- H2/BM; iQ  /2+QKTQbBiBQM BMiQ 
`2/m+2/ Ki`Bt 2H2K2Mi M/ i?2 *H2#b+?@:Q`/QM +Q2{+B2Mi (RjN),
⟨J,mj|e`|J ′,m′j⟩ = ⟨J,mj||e`||J ′,m′j⟩ ⟨J,mj|J ′, 1,m′j, q⟩ U8XjdV
= ⟨J,mj||e`||J ′,m′j⟩ (−1)J ′−1+mj
√
2J + 1
(
J ′ 1 J
m′j q −mj
)
U8Xj3V
h?2 i2`K BM i?2 }MH /2+QKTQbBiBQM Bb i?2 qB;M2` j@D bvK#QHX b bii2/- i?2
b[m`2 Q7 i?2 `B;?i@?M/ bB/2 2MiB`2Hv /2b+`B#2b i?2 `2HiBp2 i`MbBiBQM T`Q##BHBiv
M/ +H+mHiBQM Q7 i?2b2 +Q2{+B2Mib 7Q` i?2 i`MbBiBQMb 7`QK i?2 J = 1/2 /QMQ`
bii2 iQ i?2 J ′ = 3/2 .ys H2p2H U|J,mj⟩ → |J ′,m′j⟩V `2bmHi BM i?2 7QHHQrBM; `2HiBp2
BMi2MbBiB2b,
|1/2, ±1/2⟩ → |3/2, ±3/2⟩ =̂ 1
|1/2, ±1/2⟩ → |3/2, ±1/2⟩ =̂ 2/3
|1/2, ±1/2⟩ → |3/2, ∓1/2⟩ =̂ 1/3
6B;m`2 8XR H#2Hb 2+? .ys i`MbBiBQM rBi? Bib +Q``2bTQM/BM; `2HiBp2 BMi2MbBivX
 1IPTQIPSVT %9 USBOTJUJPOT NFBTVSFE JO B 4J FQJMBZFS
AM i?2 7QHHQrBM;- M 2tT2`BK2Mi Bb /Bb+mbb2/ i?i ?B;?HB;?ib i?2 bi`BM M/ K;M2iB+
}2H/ BM/m+2/ b?B7ib Q7 i?2 .ys i`MbBiBQMX h?2 bKTH2 mb2/ Bb bKTH2 k3aB@2TB
7Q` r?B+? i?2 /QMQ` bTBM +Q?2`2M+2 iBK2 Bb K2bm`2/ BM a2+X dXRX  bF2i+? Q7 i?2
bKTH2 rBi? Bib 2H2+i`B+H +QMM2+iBQM Bb ;Bp2M BM 6B;X 8X3U+VX h?2 bKTH2 +QMbBbib
Q7  k8 ƒK i?B+F 2TBitBHHv ;`QrM Hv2` Q7 k3aB,S rBi?  T?QbT?Q`mb +QM+2Mi`iBQM
Q7 R× RyR8 +KƐjX h?2 bm#bi`i2 7Q` i?2 k3aB,S Hv2` Bb mM/QT2/ Mim`H bBHB+QMX
S`HH2H HmKBMBmK +QMi+ib Ui?B+FM2bb, jy MK- H2M;i?, dyy ƒK- b2T`iBQM, Ryy ƒKV
Ry3 *?Ti2` 8 6mM/K2MiHb Q7 i?2 #QmM/ 2t+BiQM i`MbBiBQM
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(c)
'JHVSF  h?2 bi`BM M/ K;M2iB+ }2H/ /2T2M/2M+2 Q7 i?2 .ys i`MbBiBQMX
UV h?2 b?B7ib Q7 i?2 /QMQ` 2M2`;v E.y M/ pH2M+2 #M/ Eo" b  7mM+iBQM
Q7 K;M2iB+ }2H/X AMi`BMbB+ BM@THM2 +QKT`2bbBp2 bi`BM Bb bbmK2/- H2/BM;
iQ  x2`Q@}2H/ bTHBiiBM; #2ir22M ?2pv@?QH2 M/ HB;?i@?QH2 bii2bX U#V h?2
+m``2Mi i?`Qm;? i?2 /2pB+2 UbF2i+?2/ BM U+VV b  7mM+iBQM Q7 Hb2` 2M2`;v
M/ K;M2iB+ }2H/X 1+? K;M2iB+ }2H/ bHB+2 Bb MQ`KHBx2/ iQ 2`b2 i?2
bmT2`BKTQb2/ 2z2+i Q7 K;M2iQ`2bBbiM+2 M/ /`F2` `2b +Q``2bTQM/ iQ
?B;?2` T?QiQ+m``2MibX amT2`BKTQb2/ QM iQT Q7 i?2 +QHQ` THQi Bb  +H+mHiBQM
Q7 i?2 b?B7ib Q7 i?2 .ys i`MbBiBQM 2M2`;v- r?2`2 i?2 HBM2rB/i? +Q``2bTQM/b
iQ i?2 i`MbBiBQM T`Q##BHBivX h?2 i`MbBiBQM H#2HHBM; 7QHHQr i?2 +QMp2MiBQM
Q7 (jR)- r?B+? iF2b BMiQ ++QmMi i?2 /QMQ` ?vT2`}M2 bTHBiiBM;X
`2 HBi?Q;`T?B+HHv Tii2`M2/ QM iQT Q7 i?2 k3aB,S Hv2`X  #Bb pQHi;2 Q7 V =
RyyKo Bb TTHB2/ M/ i?2 T?QiQ+m``2Mi Bb K2bm`2/ pB  62KiQ .GS* HQr MQBb2
KTHB}2`X h?2 bKTH2 Bb KQmMi2/ rBi? Bib [100] tBb `Qm;?Hv T`HH2H iQ i?2 2ti2`MH
K;M2iB+ }2H/X h?2 /QMQ`b `2 2t+Bi2/ rBi? i?2 .ys Hb2` Q`B2Mi2/ BM@THM2 M/
i?2 i2KT2`im`2 Bb 9X8EX
6B;m`2 8X3U#V THQib i?2 +QHQm`@+Q/2/ +m``2Mi i?`Qm;? i?2 /2pB+2 b  7mM+iBQM Q7
Hb2` rp2H2M;i? M/ K;M2iB+ }2H/X 6Q` 2+? K;M2iB+ }2H/ bi2T- i?2 T?QiQ+m``2Mi
/i Bb MQ`KHBx2/ iQ 2`b2 i?2 2z2+i Q7 K;M2iQ`2bBbiM+2X q?2M i?2 Hb2` Bb
QM `2bQMM+2 rBi?  .ys i`MbBiBQM- i?2 T?QiQ+m``2Mi BM+`2b2b b /Bb+mbb2/ BM
i?2 T`2pBQmb b2+iBQMX i ?B;? K;M2iB+ }2H/- i?2 bBt +?`+i2`BbiB+ .ys HBM2b `2
Q#b2`p#H2X i pMBb?BM; K;M2iB+ }2H/- ?Qr2p2`- i?2b2 HBM2b /Q MQi `2/m+2 iQ
 bBM;H2 /2;2M2`i2 i`MbBiBQMX AMbi2/-  x2`Q@}2H/ bTHBiiBM; Q7 ∆x7b ≈ ky ƒ2o Bb
Q#b2`p2/X
8Xj AM~m2M+2 Q7 K;M2iB+ }2H/ M/ bi`BM QM i?2 .ys i`MbBiBQM RyN
h?2 Q#b2`p2/ bTHBiiBM; +M #2 2tTHBM2/ #v  HB7iBM; Q7 i?2 pH2M+2 #M/ /2;2M@
2`+v #2ir22M i?2 ?2pv@?QH2 M/ HB;?i@?QH2 #M/bX h?Bb Bb b?QrM BM 6B;X 8X3UV
7Q` #BtBH i2MbBH2 bi`BM- 7QHHQrBM; 1[X UjX3VX h?2 +mb2 Q7 i?2 bi`BM Bb  KBbKi+?
#2ir22M HiiB+2 T`K2i2`b Q7 i?2 MiaB bm#bi`i2 M/ i?2 k3aB 2TBitBH Hv2`X 6QH@
HQrBM; i?2 /2`BpiBQM /2iBH2/ BM `272`2M+2b (Rkk- R3R)- i?2 x2`Q }2H/ bTHBiiBM; +mb2/
#v  HiiB+2 T`K2i2` KBbKi+? ∆a/a #2ir22M }HK M/ bm#bi`i2 Bb ;Bp2M #v,
∆x7b = 4b
C11
C11 + 2C12
∆a
a
U8XjNV
r?2`2 b = ƐRXdk 2o (RkR) Bb i?2 /27Q`KiBQM TQi2MiBH BMi`Q/m+2/ BM a2+X jXkXR
M/ C11 = RXeddk× RyRR S M/ C12 = yXe9N3× RyRR S `2 i?2 2HbiB+ +QMbiMib
Q7 bBHB+QM iQr`/b yE (Rkk)X 6Q` i?2 K2bm`2/ ∆x7b ≈ ky ƒ2o  `2HiBp2 /Bz2`2M+2
#2ir22M i?2 k3aB M/ MiaB HiiB+2 +QMbiMi Q7 ∆aa ≈ ƐjXk× RyƐe +M #2 BM72``2/- rBi?
i?2 MiaB HiiB+2 +QMbiMi #2BM; H`;2`X h?2b2 }M/BM;b `2 BM p2`v ;QQ/ ;`22K2Mi
rBi? i?2 `2bmHi Q7 uM; 2i HX Q7 ∆aa = jXy× RyƐe- +[mB`2/ 7Q`  8 ƒK i?B+F k3aB
2TBitBH Hv2` rBi? HQr2` /QTBM; +QM+2Mi`iBQM (Rkk)X
AM Q`/2` iQ mM/2`biM/ i?2 K;M2iB+ }2H/ /2T2M/2M+2 Q7 i?2 bT2+i`mK- 6B;X 8X3U#V
Qp2`Hvb i?2 T`2/B+i2/ .ys i`MbBiBQM 2M2`;v b +H+mHi2/ #v 1[X U8Xj9V Qp2` i?2
K2bm`2/ /iX h?2 i`MbBiBQM T`Q##BHBiv- /2i2`KBM2/ #v i?2 *H2#b+?@:Q`/QM +Q@
2{+B2Mib- Bb 2M+Q/2/ BM i?2 rB/i? Q7 i?2 THQii2/ HBM2bX aBM+2 i?2 bi`BM M/ i?2
K;M2iB+ }2H/ +mb2  KBtBM; Q7 ?2pv@?QH2 M/ HB;?i ?QH2 bii2b- 2p2M i?2 7Q`#B/@
/2M i`MbBiBQMb 7R  7k #2+QK2 b2KB@HHQr2/ i HQr2` K;M2iB+ }2H/X
1t+2HH2Mi ;`22K2Mi #2ir22M 2tT2`BK2Mi M/ i?2Q`v +M #2 Q#b2`p2/ rBi? p2`v
`2bQM#H2 bBKmHiBQM BMTmib, h?2 bi`2M;i? Q7 i?2 pQB/2/ +`QbbBM; Q7 HBM2 8-e M/
N-Ry i ∼yXkh Bb /m2 iQ i?2 KBbHB;MK2Mi Q7 +`vbiHHQ;`T?B+ [100] tBb M/ i?2
tBb Q7 i?2 K;M2iB+ }2H/ M/ i?2 bBKmHiBQM mb2b  `2bQM#H2 KBbHB;MK2Mi Q7 3êX
h?2 pQB/2/ +`QbbBM; Q7 HBM2 R-k M/ N-Ry i ∼yXR8h- +M QMHv #2 2tTHBM2/ #v M
bvKK2i`v Q7 i?2 irQ BM@THM2 bi`BM +QKTQM2Mib ϵy,BT = 0.8ϵx,BTX h?2 `2bQM Q7
i?Bb bvKK2i`v Bb mMFMQrM- #mi +QmH/ /2`Bp2 7`QK i?2 bKTH2 KQmMiBM; Q` bKTH2
/B+BM;X
h?2 BMi2MbBiB2b Q7 i?2 K2bm`2/ bT2+i`mK 7QHHQr i?2 `2bT2+iBp2 i`MbBiBQM T`Q#@
#BHBiv p2`v r2HHX 6m`i?2`KQ`2- i?2`2 Bb +H2` 2pB/2M+2 BM i?2 /i Q7 pQB/2/ +`QbbBM;b
+mb2/ #2ir22M i?2 HHQr2/ i`MbBbiBQMb d-3  RR-Rk M/ i?2 7Q`#B//2M i`MbBiBQM 7kX
h?2`2 Bb HbQ  7BMi bB;MH BM i?2 pB+BMBiv Q7 i?2 i?2Q`2iB+HHv T`2/B+i2/ 7Q`#B//2M
i`MbBiBQM 7RX Aib }2H/ /2T2M/2M+2- ?Qr2p2`- /2pBi2b 7`QK i?2 T`2/B+iBQM #v i?2 }i
iQ i?2 `2bi Q7 i?2 Q#b2`p2/ bT2+i`mKX
RRy *?Ti2` 8 6mM/K2MiHb Q7 i?2 #QmM/ 2t+BiQM i`MbBiBQM
AM bmKK`v- 2t+2HH2Mi ;`22K2Mi #2ir22M i?2 K2bm`2/ /i M/ i?2 T`2/B+i2/
i`MbBiBQM 2M2`;v M/ i`MbBiBQM T`Q##BHBiv ?b #22M `2+?2/X h?2 Q#b2`p2/ b?B7ib
Q7 i?2 .ys i`MbBiBQMb /m2 iQ bi`BM M/ K;M2iB+ }2H/ r2`2 `2Hi2/ iQ b?B7ib Q7
i?2 bBM;H2 T`iB+H2 2M2`;v H2p2Hb M/ HH Q#b2`p2/ pQB/2/ +`QbbBM;b `2 2tTHBM2/
#v i?2 i?2Q`vX h?2 HBM2 BMi2MbBiB2b 7QHHQr2/ i?2 2tT2+i2/ *H2#b+?@:Q`/QM i`MbiBQM
T`Q##BHBiB2bX
8X9 .ys ?vT2`TQH`BbiBQM Q7 i?2 2H2+i`QM bTBM RRR
 %9 IZQFSQPMBSJTBUJPO PG UIF FMFDUSPO TQJO
HH 2Mb2K#H2 K2bm`2K2Mib Q7 bTBM@`2Hi2/ T?2MQK2M `2[mB`2  TQTmHiBQM /Bz2`@
2M+2 #2ir22M i?2 i?2 |↑⟩ M/ |↓⟩ bii2b- BX2X  M2i TQH`BbiBQM Q7 i?2 bTBM 2Mb2K#H2X
AM i?2`KH 2[mBHB#`BmK- i?2 bTBM TQH`BbiBQM P Bb ;Bp2M #v  "QHixKMM /Bbi`B#miBQM-
`2bmHiBM; BM Pi? = iM?(!ω/2k"T ) 7Q`  irQ@H2p2H bvbi2K rBi? 2M2`;v b2T`iBQM !ωX
i HB[mB/ ?2HBmK i2KT2`im`2b T = 9XkE M/ X@#M/ 7`2[m2M+B2b ω/2π = Ry:>x-
i?Bb `2bmHib BM M 2H2+i`QM bTBM TQH`BbiBQM Q7 8XdW M/ M2;HB;B#H2 Mm+H2` bTBM
TQH`BbiBQMX
PTiB+H TmKTBM; Q7 i?2 .ys i`MbBiBQM T`QpB/2b  K2+?MBbK iQ 2t+22/ i?2 i?2`@
KH 2[mBHB#`BmK TQH`BbiBQMX SBQM22`BM; rQ`F `2;`/BM; .ys bTBM ?vT2`TQH`Bb@
iBQM ?b #22M T2`7Q`K2/ BM S`Q7X h?2rHiǶb ;`QmT i aBKQM 6`b2` lMBp2`bBivX 6B`bi-
mbBM; n@ivT2 k3aB bKTH2b BM r?B+? i?2 ?vT2`}M2 bTHBiiBM; +QmH/ #2 `2bQHp2/- H#BQM
uM; /2KQMbi`i2/ M 2H2+i`QM bTBM TQH`BbiBQM Q7 P2 = NyW M/  Mm+H2` bTBM
TQH`BbiBQM Q7 PM = deW (jj)X >2`2- i?2 Hb2` rb imM2/ iQ /2TQTmHi2 i?2 |↑⇓⟩
bii2 M/  bi`QM; Mm+H2` bTBM TQH`BbiBQM rb +?B2p2/ /m2 iQ i?2 +`Qbb `2HtiBQM
T`Q+2bb U|↓⇑⟩% |↑⇓⟩VX AM Hi2` rQ`F #v ai2;2` M/ a22/B-  KQ`2 +QKTH2t ?vT2`TQ@
H`BbiBQM b+?2K2 rb mb2/- BMpQHpBM; bBKmHiM2Qmb TmKTBM; Q7 irQ .ys i`MbBiBQMb
M/ _6 TmHb2b iQ KMBTmHi2 i?2 Mm+H2` bTBMX qBi? i?2b2 BKT`Qp2K2Mib PM ≈ NyW
+QmH/ #2 `2+?2/ QM  iBK2 b+H2 Q7 RyyKb (R3- jR)X
AM #Qi? +b2b- i?2 TQH`BbiBQM /2;`22 rb /2/m+2/ 7`QK i?2 T?QiQHmKBM2b+2M+2
bT2+i`mK Q#iBM2/ #v  r2F T`Q#2 Hb2`X AM i?Bb a2+iBQM-  +QKTH2K2Mi`v M/
KQ`2 /B`2+i K2bm`2K2Mi Q7 i?2 +?B2p2/ TQH`BbiBQM Bb 2KTHQv2/ěi?2 BMi2MbBiv Q7
M 1a_ 2+?QX a2+iBQM 8X9XR 2tTHBMb i?2 K2+?MBbK Q7 ?vT2`TQH`BbiBQM- a2+X 8X9Xk
/Bb+mbb2b i?2 `2bmHiBM; 1a_ M/ T?QiQ+QM/m+iBpBiv bT2+i` mM/2` +r BHHmKBMiBQM
M/ a2+X 8X9Xj BMp2biB;i2b i?2 iBK2 b+H2 M/ 2{+B2M+v Q7 i?2 T`Q+2bbX
 1PMBSJTBUJPO QSPDFTT
 b+?2KiB+ Q7 i?2 U?vT2`@V TQH`BbiBQM T`Q+2bb Bb ;Bp2M BM 6B;X 8XNUVX h?2 Hb2`
Bb imM2/ iQ TmKT b2H2+iBp2Hv QM QM2 bTBM Q`B2MiiBQM U?2`2 i?2 |↑⟩ bii2VX h?Bb H2/b
iQ  bTBM@b2H2+iBp2 BQMBbiBQM Q7 /QMQ`b rBi? 2H2+i`QMb BM i?2 |↑⟩ bii2X h?2 +`2i2/
.ys /2+vb pB i?2 m;2` T`Q+2bb M/ i?2 m;2` 2H2+i`QM i?2`KHBx2b [mB+FHv iQ i?2
#QiiQK Q7 i?2 +QM/m+iBQM #M/- /QTib  i?2`KH bTBM TQH`BbiBQM M/ Bb +Tim`2/
#v  /QMQ`RyX
Ry6`QK i?2 BMBiBH m;2` /2+v iQ i?2 +Tim`2 T`Q+2bb i?2 2H2+i`QM HQQb2b RXR8 2o Q7 2M2`;v i?`Qm;?
KmHiBTH2 b+ii2`BM; T`Q+2bb2bX q?2M +QKT`2/ iQ i?2 w22KM bTHBiiBM; Q7 ∼9y ƒ2o i j9yKh
RRk *?Ti2` 8 6mM/K2MiHb Q7 i?2 #QmM/ 2t+BiQM i`MbBiBQM
D0X
D0
Auger
D
ire
ct
io
ni
sa
tio
n
CB
e- capture
e-
e-
e-
e-
e- e-e-e
-
e-e-
+3/2
mj
+1/2
–1/2
–3/2
ms
+1/2
–1/2
-40 -20 200 40
Laser detuning (ueV)
MW detuning (ueV)
1 2
3  4 7 8 11 12
9 105 6
-0.01 -0.005 0 -0.005 0.01
echo intensity
echo intensity
photoconductivity
1 2
3 4
7 8
11 12
9 10
5 6
(a)
(b)
(c)
T1
'JHVSF  UV S`BM+BTH2 Q7 /QMQ` ?vT2`TQH`BbiBQM #v  +QMiBMmQmb .ys /`Bp2X
U#V h?2 1a_ 2+?Q BMi2MbBiv BM i?2 /`F- mb2/ 7Q` i?2 +HB#`iBQM Q7 i?2
2Mb2K#H2 TQH`BbiBQM tBbX U+V h?2 2+?Q BMi2MbBiv M/ +T+BiBp2Hv K2bm`2/
T?QiQ+QM/m+iBpBiv Q7 bKTH2 k3aB@"m7 b  7mM+iBQM Q7 T?QiQM 2M2`;v `QmM/
!ω = RXR9N 38 2oX
*QMiBMmQmb TmKTBM; QM QM2 bii2 i?mb H2/b iQ M BM+`2b2/ TQTmHiBQM BM i?2
QTTQbBi2 bTBM bii2 UMQi //`2bb2/ #v i?2 Hb2`VX *QmMi2`+iBM; i?Bb TQH`BbiBQM
T`Q+2bb `2 irQ 2z2+ib,
h?2 }`bi Bb bTBM@HiiB+2 `2HtiBQM- BX2X T1 T`Q+2bb2bX i HB[mB/ ?2HBmK i2KT2`@
im`2b M/ ω/2π = Ry:>x i?2b2 `2 QM i?2 Q`/2` ∼Ry b (Re- R3k)- ?2M+2 b?QmH/
MQi ?p2  bi`QM; BM~m2M+2 QM i?2 +?B2p#H2 TQH`BbiBQMX >Qr2p2`- i 2H2pi2/
i2KT2`im`2b T1 #2+QK2b +QKT`#H2 iQ i?2 .ys ;2M2`iBQM `i2X b M 2tK@
TH2- 7Q` k3aB rBi?  .ys HBM2rB/i? Q7 ∼R ƒ2o U∼k8yJ>xV M/ 7Q`  ivTB+H Hb2`
BMi2MbBiv Q7 IG = k× RyjqfKk- i?2 .ys 2t+BiiBQM `i2 ++Q`/BM; iQ 1[X U8XNV Bb
Γ.ys ≈ kX8× Ryj bƐR- r?B+? Bb H`;2` i?M 1/T1 QMHv 7Q` i2KT2`im`2b T ! NE (Re)X
6m`i?2`KQ`2- BMi2`+iBQM Q7 /QMQ` 2H2+i`QM bTBMb rBi? T?QiQ +``B2`b BM i?2 +QM/m+@
iBQM #M/ Kv H2/ iQ 2M?M+2/ T1 `2HtiBQM T`Q+2bb2b mM/2` BHHmKBMiBQM- r?B+?-
?Qr2p2`- +QmH/ MQi #2 [mMiB}2/ rBi?BM i?Bb i?2bBbX
h?2 b2+QM/ 2z2+i `2/m+BM; i?2 +?B2p#H2 2Mb2K#H2 TQH`BbiBQM Bb i?2 /B`2+i BQM@
BbiBQM Q7 M2mi`H /QMQ`b- b /Bb+mbb2/ BM a2+X 8XRX9XkX h?Bb T`Q+2bb Bb BM/2T2M/2Mi Q7
bTBM@Q`B2MiiBQM M/ i?mb b2`p2b iQ `2/m+2 TQTmHiBQM BK#HM+2bX h?2 +?B2p#H2
/QMQ` TQH`BbiBQM BM i?2 HBKBi Q7 M2;HB;B#H2 T1 T`Q+2bb2bb ?2M+2 /2T2M/b QMHv QM i?2
`iBQ #2ir22M i?2 .ys ;2M2`iBQM `i2 M/ i?2 /B`2+i /QMQ` BQMBbiBQM `i2 (jj)X
Bi Bb MQi bm`T`BbBM; i?i i?2 Q`;BMH bTBM Q`B2MiiBQM Q7 i?2 2H2+i`QM Bb HQbi M/ i?2 2H2+i`QM
`2+QK#BM2b rBi? i?2 i?2`KH TQH`BbiBQMX
8X9 .ys ?vT2`TQH`BbiBQM Q7 i?2 2H2+i`QM bTBM RRj
 &43NFBTVSFNFOU PG UIF EPOPS QPMBSJTBUJPO
b  K2bm`2K2Mi Q7 i?2 2H2+i`QM bTBM TQH`BbiBQM- i?2 1a_ 2+?Q 7QHHQrBM;  biM@
/`/ >?M b2[m2M+2 rBi? /m`iBQM 2τ = jy ƒb Bb mb2/X h?2 2+?Q BMi2MbBiv BM i?2 /`F
U+7 6B;X 8XNU#VV Bb mb2/ iQ +HB#`i2 i?2 TQH`BbiBQM K;MBim/2- bbmKBM; i?2`KH
TQH`BbiBQMX
hrQ /Bz2`2Mi bKTH2b r2`2 mb2/ rBi?BM i?Bb b2+iBQM, h?2 }`bi QM2 Bb bK@
TH2 k3aB@jjR- r?B+? Bb  #mHF k3aB bKTH2 rBi?  T?QbT?Q`mb +QM+2Mi`iBQM Q7
(S) 4 k× RyR9 +KƐjX h?2 b2+QM/ bKTH2 Bb bKTH2 k3aB@"m7- r?B+? HbQ ?b (S)
≈ k× RyR9 +KƐj- #mi ?b HbQ #22M +QBKTHMi2/ rBi? `b2MB+ U(b) ≈ 8× RyR9 +KƐjV
M/ MiBKQMv U(a#) ≈ R× RyR9 +KƐjVX "Qi? bKTH2b ?p2  bBKBH` T?QbT?Q`mb .ys
HBM2rB/i? Q7 ∼k8yJ>xX
6B;X 8XNU+V /2TB+ib  Hb2` rp2H2M;i? br22T M/ i?2 bBKmHiM2Qmb `2+Q`/BM; Q7
i?2 2+?Q KTHBim/2 M/ i?2 T?QiQ+QM/m+iBpBivRR Q7 bKTH2 k3aB@"m7X h?2 bBt .ys
i`MbBiBQMb `2 +H2`Hv pBbB#H2- #mi `2 iQQ #`Q/ U∼k8yJ>xV iQ `2bQHp2 i?2 ?vT2`}M2
bTHBiiBM; URRdX8J>xV Q7 i?2 /QMQ` H2p2HbX PM `2bQMM+2- i?2 bKTH2 +QM/m+iBpBiv
BM+`2b2b M/ bBKmHiM2QmbHv i?2 2+?Q BMi2MbBiv BM+`2b2b BM #bQHmi2 K;MBim/2X
h?`22 Q7 i?2 .ys `2bQMM+2b- r?2M 2t+Bi2/- H2/ iQ M BM+`2b2 Q7 i?2 i?2`KH
TQH`BbiBQM /B`2+iBQM UHBM2b R@k- 8@e  N@RyV- r?BH2 i?`22 Q7 i?2 i`MbBiBQMb BMp2`i
i?2 TQH`BbiBQM UHBM2b j@9- d@3  RR@RkVX h?2 `2HiBp2 bi`2M;i? Q7 i?2 bBt 1a_ HBM2b-
M/ i?2`27Q`2 i?2 +?B2p#H2 TQH`BbiBQM /2;`22 7QHHQrb i?2 bi`2M;i? Q7 i?2 .ys
i`MbBiBQMX h?Qb2 HBM2b rBi? ?B;?2` *H2#b+?@:Q`/QM +Q2{+B2Mib Uj@9  N@RyV M/
i?2`27Q`2 bi`QM;2` .ys 2t+BiiBQM `i2 2t?B#Bi  ?B;?2` TQH`BbiBQM +QKT`2/ iQ
i?2 r2F HBM2b UR@k  RR@RkVX h?Bb rBHH #2 2tTHBM2/ BM i?2 7QHHQrBM; b2+iBQMX
 1PMBSJTBUJPO EZOBNJDT BOE QPMBSJTBUJPO EFHSFF
h?2 iBK2 /vMKB+b Q7 i?2 ?vT2`TQH`BbiBQM T`Q+2bb `2 /2TB+i2/ BM 6B;X 8XRyUV BM
r?B+? i?2 2Mb2K#H2 bTBM TQH`BbiBQM UK2bm`2/ #v 1a_V Bb THQii2/ ;BMbi iBK2
rBi? i?2 .ys Hb2` +iBp2 7Q` t > yXR bX h?2`KH 2[mBHB#`BmK Bb +?B2p2/ #v  HQM;
#Qp2@#M/;T BHHmKBMiBQM T`BQ` iQ i?2 +Tim`2/ iBK2 rBM/QrX lTQM BHHmKBMiBQM
rBi? i?2 .ys Hb2` QM `2bQMM+2 UHB;?i #Hm2V i?2 TQH`BbiBQM BM+`2b2b rBi?  1/e@
iBK2 b+H2 Q7 jyKb M/ bbmK2b  bi2/v bii2 pHm2 Q7 #Qmi 38WX AM +QMi`bi-
rBi? i?2 Hb2` Qz `2bQMM+2 U/`F #Hm2V- i?2 bi2/v bii2 TQH`BbiBQM /Q2b MQi
bB;MB}+MiHv /Bz2` 7`QK i?2 i?2`KH 2[mBHB#`BmK TQH`BbiBQM Q7  i`+2 BM i?2 /`F
U#H+F /QibVX
RRJ2bm`2/ +T+BiBp2Hv rBi? i?2 i2+?MB[m2 /Bb+mbb2/ BM *?X eX
RR9 *?Ti2` 8 6mM/K2MiHb Q7 i?2 #QmM/ 2t+BiQM i`MbBiBQM
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'JHVSF h?2 iBK2@`2bQHp2/ bTBM TQH`BbiBQM T`Q+2bb Q7 k3aB /QMQ` 2Mb2K#H2b
mTQM `2bQMMi .ys 2t+BiiBQMX UV h?2 /QMQ` 2H2+i`QM bTBM TQH`BbiBQM Q7
bKTH2 k3aB@jjR BM+`2b2b rBi? i?2 Hb2` imM2/ iQ i?2 .ys i`MbBiBQM- r?BH2
Qz@`2bQMMi Hb2` 2t+BiiBQM /Q2b MQi Hi2` i?2 TQH`BbiBQM Q` MmK#2` Q7 M2m@
i`H /QMQ`b bB;MB}+MiHv +QKT`2/ iQ i?2 i?2`KH 2[mBHB#`BmK pHm2 BM i?2
/`FX U#V h?2 /Bbi`B#miBQM M/ +mKmHiBp2 ?BbiQ;`K 7Q` i?2 M2`2bi M2B;?@
#Qm` /QMQ` /BbiM+2b U#QiiQK tBbV M/ i?2 iBK2 b+H2 Q7 M2`2bi@M2B;?#Qm`
~BT@~QTb /m2 iQ /BTQH` BMi2`+iBQMb UiQT tBbVX U+V h?2 T?QbT?Q`mb TQH`@
BbiBQM Q7 bKTH2 k3aB@"m7 mTQM 2t+BiiBQM QM@ M/ Qz `2bQMM+2 M/ b 
7mM+iBQM Q7 Hb2` TQr2`X h?2 BMBiBH /`QT- Q#b2`p2/ 7Q` i?2 QM@`2bQMMi i`+2b
Q7 U+V Bb /m2 iQ M #Qp2@#M/;T- RXR3 2o Hb2` TmHb2- r?B+? Bb mb2/ iQ `2b2i
i?2 bTBM bvbi2K iQ Bib i?2`KH 2[mBHB#`BmK pHm2X h?2 H2;2M/ /2MQi2b i?2
BM+B/2Mi Hb2` BMi2MbBiv IGX
8X9 .ys ?vT2`TQH`BbiBQM Q7 i?2 2H2+i`QM bTBM RR8
AM i?2 7QHHQrBM;- i?2 Q`B;BMb Q7 i?2 Q#b2`p2/ #2?pBQm`b `2 BMp2biB;i2/X 6B`bi-
Bi b?QmH/ #2 MQi2/ i?i i?2 Hb2` HBM2rB/i? Udy F>xV M/ i?2 ?QKQ;2M2Qmb .ys
HBM2rB/i? /m2 iQ m;2` /2+v U838 F>x- +7X *?X 8XRX8V `2 Q`/2`b Q7 K;MBim/2 bKHH2`
i?M i?2 BM?QKQ;2M2QmbHv #`Q/2M2/ HBM2rB/i? Q7 i?2 .ys i`MbBiBQM rBi?  K2@
bm`2/ 6q>J Q7 ∼k8yJ>xX >2M+2- i?2 .ys Hb2` QMHv TmKTb QM  iBMv 7`+iBQM
Q7 i?2 r?QH2 bTBM 2Mb2K#H2X h?2 bT`2/ Q7 i?2 TQH`BbiBQM Q7 i?2 TmKT2/ bm#@
2Mb2K#H2 iQ i?2 `2bi Q7 i?2 bTBM@2Mb2K#H2 i?mb THvb  KDQ` `QH2 7Q` i?2 /vMKB+bX
A7 i?Bb TQH`BbiBQM 2t+?M;2 Bb [mB+F- i?2 TmKTBM; `i2 Q7 i?2 .ys /2i2`KBM2b i?2
?vT2`TQH`BbiBQM iBK2 b+H2X A7 i?2 TQH`BbiBQM 2t+?M;2 iBK2 b+H2 Bb bHQr2` i?M
i?2 .ys 2t+BiiBQM `i2 Γ.ys- i?2M i?2 2t+?M;2 T`Q+2bb HBKBib i?2 TQH`BbiBQM iBK2
b+H2X
h?2 `i2 2[miBQM 7Q` i?2 }`bi +b2 BM r?B+? i?2 TQH`BbiBQM 2t+?M;2 rBi?BM
i?2 2Mb2K#H2 Bb [mB+F2` i?M i?2 2t+BiiBQM `i2 ?p2 #22M /2p2HQT2/ BM a2+X 8XRXeX
h?2 irQ bQHB/ #Hm2 HBM2b BM 8XRyUV `2T`2b2Mi  MmK2`B+H bQHmiBQM Q7 i?2b2 +QmTH2/
2[miBQMb 7Q` irQ /Bz2`2Mi Hb2` BMi2MbBiB2bX h?2 bBKmHiBQM mb2b i?2 K2bm`2/ .ys
HBM2rB/i? Q7 k8yJ>x M/ HBi2`im`2 pHm2b 7Q` .ys Qb+BHHiQ` bi`2M;i?X h?2 /B`2+i
/QMQ` BQMBbiBQM +`Qbb b2+iBQM Bb b2i iQ  `2bQM#H2 σ/B`2+i ≈ 0.12σ/B`2+i, T2F M/ i?2
HBi2`im`2 pHm2 7Q` T1 BM i?2 /`F Bb mb2/ rBi? T1 = Ry b (Re)X h?2 QMHv /Bz2`2M+2
#2ir22M i?2 irQ bBKmHiBQMb Bb i?2 Hb2` BMi2MbBivX h?2 7bi `BbBM; HBM2 `2T`2b2Mib
i?2 2tT2+i2/ Hb2` BMi2MbBiv rBi?BM i?2 bKTH2 U∼ 0.1IGV- ++QmMiBM; 7Q` HQbb2b /m2
iQ i?2 QTiB+H rBM/Qr M/ K2iHHB+ ;`B/ Q7 i?2 `2bQMiQ` b r2HH b `2~2+iBQMb i
i?2 bBHB+QM@B` BMi2`7+2X h?2 b2+QM/ bQHB/ HBM2 b?Qrb M BM+`2b2 rBi?  HQM;2` iBK2
+QMbiMi M/ bbmK2b  Hb2` BMi2MbBiv i?i Bb 9y iBK2b HQr2` i?M i?i 2biBKi2/
rBi?BM i?2 bKTH2X
"Qi? +H+mHiBQMb `2 #H2 iQ `2T`Q/m+2 i?2 bi2/v@bii2 TQH`BbiBQM pHm2 p2`v
r2HHX aQHpBM; i?2 bi2/v bii2 bQHmiBQM Q7 i?2 +QmTH2/ /Bz2`2MiBH 2[miBQMb T`2/B+ib
 TQH`BbiBQM Q7
P = 1− 2Γ/B`2+i
Γ.ys + 2Γ/B`2+i
U8X9yV
h?Bb Bb BM/22/ BM/2T2M/2Mi Q7 Hb2` BMi2MbBiv bBM+2 #Qi? Γ.ys M/ Γ/B`2+i `2 T`QTQ`@
iBQMH iQ IGX >2M+2 Bi Bb `2bm``BM; i?i i?2 +H+mHiBQM- QMHv /2T2M/2Mi QM HBi2`im`2
pHm2b M/ i?2 K2bm`2/ .ys HBM2rB/i?- Bb #H2 iQ `2T`Q/m+2 i?2 K2bm`2/ bi2/v
bii2 2H2+i`QM TQH`BbiBQMX
AM +QMi`bi iQ i?2 bi2/v bii2 TQH`BbiBQM- i?2 /vMKB+ #2?pBQm` Bb H2bb r2HH
`2T`Q/m+2/ #v i?2 bBKmHiBQMX h?2 `2HBbiB+ Hb2` BMi2MbBiv ;Bp2b  i`MbB2Mi `2@
bTQMb2 i?i Bb Km+? iQQ [mB+FX PMHv  Hb2` BMi2MbBiv 9yt bKHH2` i?M i?2 `2HBbBi+
2biBKi2 }ib i?2 Q#b2`p2/ `Bb2 iBK2 `2bQM#Hvě pHm2 i?i b22Kb 2tT2`BK2MiHHv
RRe *?Ti2` 8 6mM/K2MiHb Q7 i?2 #QmM/ 2t+BiQM i`MbBiBQM
mMDmbiB}2/X >2M+2- i?2 bbmKTiBQM i?i i?2 bT`2/ Q7 bTBM TQH`BbiBQM +`Qbb i?2
2Mb2K#H2 Bb 7bi2` i?M Γ.ys b?QmH/ HBF2Hv #2 `2D2+i2/X
AMbi2/- Bi b22Kb HBF2Hv i?i i?2 bT`2/ Q7 TQH`BbiBQM pB bTBM@bTBM BMi2`+iBQMb
#2ir22M M2B;?#Qm`BM; /QMQ`b /2i2`KBM2b i?2 TQH`BbiBQM iBK2 b+H2X 6B;m`2 8XRyU#V
THQib i?2 /Bbi`B#miBQM Q7 M2`2bi M2B;?#Qm` /BbiM+2b 7Q` i?`22 /Bz2`2Mi /QMQ` +QM@
+2Mi`iBQMbX h?2 mTT2` t@tBb b?Qrb i?2 +Q``2bTQM/BM; iBK2 b+H2 7Q`  ~BT@~QT
Q7 i?2 irQ bTBMbX h?2 +m`p2 7Q` i?2 +mKmHiBp2 ?BbiQ;`K UBX2X i?2 T2`+2Mi;2 Q7
/QMQ`b i?i +QmH/ ?p2 mM/2`;QM2  ~BT@~QT /m`BM; bQK2 iBK2 T2`BQ/V Bb HbQ b?QrM
BM 6B;X 8XRyU#VX 6Q` i?2 i`+2 rBi? N = R× RyR9 +KƐj Bi Bb Q#b2`p2/ i?i KQbi Q7 i?2
/QMQ`b BMi2`+i rBi? i?2B` M2B;?#Qm`b QM  iBK2 b+H2 Q7 RyKb iQ RyyKbX 6B; 8XRyUV
HbQ THQib  i`+2 r?Qb2 iBK2 b+H2 Bb /2i2`KBM2/ #v i?2 +H+mHiBQM Q7  +mKmHiBp2
?BbiQ;`K 7Q` i?2 ~BT@~QT iBK2 b+H2b Q7 N = k× RyR9 +KƐjX  ;QQ/ ;`22K2Mi
rBi? i?2 /i Bb Q#b2`p2/
AM i?2 7QHHQrBM;- i?2 HBKBiiBQMb Q7 i?2 +H+mHiBQMb mb2/ #Qp2 `2 2tKBM2/X
6B`bi- QMHv i?2 M2`2bi M2B;?#Qm` +QmTHBM;b Q7 i?2 /QMQ` bTBMb ?p2 #22M +QMbB/2`2/-
M/ HQM;2`@`M;2 +QmTHBM;b rBi? Bib 2MpB`QMK2Mi ?p2 #22M M2;H2+i2/X >2M+2- i?2
i`m2 bT`2/ Q7 TQH`BbiBQM rBi?BM  bKTH2 +QmH/ #2 [mB+F2` i?M i?2 2biBKi2
b?QrM ?2`2X 6m`i?2`KQ`2- i?2 BHHmKBMiBQM Q7 i?2 bKTH2 Bb HBF2Hv BM?QKQ;2M2Qmb
/m2 iQ i?2 KB+`Qrp2 `2bQMiQ` ;`B/- r?B+? ?b MQi #22M ++QmMi2/ 7Q`X 6BMHHv-
Qi?2` K2+?MBbKb i?M /BTQH` +QmTHBM;- TQbbB#Hv K2/Bi2/ #v i?2 +QM/m+iBQM #M/
2H2+i`QMb- +QmH/ #2 i?2 `QQi Q7 i?2 Q#b2`p2/ TQH`BbiBQM bT`2/ rBi?BM i?2 bKTH2-
M/ i?2b2 ?p2 MQi #22M `mH2/ Qmi +i2;Q`B+HHvX
h?2 Hb2`@TQr2` /2T2M/2M+2 Q7 i?2 TQH`BbiBQM T`Q+2bb Bb BMp2biB;i2/ BM 6B;X 8XRyU+V-
r?B+? THQib i?2 2+?Q BMi2MbBiv Q7 i?2 T?QbT?Q`mb 1a_ i`MbBiBQM Q7 bKTH2 k3aB@"m7
b  7mM+iBQM Q7 Hb2` TmHb2 /m`iBQM M/ Hb2` BMi2MbBivX h?2 TQH`BbiBQM i`M@
bB2Mi Bb BM/22/ Hb2` TQr2` /2T2M/2Mi- r?BH2 i?2 bi2/v bii2 pHm2 Bb- iQ  }`bi
TT`QtBKiBQM- Hb2` TQr2` BM/2T2M/2Miě#Qi? Q#b2`piBQMb +QMbBbi2Mi rBi? i?2
ǵTQH`BbiBQM i`Mb72`Ƕ KQ/2H /2b+`B#2/ #Qp2X  bi`QM; `2/m+iBQM BM bi2/v bii2
TQH`BbiBQM +QKT`2/ iQ bKTH2 k3aB@jjR Bb Q#b2`p2/- Hi?Qm;? i?2 T?QbT?Q`mb
.ys HBM2rB/i? Bb QMHv k8W iQ 8yW H`;2` i?M i?2 k3aB@jjR HBM2rB/i?X h?Bb Bb
BM+QMbBbi2Mi rBi? i?2 bi2/v@bii2 TQH`BbiBQM `2bmHi Q7 1[X U8X9yVX
 TQbbB#H2 2tTHMiBQM 7Q` i?2 TQH`BbiBQM `2/m+iBQM Bb i?2 T`2b2M+2 Q7  b M/
a# bTBM 2Mb2K#H2 rBi?BM i?2 bKTH2X h?2b2 /QMQ`b `2 bm#D2+i iQ /B`2+i /QMQ`
BQMBbiBQM- #mi MQ .ys TmKTBM; Ub i?2B` .ys i`MbBiBQMb `2 Qz@`2bQMM+2 rBi?
i?2 T?QbT?Q`mb .ys i`MbBiBQM #2BM; TmKT2/ ?2`2VX aiBHH- i?2 TQH`BbiBQM Q7 i?2
UmMTmKT2/V b M/ a# /QMQ`b Bb +QmTH2/ iQ i?2 S bTBM TQH`BbiBQM- bBM+2 Bi ?b
#22M Q#b2`p2/ i?i HbQ i?2 2+?Q BMi2MbBiv Q7 i?2 b M/ a# BM+`2b2b /m`BM; S .ys
8X9 .ys ?vT2`TQH`BbiBQM Q7 i?2 2H2+i`QM bTBM RRd
BHHmKBMiBQM UMQi b?QrM ?2`2 7Q` #`2pBivVX h?2 Qz@`2bQMMi- /B`2+i BQMBbiBQM +mb2b
i?2 TQH`BbiBQM Q7 b M/ a# iQ /2+`2b2- r?B+? /m2 iQ i?2 BMi2`@2Mb2K#H2 bTBM
+QmTHBM; +QmH/ `2/m+2 i?2 T?QbT?Q`mb TQH`BbiBQM /2;`22 #2HQr i?2 pHm2 B7 QMHv S
rb T`2b2Mi BM i?2 bKTH2X Ai b?QmH/ #2 MQi2/ i?i i?2 2t+i +`Qbb@bT2+B2b BMi2`+iBQM
K2+?MBbK Bb mMFMQrM- rBi? M _EEu BMi2`+iBQM QM2 TQbbB#H2 +M/B/i2- /m2 iQ
i?2 T`2b2M+2 Q7 T?QiQ +``B2`X .B`2+i /BTQH` +QmTHBM; +M #2 2t+Hm/2/ bBM+2 i?2
/Bz2`2M+2 BM i`MbBiBQM 7`2[m2M+v Q7 S- b M/ a# pQB/b BMi2`@bT2+B2b ~BT@~QTbX
AM bmKK`v- i?2 bTBM TQH`BbiBQM /2;`22 M/ TQH`BbiBQM iBK2 b+H2 7Q` T?Qb@
T?Q`mb 2H2+i`QM bTBMb BM k3aB ?b #22M K2bm`2/X  ;QQ/ ;`22K2Mi Q7 i?2 bi2/v
bii2 TQH`BbiBQM pHm2 rBi?  KQ/2H #b2/ QM bTBM@b2H2+iBp2 .ys BQMBbiBQM M/
bTBM@BM/2T2M/2Mi- /B`2+i BQMBbiBQM ?b #22M 7QmM/ 7Q` M 2Mb2K#H2 rBi?  bBM@
;H2 /QMQ` bT2+B2bX h?2 iBK2 b+H2 Q7 i?2 TQH`BbiBQM T`Q+2bb Bb QM i?2 Q`/2` Q7
jyKb iQ kyyKb M/ /2T2M/b QM i?2 Hb2` TQr2` mb2/X 6`QK i?2 /2p2HQT2/ KQ/2H-
Bi b22Kb HBF2Hv i?i- 7Q` ?B;?2` Hb2` TQr2`b- i?2 iBK2 b+H2 Q7 i?2 2Mb2K#H2 TQH`B@
biBQM 2M?M+2K2Mi Bb HBKBi2/ #v i?2 iBK2 b+H2 Q7 bTBM@2t+?M;2 #2ir22M M2`2bi@
M2B;?#Qm` /QMQ`bX

$IBQUFS 
$BQBDJUJWF EPOPS CPVOE FYDJUPO
NFBTVSFNFOUT
h?2 7QHHQrBM; +?Ti2` /Bb+mbb2b 2tT2`BK2Mib i?i +QK#BM2 i?2 bTBM /2T2M/2Mi +QM@
/m+iBpBiv +?M;2 Q7 i?2 #QmM/ 2t+BiQM i`MbBiBQM rBi? +T+BiBp2 +QM/m+iBpBiv K2@
bm`2K2Mib Q7 #mHF k3aB bKTH2bX aBM+2 i?2 .ys i`MbBiBQM Bb p2`v b2MbBiBp2 iQ bi`BM-
 +QMi+iH2bb K2i?Q/ iQ K2bm`2 i?2 bKTH2 T?QiQ+QM/m+iBpBiv ?b #22M 2KTHQv2/-
#b2/ QM i?2 +T+BiM+2 Q7  T`HH2H THi2 +T+BiQ` rBi? i?2 bKTH2 BMb2`i2/ BM@
#2ir22MX h?2 T`QT2`iB2b Q7 i?Bb T?QiQ+QM/m+iBpBiv K2bm`2K2Mi `2 +?`+i2`Bx2/
BM a2+X eXkX qBi? i?2 Q`B;BM Q7 i?2 .ys bB;MH 2tTHBM2/- a2+X eXj b?Qrb ?Qr Hb2`
M/ KB+`Qrp2 TmHb2b +M #2 +QK#BM2/ iQ 2M#H2 i?2 T?QiQ+QM/m+iBp2 K2bm`2K2Mi
Q7 ivTB+H TmHb2/ 2H2+i`QM bTBM `2bQMM+2 U1a_V b2[m2M+2bX h?2 .ys #b2/ K2i?Q/
?b i?2 #2M2}i Q7 ?B;?2` b2MbBiBpBiv iQ bKHH2` bTBM 2Mb2K#H2b +QKT`2/ rBi? i?2
2+?Q@#b2/ +QMp2MiBQMH 1a_ K2bm`2K2Mi M/ Bi Bb mb2/ iQ K2bm`2 i?2 +Q?2`2M+2
iBK2 Q7 i?2 Tm`2bi pBH#H2 k3aB +`vbiH- bKTH2 k3aB@pQX 6BMHHv- a2+X eX9 2tTHQ`2b
 .ys@#b2/ bTBM K2bm`2K2Mi i?i ;Q2b #2vQM/ i?2 +T#BHBiB2b Q7 +QMp2MiBQMH
2+?Q@#b2/ 1a_,  .ys@iQKQ;`T?v b2[m2M+2 Bb /2p2HQT2/ i?i Bb #b2/ QM #bQ@
Hmi2 bii2 TQTmHiBQM K2bm`2K2Mib iQ /2i2`KBM2 i?2 UKBt2/V /2MbBiv Ki`Bt Q7 i?2
bTBM 2Mb2K#H2X
6B`biHv i?Qm;?- a2+X eXR /Bb+mbb2b i?2 F2v 2H2K2Mib Q7 i?2 2tT2`BK2MiH b2imTX
RRN
Rky *?Ti2` e *T+BiBp2 /QMQ` #QmM/ 2t+BiQM K2bm`2K2Mib
 &YQFSJNFOUBM TFUVQ
h?2 b2imT Q7 HH 2tT2`BK2Mib /Bb+mbb2/ BM i?Bb +?Ti2` Bb bBKBH` M/ /2TB+i2/ BM
6B;X eXRUVX h?2 b2imT +M `Qm;?Hv #2 /BpB/2/ BMiQ 7Qm` KBM +i2;Q`B2b, BV h?2
Hb2` rBi? Bib QTiB+H +QKTQM2Mib- BBV i?2 +QMiBMmQmb ~Qr +`vQbii M/ K;M2i- BBBV
i?2 KB+`Qrp2 TmHb2@bQm`+2- r?B+? Bb bi`BTT2/ Q7 Bib 2+?Q@/2i2+iBQM `K- M/ BpV
i?2 +T+BiBp2 T?QiQ+QM/m+iBpBiv K2bm`2K2MiX HH 2tT2`BK2Mib ?p2 #22M +``B2/
Qmi mbBM; M Pt7Q`/ AMbi`mK2Mi *6Nj8 +`vQbii M/ i?2 +mbiQK@#mBHi KB+`Qrp2
bT2+i`QK2i2`- r?B+? ?p2 #22M /Bb+mbb2/ BM *?X 9XkX h?2 /Bb+mbbBQM Q7 i?Bb b2+iBQM
7Q+mbb2b QM i?2 /2iBHb Q7 i?2 +T+BiBp2 T?QiQ+QM/m+iBpBiv K2bm`2K2MiX
hQ K2bm`2 i?2 T?QiQ+QM/m+iBpBiv +T+BiBp2Hv- i?2 bBHB+QM +`vbiH Bb TH+2/ #2@
ir22M irQ S*" #Q`/b- iFBM; +`2 iQ KBMBKBb2 Mv TTHB2/ bi`BMX h?2 2H2+@
i`Q/2b `2 b2T`i2/ #v irQ i2~QM bT+2`b rBi?BM  [m`ix im#2 Q7 9KK /BK2i2`
U6B;X eXRU#VVX h?2 +QTT2` 2H2+i`Q/2b Q7 i?2 S*" 7+2 Qmir`/ iQ pQB/ /B`2+i 2H2+@
i`B+H +QMi+i rBi? i?2 bKTH2 M/ `2 +QMi+i2/ pB irQ +`vQ;2MB+ biBMH2bb bi22H
+QtBH +#H2b UGF2a?Q`2 hvT2 aaV iQ pQB/ i?2`KH HQ/X h?2 T`Q#2 biB+F Bb
BMb2`i2/ BMiQ  "`mF2` 6H2tHBM2 /B2H2+i`B+ `BM; KB+`Qrp2 `2bQMiQ` M/ +QQH2/ iQ
9X8EX
6B;m`2 eXRU/V b?Qrb i?2 2H2+i`B+ `2/Qmi +B`+mBi`v 2KTHQv2/X  aiM7Q`/ _2b2`+?
a_3jy HQ+F@BM KTHB}2` #Bb2b QM2 bB/2 Q7 i?2 2H2+i`Q/2 rBi? M * pQHi;2- ivTB+HHv
QM i?2 Q`/2` Q7 V#Bb = Ro M/  7`2[m2M+v QM i?2 Q`/2` Q7 Ry F>xX h?2 +m``2Mi
BMTmi Q7 i?2 HQ+F@BM Bb +QMM2+i2/ iQ i?2 b2+QM/ +QtBH +#H2 M/ K2bm`2b i?2
+m``2Mi i?`Qm;? i?2 S*" +T+BiQ` pB Bib BMi2`MH +m``2Mi@iQ@pQHi;2 +QMp2`i2`X
6Q` i?2 iBK2 `2bQHp2/ K2bm`2K2Mib Q7 a2+X eXj M/ eX9 i?2 iBK2 +QMbiMi Q7 i?2
HQ+F@BM Bb QM i?2 Q`/2` Q7 ∼RKb M/ Bib X M/ Y QmiTmib `2 +Tim`2/ rBi? M
Qb+BHHQb+QT2X
6B`bi- i?2 2tT2`BK2Mib Q7 a2+X eXk `2 /Bb+mbb2/- r?B+? BMp2biB;i2 i?2 Q`B;BM Q7
i?2 T?QiQ+QM/m+iBp2 bB;MH BM i?2 +T+BiBp2 K2bm`2K2MiX 6Q` i?Bb- i?2 `2bi`B+i2/
#M/rB/i? Q7 i?2 HQ+F@BM +m``2Mi@iQ@pQHi;2 +QMp2`i2`- rBi?  KtBKmK BMTmi 7`2@
[m2M+v Q7 ey F>x- T`Qp2b iQQ bKHHX AMbi2/- i?2 T`Q#2 biB+F 2H2+i`QMB+b `2 +QM@
M2+i2/ iQ  /2/B+i2/ BMbi`mK2Mi 7Q` iBK2@p2`;2/ +T+BiM+2 K2bm`2K2Mib- M
;BH2Mi 19N3y S`2+BbBQM G*_ J2i2`- #H2 iQ T2`7Q`K BKT2/M+2 K2bm`2K2Mib mT
iQ kJ>xX h?2 2H2+i`B+H +QMM2+iBQMb `2 /BbTHv2/ BM 6B;X eXRU+VX AMbi2/ Q7 KQpBM;
i?2 7Qm`@TQBMi +QMM2+iBQM TQBMi iQ i?2 S*" 2H2+i`Q/2b- Bi rb +?Qb2M iQ H2p2 i?2
7Qm` TQBMi +QMM2+iBQM i i?2 +QMM2+iQ`b i i?2 2M/ Q7 i?2 biBMH2bb +#H2- r?B+?
HHQrb +QKT`BbQM Q7 i?2 +T+BiM+2 K2i2` `2bmHib rBi? i?2 HQ+F@BM K2bm`2K2MiX
h?2 mb2 Q7 ;`QmM/2/ +Qt +#H2b KBMBKBx2b i?2 bi`v +T+BiM+2b CT #2ir22M i?2
eXR 1tT2`BK2MiH b2imT RkR
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Capacitance measurement
'JHVSF  h?2 b?`2/ b2imT Q7 i?2 +T+BiBp2Hv K2bm`2/ .ys 2tT2`BK2MibX
UV h?2 BMbi`mK2MiiBQM +M #2 /BpB/2/ BMiQ 7Qm` +i2;Q`B2b, BV h?2 KB@
+`Qrp2 bT2+i`QK2i2` Q7 r?B+? QMHv i?2 TmHb2 bQm`+2 Bb mb2/- BBV i?2 +@
T+BiM+2 K2bm`2K2Mi- BBBV i?2 +`vQbii  K;M2i M/ BpV i?2 Hb2`b M/
i?2B` }Hi2`bX h?2 +T+BiM+2 K2bm`2K2Mi Bb T2`7Q`K2/ QM  T`HH2H THi2
2H2+i`Q/2b U#V rBi? i?2 bBHB+QM bKTH2 TH+2/ bi`BM@7`22Hv BM #2ir22M irQ
S*"@2H2+i`Q/2b- +QMM2+i2/ #v irQ biBMH2bb bi22H +QtBH +#H2bX h?2 +T+@
BiM+2 Bb 2Bi?2` K2bm`2/ mbBM; U+V  /2/B+i2/ G*_ K2i2` Q` U/V  HQ+F@BM
KTHB}2` BM +m``2Mi /2i2+iBQM KQ/2X
Rkk *?Ti2` e *T+BiBp2 /QMQ` #QmM/ 2t+BiQM K2bm`2K2Mib
irQ +2Mi2` +QM/m+iQ`bX h?2 Qmi2` +QM/m+iQ`b Q7 i?2 +QtBH +#H2b `2 MQi +QMM2+i2/
i i?2 S*" bB/2 iQ pQB/ ;`QmM/ HQQTbRX >2M+2- iQ  ;QQ/ TT`QtBKiBQM i?2 QMHv
bi`v +T+BiM+2 K2bm`2/ Bb i?2 T`HH2H +T+BiM+2 7`QK i?2 mMb?B2H/2/ T`ib Q7
i?2 rB`2- +HQb2 iQ i?2 S*" +T+BiQ` U+7X 6B;X eXRU#VVX
R6Q` /2iBHb `272` iQ E2vbB;?iǶb AKT2/M+2 J2bm`2K2Mi >M/#QQF- ei? 1/BiBQMX
eXk *T+BiBp2 K2bm`2K2Mi Q7 i?2 bKTH2 +QM/m+iBpBiv Rkj
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'JHVSF  *?M;2b Q7 i?2 +T+BiM+2 M/ HQbb Q7 i?2 S*" +T+BiQ` rBi?
BMb2`i2/ bKTH2 b  7mM+iBQM Q7 T?QiQM 2M2`;v 7Q` irQ /Bz2`2Mi #Bb 7`2@
[m2M+B2bX h?2 bT2+i`mK Bb K2bm`2/ 7Q` bKTH2 k3aB@jjR rBi? BM+B/2Mi Hb2`
TQr2` Q7 ∼9yqfKk BM  K;M2iB+ }2H/ Q7 j9yKhX
 $BQBDJUJWF NFBTVSFNFOU PG UIF TBNQMF DPOEVDUJWJUZ
b M 2tKTH2 Q7 r?v  /2iBH2/ mM/2`biM/BM; Q7 i?2 Q`B;BM Q7 i?2 +T+BiBp2-
+QMi+iH2bb .ys bB;MH Bb M2+2bb`v- +QMbB/2` 6B;X eXk, "Qi? i?2 +?M;2 Q7 i?2 +@
T+BiM+2 C M/ i?2 +?M;2 Q7 i?2 HQbb iM;2Mi D = _2(Z)/|AK(Z)| K2bm`2/ #v
i?2 +T+BiM+2 K2i2` `2 THQii2/ b  7mM+iBQM Q7 Hb2` 2M2`;vX .m2 iQ i?2 }MBi2
K;M2iB+ }2H/- i?2 .ys i`MbBiBQM bTHBib BMiQ bBt HBM2bX 6Q` i?2 +T+BiM+2- i?2
.ys i`MbBiBQMb +QMbBbi2MiHv b?Qr M BM+`2b2 Q7 +T+BiM+2 QM `2bQMM+2X h?2
HQbb iM;2Mi- ?Qr2p2`- 72im`2b 2Bi?2`  M2;iBp2 Q` TQbBiBp2 `2bTQMb2 QM `2bQMM+2-
/2T2M/BM; QM i?2 7`2[m2M+v Q7 i?2 * pQHi;2X 6Q` 7`2[m2M+B2b 7` rv 7`QK
8y F>x- BX2 7Q` f = kJ>x-  p2`v r2F- HKQbi MQM@2tBbiBM;- bB;MH Bb /2i2+i2/ i
i?Bb T`iB+mH` Hb2` TQr2`X h?2 +T+BiM+2 M/ HQbb /B`2+iHv i`Mb72` iQ i?2 Qmi@Q7@
T?b2 M/ BM@T?b2 +QKTQM2Mi Q7 i?2 +m``2Mi /2i2+i2/ #v i?2 HQ+F@BMX .2T2M/BM;
QM i?2 7`2[m2M+v Q7 i?2 #Bb pQHi;2 M/ QM i?2 Hb2` TQr2`- p2`v /Bz2`2Mi bB;MH
K;MBim/2b M/ T?b2b `2 i?mb Q#b2`p2/X
hQ mM/2`biM/ i?2 Q`B;BM Q7 i?Bb #2?pBQm`- #Qi? i?2 +T+BiM+2 M/ HQbb `2
K2bm`2/ Qp2`  `M;2 Q7 7`2[m2M+v M/ Hb2` TQr2`b- #Qi? QM M/ Qz `2bQMM+2
rBi? i?2 .ys i`MbBiBQMX AM Q`/2` iQ +?B2p2  H`;2 bB;MH +QMi`bi #2ir22M QM@
M/ Qz@`2bQMMi +QM/m+iBpBiv-  pMBb?BM; K;M2iB+ }2H/ UB = yhV Bb +?Qb2M- r?2`2
MQ TQH`BbiBQM #mBH/@mT Q++m`bX hrQ /Bz2`2Mi bKTH2b `2 BMp2biB;i2/- bKTH2
k3aB@jjR M/ k3aB@jkR- rBi? bBKBH` `2bmHibX
Rk9 *?Ti2` e *T+BiBp2 /QMQ` #QmM/ 2t+BiQM K2bm`2K2Mib
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'JHVSF  h?2 +T+BiM+2 M/ HQbb iM;2Mi Q7 i?2 T`Q#2 biB+F rBi? bKTH2
k3aB@jkR b  7mM+iBQM Q7 #Bb 7`2[m2M+vX h`+2b `2 iF2M 7Q` /Bz2`2Mi Hb2`
TQr2`b 7`QK RX9× RyƐRqfKk U#Hm2V iQ jX8× RyjqfKk- #Qi? QM `2bQMM+2
U2KTiv +B`+H2V M/ Qz `2bQMM+2 U7mHH +B`+H2bVX 6Bib Q7 i?2 2H2+i`B+ +B`+mBi
KQ/2H bF2i+?2/ BM 6B;X eXRU/V `2 /`rM b /b?2/ HBM2b UQz `2bQMM+2 /iV
M/ bQHB/ HBM2b UQM `2bQMM+2 /iVX B = yhX
 *OUFSQSFUBUJPO PG UIF DBQBDJUJWFMZ NFBTVSFE QIPUPDPOEVDUJWJUZ
TJHOBM
6B;m`2 eXj b?Qrb i?2 `2bmHib Q7 bKTH2 k3aB@jkRX h?2 THQii2/ Hb2` BMi2MbBiv `M;2b
7`QK RX9× RyƐRqfKk U#Hm2V iQ jX8× RyjqfKk U`2/VX .i TQBMib rBi? i?2 Hb2`
QM `2bQMM+2 rBi? i?2 .ys i`MbBiBQMb `2 +H2` +B`+H2b- r?BH2 i?2 Qz `2bQMM+2 /i
`2 /2TB+i2/ b bQHB/ +B`+H2bX h?2 HQbb iM;2Mi /i ?p2 ?/  HBM2` T?b2 b?B7i
Q#b2`p2/ i ?B;?2` 7`2[m2M+B2b `2KQp2/- b r2HH b  bKHH `2bQMMi #2?pBQm` i
Ry F>x- bBM+2 i?2b2 +QmH/ #2 i`+2/ #+F iQ  }MBi2 H2M;i? Q7 i?2 +QtBH +#H2b- M/
 `2bQMM+2 Q7 i?2 2KTiv T`Q#2 biB+F `2bT2+iBp2HvX
6Q` HH Hb2` i`+2b-  i`MbBiBQM 7`QK  ?B;?2` iQ  HQr2` +T+BiM+2 pHm2 Bb
Q#b2`p2/ rBi? BM+`2bBM; 7`2[m2M+vX i i?2 +2Mi2` Q7 i?Bb i`MbBiBQM-  T2F BM
i?2 HQbb +M #2 /2i2+i2/,  +H2` BM/B+iBQM Q7  `2bQMMi #2?pBQm`X h?2 +2Mi2`
eXk *T+BiBp2 K2bm`2K2Mi Q7 i?2 bKTH2 +QM/m+iBpBiv Rk8
7`2[m2M+v Q7 i?2 `2bQMM+2 +?M;2b rBi? TTHB2/ Hb2` TQr2`- rBi? ?B;?2` Hb2`
TQr2`b `2bmHiBM; BM ?B;?2` i`MbBiBQM 7`2[m2M+B2bX
h?2 i`MbBiBQM 7`2[m2M+v 7Q` i?2 /i QM `2bQMM+2 Bb +QMbBbi2MiHv ?B;?2` i?M i?2
Qz `2bQMM+2 i`MbBiBQM Q7 i?2 bK2 Hb2` TQr2`X h?2 Q#b2`p2/ #2?pBQm` 2tTHBMb
i?2 +QMbBbi2MiHv TQbBiBp2 +?M;2b Q7 C M/ i?2 bB;M +?M;2 Q7 D- b22M BM i?2 .ys
bT2+i`mK Q7 6B;X eXkX hmMBM; i?2 Hb2` 7`QK Qz `2bQMM+2 iQ QM `2bQMM+2 bQH2Hv
H2/b iQ  TQbBiBp2 b?B7i Q7 i?2 +T+BiM+2 pHm2- b b22M 2X;X 7Q` i?2 ;`22M i`+2 Q7
6B;X eXjX 6m`i?2`KQ`2- QMHv  #Bb 7`2[m2M+v +HQb2 iQ i?2 i`MbBiBQM 7`2[m2M+v HHQrb
7Q` M Q#b2`p#H2 .ys bB;MHX 6Q` i?2 HQbb- i?2 bB;M Q7 i?2 .ys bB;MH /2T2M/b QM
i?2 +?QB+2 Q7 7`2[m2M+v- ;BM b Q#b2`p2/ 7Q` 2X;X i?2 ;`22M i`+2X >B;? 7`2[m2M+B2b
Uf # dy F>xV 2t?B#Bi M BM+`2b2 Q7 D QM `2bQMM+2- BX2X  TQbBiBp2 .ys bB;MHX AM
+QMi`bi- HQr 7`2[m2M+B2b Uf ! Ry F>xV 72im`2  `2/m+iBQM Q7 i?2 HQbb- BX2X  M2;iBp2
.ys bB;MH QM `2bQMM+2X
h?2 Q#b2`p2/ `2bQMMi #2?pBQm` M/ Bib +?M;2 rBi? Hb2` +QM/BiBQMb +M #2
i`+2/ #+F iQ  +?M;2 Q7 bKTH2 +QM/m+iBpBivX h?Bb #2+QK2b 2pB/2Mi 7`QK 
KQ/2H 7Q` i?2 2H2+i`B+ +B`+mBi Q7 i?2 S*" +T+BiQ` rBi? i?2 BMb2`i2/ bKTH2X h?2
bbmK2/ +B`+mBi KQ/2H Bb /2TB+i2/ BM 6B;X eXRU/V, h?2 bBHB+QM bKTH2 Bb iF2M iQ #2 
HQbbv +T+BiQ` U/B2H2+i`B+ +QMbiMi ε`V- rBi? bQK2 `2bBbiM+2 +QMM2+i2/ BM T`HH2HX
h?2 +T+BiM+2 #2ir22M i?2 2H2+i`Q/2b M/ i?2 S*" `2 KQ/2HH2/ b irQ B`@;T
+T+BiQ`b CS*" M/ i?2 bi`v +T+BiM+2 #2ir22M i?2 T`ib Q7 i?2 +T+BiQ` i?i
`2 MQi }HH2/ rBi? i?2 bKTH2 Bb H#2HH2/ CTX 6`QK i?Bb KQ/2H- i HQr2` 7`2[m2M@
+B2b-  H`;2` +T+BiM+2 pHm2 Bb 2tT2+i2/ i?M 7Q` ?B;?2` 7`2[m2M+B2b, i HQr2`
7`2[m2M+B2b- i?2 `2bBbiM+2 Q7 i?2 bBHB+QM bKTH2 RaB b?Q`ib i?2 `2+iM+2 bbQ+Bi2/
rBi? i?2 bBHB+QM +T+BiM+2 CaB M/ i?mb i?2 iQiH +T+BiM+2 Bb /2i2`KBM2/ #v i?2
b2`B2b +QMM2+iBQM Q7 irQ CS*"X b i?2 7`2[m2M+v BM+`2b2b- i?2 `2+iM+2 bbQ+Bi2/
rBi? CaB #2+QK2b bKHH2`- M/ 2p2MimHHv /2i2`KBM2b i?2 bKTH2 BKT2/M+2X h?mb-
7Q` ?B;?2` 7`2[m2M+B2b- i?2 iQiH +T+BiM+2 Q7 i?2 T`Q#2 biB+F Bb HQr2`- bBM+2 Bi Bb
;Bp2M #v i?2 b2`B2b Q7 r?i `2 MQr i?`22 +T+BiM+2b- 2 × CS*"  CaB- BMbi2/
Q7 Dmbi irQ i HQr2` 7`2[m2M+B2bX h?2 i`MbBiBQM 7`QK QM2 `2;BK2 iQ i?2 Qi?2` Bb
;Bp2M #v i?2 2[mHBiv Q7 i?2 BKT2/M+2b bbQ+Bi2/ rBi? i?2 `2bBbiM+2 RaB M/ `2+@
iM+2 saB = 1/(ωCaB)X h?2 bQHmiBQM Q7 i?Bb 2[miBQM H2/b iQ M M;mH` i`MbBiBQM
7`2[m2M+v +QM/BiBQM r?B+? Bb BM/2T2M/2Mi Q7 bKTH2 ;2QK2i`v,
ωi =
σaB
ε0ε`
- UeXRV
Rke *?Ti2` e *T+BiBp2 /QMQ` #QmM/ 2t+BiQM K2bm`2K2Mib
r?2`2 σaB Bb i?2 Hb2` BMi2MbBiv@/2T2M/2Mi bKTH2 +QM/m+iBpBiv M/ ε` = 11.45 i
9X8E (R3j)- r?B+? Bb BM/2T2M/2Mi Q7 Hb2` BMi2MbBivkX lbBM; i?2 /2b+`B#2/ 2H2+i`B+
+B`+mBi KQ/2H- Bi Bb TQbbB#H2 iQ }i i?2 r?QH2 /i b2i U#Qi? C(ω) M/ D(ω)V bB@
KmHiM2QmbHv rBi? QM2 }i T`K2i2` σaB 7Q` 2+? i`+2 M/ i?2 irQ `2KBMBM; }i
T`K2i2`b CT M/ CS*" b?`2/ #2ir22M i?2 r?QH2 /i b2iX h?2 }i Q7 i?2 mMrMi2/
T`HH2H +T+BiM+2 ;Bp2b CT = kNy 76- r?B+? Bb `2bQM#H2 7Q` i?2 ;Bp2M ;2QK2i`vX
h?2 Qi?2` ;HQ#H }iiBM; T`K2i2`- i?2 +T+BiM+2 #2ir22M i?2 2H2+i`Q/2 M/ i?2
bBHB+QM bKTH2 QM 2+? bB/2- iF2b  pHm2 Q7 CS*" = kky 76X h?Bb pHm2 +QBM+B/2b
r2HH rBi? i?2 ;Bp2M /BK2MbBQMb M/ HbQ rBi? i?2 T`Q#2 biB+F +T+BiM+2 rBi?Qmi
bKTH2 BMb2`i2/X h?2 `2bmHib Q7 i?2 2ti`+i2/ +QM/m+iBpBiv pHm2b 7Q` 2+? Hb2`
+QM/BiBQM `2 /Bb+mbb2/ BM i?2 M2ti b2+iBQMX
Ai b?QmH/ #2 MQi2/ ?2`2 i?i- BM ;2M2`H- /m2 iQ i?2 `2bQMMi 72im`2 mM/2`HvBM;
i?2 .ys bB;MH Q7 C M/ D- MQ HBM2`Biv #2ir22M +QM/m+iBpBiv +?M;2b ∆σaB M/ i?2
+?M;2b ∆C M/ ∆D +M #2 2tT2+i2/X  HBM2` `2bTQMb2 Q7 C iQ }`bi M/ b2+QM/
Q`/2` +M QMHv #2 2Mbm`2/ rBi? i?2 /`BpBM; 7`2[m2M+B2b imM2/ iQ i?2 +2Mi2` Q7 i?2
bKTH2 b2H7@`2bQMM+2 M/ 7Q` +QM/m+iBpBiv BM/m+2/ b?B7ib i?i `2 bKHH +QKT`2/
iQ i?2 rB/i? Q7 i?2 i`MbBiBQMX h?2`27Q`2 ;`2i +`2 Bb `2[mB`2/ r?2M BMi2`T`2iBM;
+T+BiBp2Hv K2bm`2/ T?QiQ+QM/m+iBpBiv bB;MHb M/ bbmKTiBQMb bm+? b ∆C ∝
∆σaB ?p2 iQ #2 +Q``Q#Q`i2/X
 "OBMZTJT PG UIF FYUSBDUFE TBNQMF DPOEVDUJWJUZ
h?2 bKTH2 +QM/m+iBpBiv σaB 2ti`+i2/ 7`QK i?2 }ib iQ i?2 7`2[m2M+v br22Tb Q7
6B;X eXj `2 THQii2/ BM 6B;X eX9 b  7mM+iBQM Q7 Hb2` BMi2MbBiv IGX h?2 /i 7Q` #Qi?
bKTH2b `2 BM+Hm/2/- rBi? i?2 /i 7`QK bKTH2 k3aB@jkR THQii2/ BM /`F #Hm2 M/
i?2 k3aB@jjR /i BM HB;?i #Hm2X 6Q` HH Hb2` TQr2`b- i?2 /i QM `2bQMM+2 U2KTiv
+B`+H2bV b?Qr  ?B;?2` +QM/m+iBpBiv i?M i?2 Qz `2bQMM+2 /i U7mHH +B`+H2bVX  HBM2`
/2T2M/2M+2 #2ir22M σaB M/ IG Bb Q#b2`p2/ Qp2` #Qmi }p2 Q`/2`b Q7 K;MBim/2X i
HQr2` BMi2MbBiv- i?2 +QM/m+iBpBiv `QHHb Qz iQr`/b  +QMbiMi pHm2- TQbbB#Hv /m2 iQ 
bKHH KQmMi Q7 #Qp2@#M/;T HB;?i `2+?BM; i?2 bKTH2 pB i?2 bKTH2 rBM/Qrb
Q` bKHH #Qp2@#M/;T KQ/2b Q7 i?2 Hb2`X
h?2 K2bm`2/ /i- M/ 2bT2+BHHv i?2 Qz@`2bQMMi T`i- b?QmH/ #2 +QKT`2/
iQ i?2 /i M/ i?2Q`v /2p2HQT2/ 7Q` i?2 T?QiQ@>HH .ys K2bm`2K2Mib Q7 a2+X
8XkX .m`BM; i?i /Bb+mbbBQM- Bi rb 7QmM/ i?i i?2 Qz@`2bQMMi +QM/m+iBpBiv Bb
HBF2Hv +mb2/ #v /B`2+i T?QiQ@BQMBxiBQM Q7 i?2 /QMQ` rBi?  +``B2` ;2M2`iBQM `i2
kh?2 TQH`BbB#BHBiv M/ +QM+2Mi`iBQM Q7 T?QbT?Q`mb Bb M2;HB;B#H2 +QKT`2/ iQ i?2 TQH`BbB#BHBiv
Q7 i?2 bBHB+QM ?Qbi HiiB+2 (R39)X
eXk *T+BiBp2 K2bm`2K2Mi Q7 i?2 bKTH2 +QM/m+iBpBiv Rkd
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'JHVSF  h?2 2ti`+i2/ T?QiQ@+QM/m+iBpBiv 7`QK i?2 }ib Q7 6B;X eXj b 
7mM+iBQM Q7 BM+B/2Mi Hb2` BMi2MbBivX .`F UHB;?iV #Hm2 /i TQBMib +Q``2bTQM/
iQ bKTH2 k3aB@jkR Uk3aB@jjRVX h?2 +QM/m+iBpBiv QM `2bQMM+2 rBi? i?2
.ys i`MbBiBQM U2KTiv +B`+H2bV Bb #Qmi  7+iQ` 9 iQ 3 ?B;?2` i?M i?i
Qz `2bQMM+2 U7mHH +B`+H2bVX h?2 bQHB/ M/ /b?2/ HBM2b `2T`2b2Mi i?2Q`2iB+H
i`2iK2Mi Q7 i?2 QM@ M/ Qz@`2bQMMi +QM/m+iBpBiv /Bb+mbb2/ BM i?2 KBM
i2tiX h?2 BM/B+i2/ 2``Q` BM y Bb i?2 }i@mM+2`iBMiv- r?BH2 i?2 x@2``Q` Bb M
2biBKi2 7Q` i?2 mM+2`iBMiv Q7 i?2 Hb2` BMi2MbBiv rBi?BM i?2 bKTH2 /m2 iQ
`2~2+iBQMbjX
GQ77 _2b = Γ/B`2+iN0X h?2 QM@`2bQMMi ;2M2`iBQM `i2 Bb ;Bp2M #v GQM_2b = (Γ.ys +
Γ/B`2+i)N0- r?2`2 i?2 }`bi i2`K b+H2b BMp2`b2Hv rBi? i?2 .ys HBM2rB/i?X h?2 bi2/v
bii2 +QM/m+iBpBiv Bb ;Bp2M #v,
σ = eµ∆n = eµ
G
τn
UeXkV
r?2`2 τn Bb i?2 HB72iBK2 Q7 i?2 2D2+i2/- i?2`KHBx2/ m;2` 2H2+i`QM BM i?2 +QM/m+iBQM
#M/- ;Bp2M #v i?2 +Tim`2 +Q2{+B2Mi Q7 i?2 BQMBb2/ /QMQ` +QM+2Mi`iBQM b τn =
(Bn→N0N+)−1X lM7Q`imMi2Hv- i?2 KQ#BHBiv Q7 i?2b2 T`iB+mH` bKTH2b i T = 9X8E
Bb MQi FMQrMX  `2bQM#H2 2biBKi2 +M #2 K/2 7Q` bKTH2 k3aB@jkR, AM b2+iBQM
jX8Xj i?2 KQ#BHBiv Q7 T?QiQ 2t+Bi2/ 2H2+i`QMb i HQr i2KT2`im`2b M/ i B = yh ?b
#22M /2i2`KBM2/ 7Q` bKTH2 MiaB@>HH- r?B+? ;p2 µ ≈ d× Ry9 +KkfUo bV- HBKBi2/
#v M2mi`H /QMQ` b+ii2`BM;X h?2 /QMQ` /2MbBiv Q7 bKTH2 MiaB@>HH M/ k3aB@jkR
Bb HKQbi i?2 bK2- bQ Bi b22Kb `2bQM#H2 iQ bbmK2 i?2 bK2 KQ#BHBiv pHm2b 7Q`
i?2 irQ bKTH2bX h?2 KQ#BHBiv 7Q` bKTH2 k3aB@jjR- r?B+? ?b  15× HQr2` /QMQ`
+QM+2Mi`iBQM- b?QmH/ ?p2  ?B;?2` KQ#BHBiv- #mi Bib pHm2 `2KBMb H`;2Hv mMFMQrMX
h?mb- QMHv [mHBiiBp2 bii2K2Mib +M #2 K/2 BM i?2 `2KBM/2` 7Q` i?2 Hii2`X
Rk3 *?Ti2` e *T+BiBp2 /QMQ` #QmM/ 2t+BiQM K2bm`2K2Mib
h?2 bQHB/ HBM2 Q7 6B;X eX9 b?Qrb i?2 Qz@`2bQMMi bQHmiBQM Q7 1[X UeXkV UrBi? G =
GQ77 _2bV- r?BH2 i?2 /b?2/ HBM2 `2T`2b2Mib i?2 +Q``2bTQM/BM; 2tT`2bbBQM QM `2bQMM+2X
_2bQM#H2 T`K2i2` pHm2b- bBKBH` iQ i?Qb2 Q7 a2+X 8Xk- `2 2KTHQv2/X h?2 Hb2`
TQr2` rBi?BM i?2 bKTH2 Bb bbmK2/ iQ #2 0.4IGX h?2 /B`2+i T?QiQBQMBbiBQM +`Qbb
b2+iBQM i RXR8 2o Bb iF2M b σ/B`2+i = 0.05σ/B`2+i, T2F- r?BH2 i?2 ;2M2`iBQM `i2 Γ.ys
Bb +H+mHi2/ 7`QK i?2 K2bm`2/ .ys HBM2rB/i? Q7 9 ƒ2o M/ i?2 FMQrM Qb+BHHiQ`
bi`2M;i? Q7 i?2 .ys i`MbBiBQMX GbiHv- i?2 BQMBb2/ /QMQ` +QM+2Mi`iBQM Bb bbmK2/
iQ #2 +QMbiMi i N+ = kX8× RyRj +KƐj- +QKT`2/ iQ N0 = j× RyR8 +KƐj  N ≈
R× RyR9 +KƐj 7Q` bKTH2 k3aB@jkRX
h?2b2 +H+mHiBQMb +M QMHv #2 M Q`/2`@Q7@K;MBim/2 2biBKi2 /m2 iQ i?2 b@
bmKTiBQMb iF2M 7Q` i?2 BQMBb2/ /QMQ` +QM+2Mi`iBQM- i?2 +``B2` KQ#BHBiv M/ i?2
+imH Hb2` BMi2MbBiv pHm2 rBi?BM i?2 bKTH2X aiBHH- MQM2 Q7 i?2 bbmK2/ pHm2b
b22K mM`2bQM#H2 M/ Bi ;Bp2b +QM}/2M+2 BM i?2 KQ/2H iQ b22 i?i i?2 +H+mHiBQMb
`2 #H2 iQ `2T`Q/m+2 i?2 HBM2` /2T2M/2M+2 M/ i?2 Q`/2` Q7 K;MBim/2 7Q` i?2
+QM/m+iBpBiv #Qi? QM M/ Qz `2bQMM+2X
AMi2`2biBM;Hv- i?2 +QM/m+iBpBiv Q7 bKTH2 k3aB@jjR Bb [mBi2 bBKBH` iQ i?i Q7 bKTH2
k3aB@jkR- /2bTBi2 Bib /QMQ` +QM+2Mi`iBQM #2BM; Qp2` M Q`/2` Q7 K;MBim/2 bKHH2`X
h?Bb b?QmH/ ?p2 `2bmHi2/ BM M Q`/2` Q7 K;MBim/2 HQr2` bi2/v bii2 +``B2` +QM@
+2Mi`iBQM /m2 iQ i?2 b+HBM; Q7 i?2 +``B2` ;2M2`iBQM `i2b GQ77 _2b M/ GQM_2b rBi?
/QMQ` /2MbBivX  TQbbB#H2- H#2Bi mMHBF2Hv `2bQM r?v bm+?  H`;2 +QM/m+iBpBiv
Bb Q#b2`p2/ +QmH/ #2 i?i i?2 bKTH2 KQmMiBM;fHQ/BM; Bb /Bz2`2Mi #2ir22M i?2
irQ K2bm`2K2Mib- ;BpBM; `Bb2 iQ  bvbi2KiB+ +?M;2 Q7 /2HBp2`2/ Hb2` TQr2` Q7
#Qmi M Q`/2` Q7 K;MBim/2X MQi?2` TQbbB#BHBiv 7Q` i?2 Q#b2`p2/ ?B;?2` +QM/m+@
iBpBiv +QmH/ #2 i?i M BM+`2b2/ +``B2` HB72iBK2 #HM+2b  HQr2` +``B2` ;2M2`iBQM
`i2- `2bmHiBM; BM i?2 bK2 bi2/v bii2 +``B2` +QM+2Mi`iBQMX h?2 BM+`2b2/ +`@
`B2` HB72iBK2 rQmH/ #2 /m2 iQ  bKHH2` N+ +QM+2Mi`iBQMX Hi?Qm;? #Qi? bKTH2b
?p2 i?2 bK2 #Q`QM +QM+2Mi`iBQM UN ≈ R× RyR9 +KƐjV- i?Bb +QmH/ BM/22/ #2
i?2 +b2- bBM+2 i?2 p2`;2 M2`2bi /QMQ` /BbiM+2 7Q`  ;Bp2M ++2TiQ` Bb H`;2`
BM i?2 HQr2` /QT2/ bKTH2- H2/BM; iQ  bKHH2` TQ`iBQM Q7 ++2TiQ`b M/ /QMQ`b
mM/2`;QBM; /QMQ`@++2TiQ` `2+QK#BMiBQMX  }MH 2tTHMiBQM 7Q` i?2 bBKBH` bK@
TH2 +QM/m+iBpBiv- M/ T2`?Tb i?2 KQbi HBF2Hv QM2- +QmH/ #2  /Bz2`2M+2 BM +``B2`
KQ#BHBiv #2ir22M bKTH2 k3aB@jjR M/ k3aB@jkRX 6`QK i?2 /Bb+mbbBQM Q7 a2+X jX8X9-
Bi b22Kb HBF2Hv i?i 7Q` bKTH2 MiaB@>HH i?2 KQ#BHBiv i 9E Bb HBKBi2/ #v M2mi`H
/QMQ` b+ii2`BM;X 6Q` i?Bb b+ii2`BM; ivT2- i?2 KQ#BHBiv b+H2b BMp2`b2Hv rBi? i?2
/QMQ` +QM+2Mi`iBQM- bm;;2biBM; i?i bKTH2 k3aB@jjR +QmH/ ?p2  +Q``2bTQM/BM;Hv
?B;?2` KQ#BHBiv i?M k3aB@jkRěB7 MQ Qi?2` b+ii2`BM; K2+?MBbKb bi`i iQ #2+QK2 
HBKBiBM; 7+iQ` i HQr2` /QMQ` /2MbBiB2bX >2M+2- M BM+`2b2/ KQ#BHBiv +QmH/ #HM+2
eXk *T+BiBp2 K2bm`2K2Mi Q7 i?2 bKTH2 +QM/m+iBpBiv RkN
 `2/m+2/ bi2/v bii2 +``B2` /2MbBiv bi2KKBM; 7`QK  `2/m+2/ +``B2` ;2M2`iBQM
`i2X 6`QK i?2 #Qp2 /Bb+mbbBQM Bi Bb Q#pBQmb i?i MQ /2}MBiBp2 2tTHMiBQM 7Q` i?2
Q#b2`p2/ +QM/m+iBpBiv bBKBH`Biv Q7 i?2 irQ bKTH2b +M #2 K/2X 6m`i?2`KQ`2-
+QK#BMiBQMb Q7 i?2 /Bb+mbb2/ 2z2+ib `2 HbQ TQbbB#H2X
 $PODMVTJPO
AM bmKK`v- Bi ?b #22M b?QrM i?i i?2 bi`BM@7`22- +T+BiBp2 K2bm`2K2Mi Q7 i?2
.ys bB;MH Bb 7mM/K2MiHHv  b2H7@`2bQMM+2 T?2MQK2M Q7  HQbbv +T+BiQ` M/
i?2`27Q`2 QMHv rQ`Fb 7Q` bT2+B}+ `M;2b Q7 #Bb 7`2[m2M+B2b 7Q` 2+? Hb2` TQr2`X
6`QK 7`2[m2M+v br22Tb- i?2 +QM/m+iBpBiv Q7 irQ k3aB bKTH2b +QmH/ #2 2ti`+i2/
#Qi? QM@ M/ Qz `2bQMM+2- b?QrBM;  HBM2` `2HiBQMb?BT #2ir22M +QM/m+iBpBiv M/
Hb2` BMi2MbBiv Qp2` #Qmi }p2 Q`/2`b Q7 K;MBim/2X h?Bb Bb BM ++Q`/M+2 rBi?
i?2 >HH K2bm`2K2Mi `2bmHib /Bb+mbb2/ BM *?X 8XkXkX 6QHHQrBM; i?2 `2bmHib Q7 i?i
+?Ti2`-  bBKTH2 +``B2` ;2M2`iBQM@`2+QK#BMiBQM KQ/2H Bb 2KTHQv2/X lbBM; p2`v
`2bQM#H2 bbmKTiBQMb `2;`/BM; i?2 Hb2` BMi2MbBiv- i?2 +``B2` KQ#BHBiv M/ i?2
/2MbBiv Q7 BQMBx2/ /QMQ`b- r2 }M/ ;QQ/ ;`22K2Mi #2ir22M i?Bb i?2Q`2iB+H KQ/2H
M/ i?2 /i 7Q` bKTH2 k3aB@jkRX h?2 /2b+`BTiBQM Q7 i?2 /i 7Q` bKTH2 k3aB@jjR
Bb K/2 /B{+mHi #v i?2 mMFMQrM bi`2M;i? Q7 /QMQ`@++2TiQ` `2+QK#BMiBQM M/ i?2
H+F Q7 /i 7Q` i?2 +``B2` KQ#BHBiv i N. ≈ R× RyR9 +KƐjX
b  }MH `2K`F- Bi b?QmH/ #2 MQi2/ i?i rBi? i?2 Hb2` Qz `2bQMM+2- 7`2[m2M+v
br22Tb ?p2 HbQ #22M +QM/m+i2/ b  7mM+iBQM Q7 K;M2iB+ }2H/X lMbm`T`BbBM;Hv- 
/2+`2b2 BM +QM/m+iBpBiv rBi? BM+`2bBM; K;M2iB+ }2H/ Bb Q#b2`p2/- bi`2bbBM; i?i
K;M2iQ`2bBbiBp2 2z2+ib U+7X a2+X jX8XjV /Q HbQ THv  `QH2 HbQ 7Q` k3aB bKTH2b M/
7Q` i?2 bi`BM@7`22 .ys T?QiQ+QM/m+iBpBiv K2bm`2K2MiX
Rjy *?Ti2` e *T+BiBp2 /QMQ` #QmM/ 2t+BiQM K2bm`2K2Mib
 $PIFSFODF UJNF MJNJUT PG QIPTQIPSVT JO TJMJDPO
h?Bb b2+iBQM BMp2biB;i2b i?2 2H2+i`QM bTBM +Q?2`2M+2 iBK2 Q7 T?QbT?Q`mb BM bKTH2
k3aB@pQX h?2 bKTH2 Bb iQ@/i2 i?2 ?B;?2bi Tm`B}2/ k3aB bKTH2- rBi?  kNaB +QM@
+2Mi`iBQM Q7 9d TTK M/ *- Pk- " M/ S +QM+2Mi`iBQMb bKHH2` i?M R× RyRj +KƐj
U7Q` /2iBHb b22 *?X 9XRXRVX h?2 HQr +QM+2Mi`iBQM Q7 i?2 Mm+H2` bTBM@+``vBM; kNaB
BbQiQT2b T`QpB/2b M HKQbi bTBM@7`22 k3aB ?Qbi +`vbiH- BM r?B+? #Qi? i?2 2H2+i`QM
M/ Mm+H2` bTBM Q7 T?QbT?Q`mb 2t?B#Bi 2ti`Q`/BM`v HQM; +Q?2`2M+2 iBK2bX
qQ`F QM i?2 T?QbT?Q`mb Mm+H2` bTBM +Q?2`2M+2 iBK2b BM i?2 k3aB@pQ Ki2`BH
?b #22M +``B2/ Qmi #v S`Q7X h?2rHiǶb ;`QmT i i?2 aBKQM 6`b2` lMBp2`bBiv, >?M
2+?Q +Q?2`2M+2 iBK2b Q7 99 b i RXdE 7Q` i?2 M2mi`H /QMQ` (jR) M/  bBKBH` kd b 7Q`
i?2 BQMBx2/ /QMQ` i RXNE (R3) ?p2 #22M +?B2p2/X XY 16@/vMKB+H /2+QmTHBM;
BKT`Qp2/ i?2 Mm+H2` bTBM +Q?2`2M+2 iBK2 Q7 i?2 M2mi`H /QMQ` iQ RNk b- r?BH2 i?2
BQMBx2/ /QMQ` bTBM `2+?2b M 2p2M HQM;2` j ?- bBM+2 Bib Mm+H2` bTBM >KBHiQMBM
Bb MQi z2+i2/ #v MQBb2 7`QK i?2 ?vT2`}M2 +QmTHBM; iQ i?2 /QMQ` 2H2+i`QMX .m2
iQ i?2 b2MbBiBpBiv HBKBi Q7 +QMp2MiBQMH 1a_ bT2+i`QK2i2`b- HH Q7 i?2b2 k3aB@pQ
Mm+H2` bTBM K2bm`2K2Mib `2HB2/ QM i?2 +T+BiBp2 T?QiQ@+QM/m+iBpBiv `2/Qmi BM
+QK#BMiBQM rBi? _6 TmHb2b BM i?2 7`2[m2M+v `M;2 Q7 RJ>x iQ 8yJ>x
6Q` i?2 2H2+i`QM bTBM +Q?2`2M+2 iBK2 BM k3aB- KQbi rQ`F ?b #22M 7Q+mbbBM; QM
T?QbT?Q`mb +QM+2Mi`iBQMb QM i?2 Q`/2` Q7 R× RyR9 +KƐj Q` H`;2` iQ +?B2p2  /2@
i2+i#H2 1a_ 2+?Q BMi2MbBivX i i?2b2 +QM+2Mi`iBQMb i?2 /QMQ` +Q?2`2M+2 iBK2 Bb
biBHH HBKBi2/ #v /BTQH` +QmTHBM; #2ir22M M2B;?#Qm`BM; /QMQ` bTBMb UBMbiMiM2Qmb
/BzmbBQMV- HBKBiBM; i?2 >?M@2+?Q +Q?2`2M+2 iBK2 rBi?  7mHH@π `27Q+mbbBM; TmHb2 iQ
T2 = kyKb 7Q`  +QM+2Mi`iBQM Q7 RXk× RyR9 +KƐj i kXRE (Re)X b /Bb+mbb2/ BM
a2+X jX9X9Xk- i?2 2z2+i Q7 BMbiMiM2Qmb /BzmbBQM +M #2 `iB}+BHHv r2F2M2/ #v `2@
/m+BM; i?2 iBT@M;H2- 2X;X #v b?Q`i2MBM; i?2 /m`iBQM- Q7 i?2 `27Q+mbbBM; TmHb2X h?Bb
+M #2 mM/2`biQQ/ b  `2/m+2/ T`Q##BHBiv Q7 bm``QmM/BM; /QMQ`b #2BM; ~BTT2/
/m`BM; i?2 `27Q+mbbBM; TmHb2- M/ i?2B`ěMQr biiB+ě/BTQH` +QmTHBM; rBi? i?2 +2M@
i`H bTBM Bb `27Q+mbb2/ BM i?2 2+?Q b2[m2M+2X lbBM;  `27Q+mbbBM; TmHb2 rBi? iBT@M;H2
Q7 0.1π-  +Q?2`2M+2 iBK2 Q7 ∼98yKb Bb 7QmM/- rBi? M 2ti`TQHi2/ pHm2 Q7 ∼R b
7Q` pMBb?BM; iBT@M;H2- r?B+? Bb M 2biBKi2 7Q` T2 BM i?2 HBKBi Q7 M2;HB;B#H2 /QMQ`
+QM+2Mi`iBQMb (Re)X >Qr2p2`- M2r 2z2+ib Kv `Bb2 i HQr /QMQ` +QM+2Mi`iBQMb-
bm+? b /QMQ`@++2TiQ` `2+QK#BMiBQM M/ i?2 2ti`TQHi2/ 2H2+i`QM bTBM +Q?2`2M+2
iBK2 pHm2b b?QmH/ ?2M+2 #2 p2`B}2/ #v 2tT2`BK2MiX
AM i?Bb +?Ti2`- i?2 2H2+i`QM bTBM +Q?2`2M+2 iBK2 Q7 i?2 `2bB/mH T?QbT?Q`mb Q7
bKTH2 k3aB@pQ- rBi?  +QM+2Mi`iBQM Q7 8× RyRR +KƐj- Bb BMp2biB;i2/X .m2 iQ
i?2 HQr /QMQ` +QM+2Mi`iBQM- i?2 1a_ 2+?Q BMi2MbBiv Bb #2HQr i?2 b2MbBiBpBiv HBKBi
eXj *Q?2`2M+2 iBK2 HBKBib Q7 T?QbT?Q`mb BM bBHB+QM RjR
~ 40 ms
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'JHVSF  .ys@bbBbi2/ bTBM@`2/Qmi `2[mB`2b i?2 bvM+?`QMBx2/ TmHbBM; Q7 i?2
Hb2` M/ KB+`Qrp2 bQm`+2X UV  ivTB+H b2[m2M+2 +M #2 /BpB/2/ BMiQ
M BMBiBHBbiBQM T?b2 /m`BM; r?B+? i?2 Hb2` ?vT2`TQH`Bb2b i?2 2Mb2K#H2- 
KB+`Qrp2 UKrV KMBTmHiBQM T2`BQ/ BM i?2 /`F- M/  `2/Qmi bi2T- /m`BM;
r?B+? i?2 Hb2`@BM/m+2/ T?QiQ+m``2Mi T`QpB/2b  K2bm`2K2Mi Q7 i?2 bTBM
2Mb2K#H2 TQH`BbiBQMX U#V h?2 +T+BiBp2 T?QiQ+QM/m+iBpBiv i`+2 7Q` i?2
+b2 Q7  bBM;H2 (π)@TmHb2 QM `2bQMM+2 rBi? i?2 1a_ i`MbBiBQM U#Hm2V b?Qrb 
/BbiBM+i `2bTQMb2- BM +QMi`bi iQ i`+2b rBi? M Qz@`2bQMMi KB+`Qrp2 TmHb2
UQ`M;2V Q` MQ KB+`Qrp2 TmHb2 Uv2HHQrVX h?2 iBK2b+H2 Q7 i?2 i`MbB2Mi Bb
bBKBH` iQ i?2 ?vT2`TQH`BbiBQM iBK2 /Bb+mbb2/ BM *?X 8X9X
Q7 Qm` 1a_ bT2+i`QK2i2`X AMbi2/-  K2bm`2K2Mi mbBM; i?2 .ys bbBbi2/@bTBM
`2/Qmi `2HvBM; QM i?2 bTBM@b2MbBiBp2 .ys T?QiQ+QM/m+iBpBiv Bb +``B2/ QmiX a2+iBQM
eXjXR BMi`Q/m+2b i?2 .ys bTBM@K2bm`2K2Mi i2+?MB[m2- r?B+? Bb 7QHHQr2/ #v  #`B27
Qp2`pB2r Q7 i?2 T`2T`iBQM 2tT2`BK2Mib BM a2+X eXjXkX 6BMHHv- a2+X eXjXj MHvb2b
i?2 `2bmHib Q7 i?2 2H2+i`QM bTBM +Q?2`2M+2 iBK2 K2bm`2K2Mi Q7 T?QbT?Q`mb BM k3aB@
pQX
 .FBTVSFNFOU UFDIOJRVF
6B;m`2 eX8UV b?Qrb i?2 TmHb2 b2[m2M+2 Q7 i?2 Hb2` M/ KB+`Qrp2 bQm`+2 mb2/ 7Q`
.ys@bbBbi2/ bTBM `2/QmiX AMBiBHHv  HQM; Hb2` TmHb2- imM2/ iQ QM2 Q7 i?2 .ys i`M@
bBiBQMb- Bb mb2/ iQ ?vT2`TQH`Bb2 i?2 bTBM 2Mb2K#H2X 7i2` i?Bb-  KB+`Qrp2 TmHb2
b2[m2M+2 KMBTmHi2b i?2 /QMQ` bTBM- 2bb2MiBHHv 7QHHQrBM;  +QMp2MiBQMH 1a_ 2t@
T2`BK2Mi- 2t+2Ti i?i i?2 7Q`K2/ 2+?Q Bb +QMp2`i2/ BMiQ  TQTmHiBQM /Bz2`2M+2
#v  T`QD2+iBp2 π/2@TmHb2 UrBi? i?2 +Q``2+i T?b2V i i?2 TQBMi Q7 2+?Q 7Q`KiBQMX
6BMHHv  `2/@Qmi Hb2` TmHb2 ;2M2`i2b  bTBM TQH`BbiBQM@/2T2M/2Mi T?QiQ+QM/m+@
iBpBiv i`D2+iQ`v, A7 i?2 KB+`Qrp2 b2[m2M+2 H27i KQbi Q7 i?2 bTBM TQTmHiBQM BM i?2
Q`B;BMH bTBM bii2-  ~i T?QiQ+QM/m+iBpBiv `2bTQMb2 Bb Q#b2`p2/X h?Bb Bb b?QrM
BM 6B;X eX8U#V 7Q` i?2 v2HHQr M/ Q`M;2 i`+2b- r?B+? `2 K2bm`2/ i`+2b 7Q` MQ
KB+`Qrp2 TmHb2b M/ M Qz@`2bQMMi KB+`Qrp2 TmHb2- `2bT2+iBp2HvX AM +QMi`bi- B7
Rjk *?Ti2` e *T+BiBp2 /QMQ` #QmM/ 2t+BiQM K2bm`2K2Mib
31.05
31.10
31.15
31.20
30
.7
30
.75
ħω −1.15eV (µeV) ħω −1.15eV (µeV)
3.45
3.50
3.55
I X
 (n
A)
I Y
 (n
A)
3.5
3.5
5
−180 −160 −140 −120 −100 −80 −180 −160 −140 −120 −100 −80
−161 −160
−161 −160
(a) (b)
'JHVSF  h?2 .ys bT2+i`mK Q7 i?2 k3aB@pQ bKTH2- b /2i2`KBM2/ #v i?2
BM@T?b2 UIXV M/ [m/`im`2 UIY V +m``2Mi +QKTQM2Mib- K2bm`2/ #v i?2
HQ+F@BM 7Q`  #Bb pQHi;2 Q7 RoX h?2 Qp2`pB2r UKBM TM2HV M/ i?2 /2iBH
Q7 HBM2 8@e UBMb2iV ?p2 #22M K2bm`2/ QM +QMb2+miBp2 /vb M/  bB;M@`2p2`bH
Bb Q#b2`p2/ 7Q` i?2 bT2+i`mK Q7 i?2 +?MM2H i?i Bb `2Hi2/ iQ i?2 HQbb DX h?Bb
Bb HBF2Hv /m2 iQ bHB;?iHv /Bz2`2Mi Hb2` M/fQ` bKTH2 TQbBiBQMb QM +QMb2+m@
iBp2 +QQH@/QrMb M/ Bib `2Hi2/ +?M;2 Q7 i?2 bKTH2 b2H7@`2bQMM+2 mM/2`
BHHmKBMiBQM- b /Bb+mbb2/ BM a2+X eXkX
i?2 KB+`Qrp2 b2[m2M+2 `2bmHib BM bB;MB}+Mi TQTmHiBQM BM i?2 bTBM bii2 i?i i?2
Hb2` TmKTb QM- M 2t+2bb T?QiQ+QM/m+iBpBiv ∝ Γ.ysN↑ Bb Q#b2`p2/- /2TB+i2/ b i?2
#Hm2 i`+2 Q7 6B;X eX8U#V 7Q` M QM `2bQMM+2 KB+`Qrp2 π@TmHb2X M BMi2;`iBQM Q7
i?2 ;`2v `2 BM/B+i2/ BM 6B;X eX8U#V i?mb +ib b  K2bm`2 Q7 i?2 bTBM@TQH`BbiBQMX
AM Q`/2` iQ `2/m+2 K2bm`2K2Mi iBK2- i?2 `2/@Qmi M/ BMBiBHBbiBQM Hb2` TmHb2 `2
Q7i2M +QK#BM2/ BMiQ QM2 HQM;2` TmHb2 b2[m2M+2- r?B+? Bb ?2`2 mbmHHv 9yyKbX h?2
Hb2` BMi2MbBiv M/ * #Bb 7`2[m2M+v `2 HBMF2/ b /Bb+mbb2/ BM i?2 T`2pBQmb b2+iBQM-
M/ QTiBKBx2/ /m`BM; 2tT2`BK2Mi b2imTX oHm2b mb2/ 7Q` i?2 7QHHQrBM; 2tT2`BK2Mib
`2 IG = k× RykqfKk M/ f = ky F>xX
 %9 TQFDUSVN NJDSPXBWF USBOTJUJPO BOE 3BCJ ESJWF
6B;m`2 eXe THQib i?2 bi2/v bii2 BM@T?b2 M/ Qmi@Q7@T?b2 +m``2Mi +QKTQM2Mib 7`QK
i?2 HQ+F@BM- r?B+? `2 `2bT2+iBp2Hv `2Hi2/ iQ i?2 HQbb UIXV M/ +T+BiM+2 UIY V mTQM
br22TBM; i?2 Hb2` T?QiQM 2M2`;v !ωX h?2 KBM };m`2 b?Qrb M Qp2`pB2r Q7 i?2
bBt .ys i`MbBiBQMb r?BH2 i?2 BMb2i b?Qrb  +HQb2 mT Q7 HBM2 8@e- i?i Bb mb2/ BM i?2
bm#b2[m2Mi K2bm`2K2MiX o2`v b?`T .ys i`MbBiBQMb `2 Q#b2`p2/- 7Q` r?B+? 2p2M
i?2 ?vT2`}M2 bTHBiiBM; Q7 RRdJ>x UyX93 ƒ2oV Bb Q#b2`p#H2X
7i2` imMBM; i?2 Hb2` 2M2`;v iQ HBM2 8@e- i?2 Hb2` TmHb2 b2[m2M+2 Bb mb2/ iQ
QTiBKBx2 i?2 Hb2`- * 7`2[m2M+v M/ T?b2 Q7 i?2 KB+`Qrp2 bQm`+2 iQ QTiBKBx2
i?2 `2bTQMb2 BM QM2 Q7 i?2 HQ+F@BM +?MM2HbX h?2 `2bmHiBM; +m``2Mi i`MbB2Mib `2
eXj *Q?2`2M+2 iBK2 HBKBib Q7 T?QbT?Q`mb BM bBHB+QM Rjj
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'JHVSF  UV h?2 BMi2;`i2/ .ys T?QiQ `2bTQMb2 7QHHQrBM;  bBM;H2 KB+`Qrp2
TmHb2 UfKr = NXd9Ne:>xV HHQrb i?2 K2bm`2K2Mi Q7 i?2 +Q``2bTQM/BM;
`2bQMMi K;M2iB+ }2H/ rBi?  TQr2`@#`Q/2M2/ HBM2rB/i? Q7 jN ƒhX U#V 
br22T Q7 TmHb2 /m`iBQM /2KQMbi`i2b +Q?2`2Mi bTBM@/`BpBM; Qp2` KmHiBTH2
+v+H2b rBi?  _#B 7`2[m2M+v Q7 yXeJ>xX
b?QrM BM 6B;X eX8U#V 7Q`  bBM;H2 KB+`Qrp2 TmHb2X  br22T Q7 K;M2iB+ }2H/ imM2b
i?2 bTBM@i`MbBiBQM BMiQ `2bQMM+2 rBi? i?2 b2H2+i2/ KB+`Qrp2 7`2[m2M+v M/ i?2
+m``2Mi i`+2 b?Qrb  /BbiBM+i i`MbB2Mi #2?pBQm`X AMi2;`iBQM Q7 i?Bb i`MbB2Mi
`2bTQMb2 U;`2v `2V b2`p2b b  K2bm`2K2Mi Q7 i?2 |↑⟩ TQTmHiBQMX 6B;X eXdUV
b?Qrb i?2 BMi2;`i2/ .ys `2bTQMb2 b  7mM+iBQM Q7 K;M2iB+ }2H/- `2p2HBM; 
`2bQMM+2 }2H/ Q7 j9dXdyhX >2`2- i?2 K;M2iB+ }2H/ HBM2rB/i? jN ƒh Bb KB+`Qrp2
TQr2` HBKBi2/ /m2 iQ b?Q`i KB+`Qrp2 TmHb2bX
qBi? i?2 K;M2iB+ }2H/ QM `2bQMM+2- i?2 (π)@TmHb2 /m`iBQM Bb /2i2`KBM2/ #v
 _#B b2[m2M+2- b b?QrM BM 6B;X eXdU#VX *Q?2`2Mi Qb+BHHiBQMb #2ir22M i?2 |↓⟩
M/ |↑⟩ bii2 `2 Q#b2`p2/ rBi? QMHv bHB;?i /2T?bBM; QM i?2 K2bm`2/ iBK2b+H2
Q7 9 ƒbX h?2 _#B 7`2[m2M+v Q7 yXeJ>x Bb `2HiBp2Hv bHQr /m2 iQ i?2 mb2 Q7  jq
TmHb2 KTHB}2` BMbi2/ Q7 i?2 ivTB+H R Fq hqh KTHB}2`X >Qr2p2`- /m2 iQ i?2
HQM; /2T?bBM; iBK2- i?Bb Bb bm{+B2Mi 7Q`  bBKTH2 >?M 2+?Q K2bm`2K2MiX
 $PIFSFODF UJNF
h?2 `2bmHib Q7 i?2 .ys bbBbi2/ +Q?2`2M+2@iBK2 K2bm`2K2Mi Q7 i?2 pQ;/`Q bKTH2
k3aB@pQ `2 b?QrM BM 6B;X eX3UVX h?2 KB+`Qrp2 b2[m2M+2 +QKT`Bb2b (π/2)⇓Sxě
τě(π)⇓Sxěτě(π/2)⇓±Sx TmHb2b rBi? 7`22 2pQHmiBQM iBK2 τ X h?2 }MH (π/2)⇓±Sx TmHb2
T`QD2+ib i?2 7Q`K2/ 2+?Q 2Bi?2` BMiQ i?2 |↑⟩ bii2 Q` i?2 |↓⟩ bii2- /2T2M/BM; QM Bib
T?b2X h?Bb Bb p2`v bBKBH` iQ +QMp2MiBQMH T?b2@+v+HBM; BM TmHb2/ 1a_ b2[m2M+2b-
M/ ?2HTb iQ /Bz2`2MiBi2 bTBM@/2T2M/2Mi bB;MHb 7`QK BMbi`mK2MiiBQM Qzb2ibX h?2
7`22 2pQHmiBQM iBK2 τ Bb THQii2/ HQ;`Bi?KB+HHv iQ ?B;?HB;?i i?`22 /BbiBM+i iBK2 b+H2b,
Rj9 *?Ti2` e *T+BiBp2 /QMQ` #QmM/ 2t+BiQM K2bm`2K2Mib
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'JHVSF  UV h?2 +Q?2`2M+2 iBK2 Q7 i?2 k3aB@pQ bKTH2 i 9X8E rBi? }MH
(π/2)⇓±Sx TmHb2 T`QD2+iBM; i?2 2+?Q 2Bi?2` BMiQ i?2 |↑⟩ bii2 UHB;?i `2/ +B`+H2bVQ` |↓⟩ bii2 U7mHH `2/ +B`+H2bVX U#V h?2 KtBKmK /i TQBMib Q7 UV M/ M
2tTQM2MiBH }i iQ i?2 /i HQM; rBi? i?2 K;MBim/2 /2i2+i2/ /i Q7  irQ
TmHb2 1a1 /2+v Q7  k3aB bKTH2 rBi? c(S) = 9× RyRk +KƐj- K2bm`2/ i
RXdEX hQ 2M?M+2 i?2 bB;MH BMi2MbBiv  .ys ?vT2`TQH`BbiBQM TmHb2 ?b
HbQ #22M 2KTHQv2/ 7Q` i?2 2+?Q@/2i2+i2/ /iX
6Q` 2τ < 1Kb- i?2 T`QD2+iBp2 TmHb2b +QMbBbi2MiHv T`QD2+i i?2 2+?Q BMiQ i?2 `2@
bT2+iBp2 bTBM@TQTmHiBQM- r?B+? Bb i?2 MQ`KH #2?pBQm` 2tT2+i2/ 7Q` i?Bb b2[m2M+2X
.m`BM; i?Bb T?b2- MQ bB;MB}+Mi /2+Q?2`2M+2 Bb Q#b2`p2/X
6Q` RKb < 2τ < RyyKb- i?2 7Q`K2/ 2+?Q Bb `M/QKHv T`QD2+i2/ BMiQ #Qi? i?2
|↑⟩ M/ |↓⟩ bii2X h?Bb Bb MQi M 2z2+i Q7 /2+Q?2`2M+2- #mi `i?2` M BMbi`mK2MiiBQM
HBKBiiBQMX 6Hm+imiBQMb Q7 i?2 2ti2`MH K;M2iB+ }2H/ QM  iBK2 b+H2 Q7∼R F>x b?B7i
i?2 T?b2 Q7 i?2 2+?QX AM  MQ`KH 1a_ b2[m2M+2- /m2 iQ i?2 ?2i2`Q/vM2 /2i2+iBQM-
bm+? T?b2 MQBb2 +M #2 `2+Qp2`2/ #v K;MBim/2 /2i2+iBQM Q7 i?2 irQ +?MM2HbX
AM +QMi`bi- 7Q` i?2 T?QiQ+QM/m+iBp2 K2i?Q/ i?2 Hbi (π/2)⇓±Sx TmHb2 K2bm`2b i?2
bTBM@T`QD2+iBQM HQM;  bBM;H2 +?MM2H QMHv- H2/BM; iQ `M/QK T`QD2+iBQMb BMiQ #Qi?
|↑⟩ M/ |↓⟩ bii2bX aiBHH- i?2 KtBKmK KTHBim/2 Q7 i?2b2 T`QD2+iBQMb +Q``2bTQM/b iQ
i?2 K;MBim/2 Q7 i?2 2+?Q 7Q` 2+? τ M/ rBi? 2MQm;? biiBbiB+b  K2bm`2K2Mi Q7
i?2 2+?Q BMi2MbBiv Bb TQbbB#H2 (R3)X .m`BM; i?Bb T2`BQ/ RKb < 2τ < RyyKb- b 2pB/2Mi
7`QK i?2 KtBKmK /i TQBMib- QMHv KQ/2`i2 /2+Q?2`2M+2 Bb Q#b2`p2/X h?2 T?b2
MQBb2 BMbi`mK2MiiBQM HBKBiiBQM +QmH/ #2 pQB/2/ Q` BKT`Qp2/ rBi? bmT2`+QM/m+iBM;
K;M2ib BM T2`bBbi2Mi KQ/2 Q` T2`KM2Mi K;M2ib rBi? K;M2iB+ b?B2H/BM; (R38)X
6BMHHv- 7Q` 2τ > RyyKb- i?2 2+?Q BMi2MbBiv +QHHTb2b /m2 iQ /2+Q?2`2M+2X h?2
iBK2 b+H2 Q7 i?Bb +QHHTb2 +M #2 2ti`+i2/ 7`QK  }i iQ i?2 KtBKmK /i TQBMibX
h?Bb Bb /QM2 BM 6B;X eX3U#V rBi? i?2 KtBKmK /i TQBMib Q7 6B;X eX3UV b?QrM b
eXj *Q?2`2M+2 iBK2 HBKBib Q7 T?QbT?Q`mb BM bBHB+QM Rj8
i?2 `2/ /BKQM/bX h?2 bBM;H2 2tTQM2MiBH }i bm;;2bib M 2H2+i`QM bTBM +Q?2`2M+2
iBK2 Q7 T2 = 130± 30KbX
q?i Bb i?2 HBKBiBM; T`Q+2bb 7Q` T2\ 6B`biHv- Bi +M #2 `mH2/ Qmi i?i i?2 /2@
+Q?2`2M+2 iBK2 Bb HBKBi2/ #v 2Bi?2`  T1 T`Q+2bb Q` #v /QMQ`@++2TiQ` `2+QK#BM@
iBQM- #2+mb2 i?2 `2bmHi Q7 M BMp2`bBQM `2+Qp2`v K2bm`2K2Mi ;Bp2b  HQr2` #QmM/
7Q` i?2b2 T`Q+2bb2b Q7 T1 > k bX 6m`i?2`KQ`2- BMbiMiM2Qmb /BzmbBQM- BX2X /BTQH`
+QmTHBM; #2ir22M M2B;?#Qm`BM; /QMQ` bTBMb b?QmH/ MQi z2+i T2 i i?2 HQr /QMQ`
/2MbBiv M/  +H+mHiBQM 2biBKi2b Tk,B/(8× RyRR +KƐj) ≈ 8 b- Km+? HQM;2` i?M
i?2 Q#b2`p2/ iBK2 b+H2 (Re- R9j)VX AMbi2/- i?2 Mm+H2` bTBM Q7 i?2 `2bB/mH kNaB
+QM+2Mi`iBQM Q7 9d TTK Bb 2tT2+i2/ iQ #2 i?2 T`BK`v bQm`+2 Q7 /2+Q?2`2M+2 pB
bT2+i`H /BzmbBQMX .2iBH2/ i?2Q`2iB+H +H+mHiBQMb bm;;2bi  Tk,b/ ≈ yX8 b (R9k) M/
 HBM2 b?T2 ∝ 2tT(−(t/Tk,b/)2)- #Qi? Q7 r?B+? `2 MQi Q#b2`p2/ ?2`2X
h?2 TT`2Mi /Bb+`2TM+v #2ir22M i?2 K2bm`2/ M/ 2tT2+i2/ pHm2 Bb HBF2Hv #2
/m2 iQ BMbi`mK2Mi HBKBiiBQMb, AM T`iB+mH`- pB#`iBQMb +M #2  bQm`+2 Q7 BMbi`m@
K2MiiBQM HBKBi2/ /2+Q?2`2M+2- b /2iBH2/ BM i?2 7QHHQrBM;, AM?QKQ;2M2Qmb .*
K;M2iB+ }2H/b- BX2X  biiB+ /Bbi`B#miBQM Q7 bTBM 7`2[m2M+B2b /Q MQi z2+i i?2 2+?Q
Q7  >?M b2[m2M+2 bBM+2 i?2 `27Q+mbbBM; TmHb2 H2/b iQ  T?b2 bvM+?`QMBxiBQM
i i?2 iBK2 Q7 i?2 2+?QX >QKQ;2M2Qmb * K;M2iB+ }2H/b QM i?2 Qi?2` ?M/ `M@
/QKHv b?B7i i?2 T?b2 Q7 i?2 2+?Q 7Q`KiBQM- Q#b2`p2/ b T?b2 MQBb2 7Q` i?2 iBK2b
RKb < 2τ < RyyKb- r?B+? H2/b iQ `M/QK T`QD2+iBQMb Q7 i?2 2+?Q- #mi MQ +QHHTb2
Q7 i?2 2+?Q- ?2M+2 MQ /2+Q?2`2M+2X  +QK#BMiBQM Q7 i?2b2 irQ- BX2X M * K;@
M2iB+ }2H/ r?B+? Bb BM?QKQ;2M2Qmb +`Qbb i?2 bKTH2 /BK2MbBQMb- ?Qr2p2`- rQmH/
H2/ iQ /Bz2`2Mi T`ib Q7 i?2 bKTH2 7Q`KBM; 2+?Qb rBi? /Bz2`2Mi T?b2b bm+? i?i
i?2 +QK#BM2/ 2+?Q pMBb?2bX Ai Bb FMQrM i?i i?2 "`mF2` K;M2ib mb2/ BM i?2b2 2t@
T2`BK2Mib /Q 2t?B#Bi  bHB;?iHv BM?QKQ;2M2Qmb K;2MiB+ }2H/ /Bbi`B#miBQM9X >2M+2-
QM2 TQbbB#BHBiv 7Q` i?2 Q++m`2M+2 Q7 BM?QKQ;2M2Qmb * K;M2iB+ }2H/ +QmH/ #2 i?2
pB#`iBQMb Q7 i?2 bKTH2X aBM+2 i?2 bKTH2 +M MQi #2 KQmMi2/ `B;B/Hv iQ pQB/
bi`BMBM; Q7 i?2 bKTH2- Bi Bb +QM+2Bp#H2 i?i bBKTHv i?2 ~Qr Q7 ?2HBmK ;b `QmM/
i?2 bKTH2 +QmH/ z2+i i?2 2tT2`BK2MiHHv /2i2`KBM2/ +Q?2`2M+2 iBK2X
PM2 rv iQ pHB/i2 i?Bb bbmKTiBQM Bb iQ bm#K2`;2 i?2 bKTH2 BM HB[mB/ ?2@
HBmK M/ iQ TmKT i?2 bKTH2 bT+2- #`BM;BM; i?2 #QBHBM; TQBMi #2HQr kXRE r?2`2
i?2 bmT2`~mB/ ?2HBmK H+Fb im`#mH2M+2bX *QHH#Q`iQ`b 7`QK S`BM+2iQM lMBp2`bBiv8
FBM/Hv b?`2/ /i r?B+? /2KQMbi`i2 i?Bb 2z2+iX 6B;X eX3U#V THQib i?2 +Q?2`2M+2
iBK2 Q7  ?B;?2` /QT2/ k3aB bKTH2 rBi? [S] = 9× RyRk +KƐj K2bm`2/ BM bmT2`@
9M 2/m+i2/ ;m2bb 7Q` i?2 }2H/ BM?QKQ;2M2Biv Bb ∼k ƒh +`Qbb  bKTH2 pQHmK2 Q7 0.5××0.5×
1 +KjX
8J2bm`2K2Mib T2`7Q`K2/ #v "`2M/QM _Qb2 M/ H2t2B hv`vb?FBM BM i?2 ;`QmT Q7 ai2p2 GvQM i
i?2 .2T`iK2Mi Q7 1H2+i`B+H 1M;BM22`BM;- S`BM+2iQM lMBp2`bBivX
Rje *?Ti2` e *T+BiBp2 /QMQ` #QmM/ 2t+BiQM K2bm`2K2Mib
~mB/ ?2HBmK i RXdEX  +Q?2`2M+2 iBK2 Q7 j8yKb rb K2bm`2/- r?B+? +QmH/ MQi
#2 +?B2p2/ #Qp2 bmT2`~mB/ i2KT2`im`2bX b 2pB/2Mi 7`QK Bib b?T2- i?2 K2@
bm`2/ 2+?Q /2+v +QMbBbib Q7 i?2 +QK#BMiBQM Q7  }t2/ BMbiMiM2Qmb /BzmbBQM
i2`K UrBi? Tk,B/([S] = 9× RyRk +KƐj) = eyyKbV- M/  }ii2/ kNaB bT2+i`H /BzmbBQM
i2`K Tk,b/ = 8jyKb r?B+? Bb BM ++Q`/M+2 rBi? i?2 2tT2+i2/ bT2+i`H /BzmbBQM /m2
iQ kNaB Mm+H2` bTBMb (R9k)X h?Bb K2Mb i?i  bKTH2 7`QK i?2 bK2 ?Qbi Ki2`BH
rBi?  ?B;?2` T?QbT?Q`mb +QM+2Mi`iBQM b?Qrb  2.5× HQM;2` +Q?2`2M+2 iBK2 r?2M
K2bm`2/ BM bmT2`~mB/ ?2HBmKX >2M+2- Bi Bb bbmK2/ i?i i?2 TT`2Mi b?Q`i2` T2
Q7 bKTH2 k3aB@pQ Bb HBF2Hv HBKBi2/ #v pB#`iBQMb +mb2/ 7`QK i?2 ?2HBmK ;bX
ii2KTib iQ mb2 i?2 .ys@T?QiQ+QM/m+iBpBiv K2i?Q/ i T < kXRE r2`2 mMbm+@
+2bb7mHX AM Q`/2` iQ `2+? bmT2`~mB/Biv- i?2 +`vQbii M22/b iQ #2 }HH2/ rBi? HB[mB/
?2HBmK M/ i?2M i?2 bKTH2 bT+2 Kmbi #2 TmKT2/ rBi? i?2 pB#`iBQMb 7`QK i?2
TmKT +`27mHHv BbQHi2/ 7`QK i?2 b2imTX h?2 HBKBi2/ KQmMi Q7 >2 HB[mB/ rBi?BM
i?2 +`vQbii HHQrb 2+? 2tT2`BK2Mi  iBK2 rBM/Qr Q7 ∼jyKBMX lM7Q`imMi2Hv-
jyKBM rb MQi 2MQm;? iQ imM2 i?2 Hb2`- i?2 HQ+F@BM #Bb 7`2[m2M+v- }M/ i?2 `2b@
QMMi K;M2iB+ }2H/ M/ T2`7Q`K i?2 +Q?2`2M+2 iBK2 K2bm`2K2MiX AM T`BM+BTH2-
i?2`2 `2 ?Qr2p2` MQ FMQrM `2bQMb T`2p2MiBM; i?2 .ys K2i?Q/ 7`QK QT2`iBM; i
i2KT2`im`2b < 9XkEX
6BMHHv-  #`B27 `2K`F `2;`/BM; i?2 +Q?2`2M+2 iBK2 Q7 i?2 [S] = 9× RyRk +KƐj
bKTH2, hQ i?2 FMQrH2/;2 Q7 i?2 mi?Q`- i?2 K2bm`2/ j8yKb 1/e@/2+v Bb i?2
HQM;2bi K2bm`2/ >?M +Q?2`2M+2 iBK2 Q7 M 2H2+i`QM bTBM BM  b2KB+QM/m+iQ`ě
rv 7`QK i?2 K;M2iB+ }2H/ BMb2MbBiBp2 +HQ+F i`MbBiBQMb (Rd)X
 $PODMVTJPO
AM bmKK`v-  .ys@bbBbi2/ bTBM K2bm`2K2Mi ?b #22M BMi`Q/m+2/ i?i `2Hi2b i?2
Q#b2`p2/ T?QiQ+QM/m+iBpBiv /m`BM;  TmHb2/ Hb2` 2tT2`BK2Mi iQ i?2 TQH`BbiBQM /2@
;`22 Q7 i?2 M2mi`H /QMQ`X h?Bb K2bm`2K2Mi K2i?Q/ rb +QK#BM2/ rBi? KB+`Qrp2
TmHb2b iQ 2M#H2 1a_ K2bm`2K2Mib QM bTBM 2Mb2K#H2b i?i `2 #2HQr i?2 b2MbBiBpBiv
HBKBi Q7 +QMp2MiBQMH 1a_ bT2+i`QK2i2`bX  HQr2` #QmM/ 7Q` i?2 +Q?2`2M+2 iBK2 Q7
T?QbT?Q`mb BM i?2 k3aB@pQ bKTH2 ?b #22M K2bm`2/ b T2 = 130± 30Kb- r?B+?
Bb HBF2Hv iQ #2 #2HQr i?2 BMi`BMbB+ bTBM +Q?2`2M+2 iBK2 M/ /m2 iQ pB#`iBQMb Q7 i?2
bKTH2 BM i?2 ?2HBmK ;b ~QrX
M QmibiM/BM; 2tT2`BK2Mi- M/  TQbbB#H2 7mim`2 rQ`F- Bb iQ +?`+i2`Bx2 B7- M/
iQ r?i 2ti2M/- i?2 Hb2` BM~m2M+2b  bm#b2[m2Mi +Q?2`2M+2 iBK2 K2bm`2K2Mi BM
i?2 /`FX Ai Bb TQbbB#H2 i?i U/2@V+?`;BM; Q7 /272+ib /m`BM; i?2 ?vT2`TQH`BbiBQM
Hb2` T2`BQ/ Bb Q++m``BM;- r?B+? H2/b iQ +?`;2 MQBb2 BM i?2 bm#b2[m2Mi /`F T2`BQ/-
eXj *Q?2`2M+2 iBK2 HBKBib Q7 T?QbT?Q`mb BM bBHB+QM Rjd
b i?2 bvbi2K `2Ht2b #+F iQ i?2`KH 2[mBHB#`BmKX LQ bm+? 2z2+ib r2`2 Q#pBQmb 7Q`
T?QbT?Q`mb- M2Bi?2` BM 2tT2`BK2Mib +``B2/ Qmi BM GQM/QM- MQ` BM S`BM+2iQM- #mi 
bvbi2KiB+ bim/v ?b v2i iQ #2 +``B2/ QmiX
Rj3 *?Ti2` e *T+BiBp2 /QMQ` #QmM/ 2t+BiQM K2bm`2K2Mib
 %POPS TUBUF UPNPHSBQIZ CFZPOE UIF QVSFTUBUF
BQQSPYJNBUJPO
h?Bb b2+iBQM BMi`Q/m+2b M 2tT2`BK2Mi i?i ;Q2b #2vQM/ i?2 +T#BHBiB2b Q7 +QMp2M@
iBQMH 1a_ 2tT2`BK2MibX 1a_ [mMimK bii2 iQKQ;`T?v Bb HBKBi2/ BM i?2 `2bT2+i
i?i Bi +M QMHv K2bm`2 `2HiBp2 /Bz2`2M+2b Q7 TQH`BbiBQM HQM; i?2 i?`22 tBb Q7
i?2 "HQ+? bT?2`2X M #bQHmi2 bii2 TQTmHiBQM K2bm`2K2Mi Bb `2[mB`2/ iQ +HB@
#`i2 i?2 K2bm`2/ 2+?Q BMi2MbBiB2bX aBKTHv Tmi- Bi Bb BKTQbbB#H2 iQ /2+B/2 rBi?Qmi
//BiBQMH bbmKTiBQMb- r?2i?2`  K2bm`2/ 2+?Q BMi2MbBiv +Q``2bTQM/b iQ  bTBM
TQH`BbiBQM Q7- bv- RW Q` RyyWX AM +QMi`bi- i?2 T?QiQ+QM/m+iBp2 .ys bTBM K2@
bm`2K2Mi +M- BM T`BM+BTH2- ;Bp2 M #bQHmi2 bii2 K2bm`2K2Mi M/ i?Bb +?Ti2`
b?Qrb ?Qr i?Bb `2/Qmi K2i?Q/ +M #2 +QK#BM2/ rBi? 1a_ TmHb2 b2[m2M+2b iQ
K2bm`2 i?2 7mHH- TQbbB#Hv KBt2/ /2MbBiv Ki`Bt Q7  /QMQ` 2Mb2K#H2X
a2+iBQM eX9XR `2pB2rb i?2 2H2K2Mib Q7 bBM;H2@bTBM iQKQ;`T?v #v 1a_ M/ Bib HBK@
BiiBQMbX a2+iBQM eX9Xk BMi`Q/m+2b i?2 .ys iQKQ;`T?v b2[m2M+2 b M 2ti2MbBQM
iQr`/b i?2 +QmTH2/ 2H2+i`QM@Mm+H2` bvbi2K Q7 T?QbT?Q`mbX h?2 K2i?Q/ iQ +H@
B#`i2 i?2 K2bm`2/ i`MbB2Mi BMi2MbBiB2b Bb /Bb+mbb2/ M/ i?2 TmHb2 b2[m2M+2b 7Q`
i?2 K2bm`2K2Mi Q7 i?2 bii2 TQTmHiBQM M/ +Q?2`2M+2b `2 BMi`Q/m+2/X 6BMHHv-
a2+X eX9Xj /Bb+mbb2b i?2 iQKQ;`T?v `2bmHib M/ K2i?Q/b iQ BKT`Qp2 Bib 2{+B2M+v
M/ pHB/BivX
 2VBOUVN TUBUF UPNPHSBQIZ BOE FDIPCBTFE UPNPHSBQIZ
TFRVFODF
h?2 ;QH Q7 [mMimK bii2 iQKQ;`T?v Bb iQ K2bm`2 i?2 7mHH [mMimK bii2 Q7 
bBM;H2 [m#Bi Q`  [m#Bi 2Mb2K#H2X 6`QK i?2 /Bb+mbbBQM Q7 [mMimK 2``Q` +Q``2+iBQM
U+7X *?X kXRV Bi Bb FMQrM i?i  [mMimK bii2 +M MQi #2 /2i2`KBM2/ 7`QK  bBM;H2
K2bm`2K2Mi- /m2 iQ i?2 T`QD2+iBp2 +?`+i2` Q7 i?2 K2bm`2K2Mi T`Q+2bbX AMbi2/-
KmHiBTH2 K2bm`2K2Mib `2 `2[mB`2/- 7Q` QT2`iQ`b i?i bTM i?2 >BH#2`i bT+2 Q7
i?2 [mMimK bvbi2KX h?2 iQKQ;`T?v T`Q+2/m`2 7Q`  bBM;H2 bTBM Bb HB/ Qmi BM i?Bb
b2+iBQMX
h?2 bii2 ρ Q7  [m#Bi UKBt2/ Q` Tm`2V +M #2 2tT`2bb2/ BM i?2 #bBb Q7 i?2 SmHB
Ki`B+2b (dR),
ρ =
1+ h` (Sxρ)Sx + h` (Syρ)Sy + h` (Szρ)Sz
2
UeXjV
= 1+
`a
2
UeX9V
eX9 .QMQ` bii2 iQKQ;`T?v #2vQM/ i?2 Tm`2@bii2 TT`QtBKiBQM RjN
h?2 SmHB Ki`B+2b `2 /2}M2/ rBi?BM i?Bb +?Ti2` b
{
1 =
(
1 0
0 1
)
- Sx =
(
0 1
1 0
)
-
Sy =
(
0 −i
i 0
)
- Sz =
(
1 0
0 −1
)}
X h?2 2tTMbBQM +Q2{+B2Mib h` (S{x,y,z}ρ) +M #2
B/2MiB}2/ b i?2 2tT2+iiBQM pHm2 Q7  K2bm`2K2Mi Q7 S{x,y,z} QM ρX h?2 2tT2+iiBQM
pHm2 BM im`M Bb ;Bp2M #v b i?2 p2`;2 Q7 N K2bm`2K2Mi Qmi+QK2b Q7 S{x,y,z}- rBi?
N →∞X
>Qr +M h` (S{x,y,z}ρ) #2 2ti`+i2/ 7`QK  +QMp2MiBQMH 1a_ 2tT2`BK2Mi\ 6B`bi-
H2i Az #2 i?2 2+?Q KTHBim/2 7QHHQrBM;  >?M 2+?Q b2[m2M+2 rBi? (π/2)xěτě
(π)xěτě2+?QX h?2 2+?Q KTHBim/2 Bb /B`2+iHv T`QTQ`iBQMH iQ i?2 TQH`BbiBQM Q7
i?2 bTBM bvbi2K- Az ∝ h` (Szρ)X AM  bBKBH` rv-  `27Q+mbbBM; b2[m2M+2 τě(π)xě
τě2+?Q- BX2X M 2+?Q b2[m2M+2 rBi?Qmi i?2 BMBiBH (π/2)x- `27Q+mbb2b Mv BMBiBH
+Q?2`2M+2b Q7 S{x,y} BMiQ 2+?Q KTHBim/2b Ax ∝ h` (Sxρ) 7Q` i?2 BM@T?b2 +?MM2H
M/ Ay ∝ h` (Syρ) [m/`mim`2 +?MM2HX .m2 iQ i?2 r2F@K2bm`2K2Mi T`QT2`iv Q7
M 1a_ 2+?Q- HH i?`22 Q7 i?2b2 +QKTQM2Mib +M #2 K2bm`2/ BM  bBM;H2 KB+`Qrp2
b2[m2M+2- b /2iBH2/ BM (RN)X
h?2 /B{+mHiv BM 1a_ bii2 iQKQ;`T?v Bb iQ }M/ i?2 +QMbiMi Q7 T`QTQ`iBQMHBiv
c- `2HiBM; i?2 2+?Q BMi2MbBiB2b iQ i?2 2tT2+iiBQM pHm2b, h` (S{x,y,z}ρ) = cA{x,y,z}X
hrQ /Bz2`2Mi TT`Q+?2b `2 mbmHHv iF2MX h?2 }`bi Bb i?2 Tb2m/Q@Tm`2 TT`Qt@
BKiBQM- BM r?B+? i?2 1a_@BM+iBp2- KBt2/- T`i Q7 i?2 /2MbBiv Ki`Bt Bb bBKTHv
/Bb`2;`/2/- i?mb `2M/2`BM; i?2 /2MbBiv Ki`Bt Tb2m/Q@Tm`2X 6Q`  Tm`2 bii2- i?2
"HQ+? p2+iQ` ` Bb QM i?2 bm`7+2 Q7 i?2 "HQ+? bT?2`2- `2bmHiBM; BM ||`|| = 1- r?B+? H@
HQrb 7Q` i?2 MQ`KHBxiBQM Q7 i?2 2+?Q KTHBim/2b ++Q`/BM; iQ√A2x + A2y + A2z = 1X
h?2 b2+QM/ TT`Q+? ivTB+HHv mb2/ Bb iQ K2bm`2 i?2 /2MbBiv Ki`Bt Q7 i?2 i?2`KH
bTBM bii2X h?2 i?2`KH 2[mBHB#`BmK /2MbBiv Ki`Bt Bb ;Bp2M #v
ρi?2`KH =
1
Z 2tT(−
H
k"T
) UeX8V
rBi? "QHixKMM +QMbiMi k M/ i2KT2`im`2 T X H Bb i?2 bTBM >KBHiQMBM M/ Z
i?2 ;`M/ T`iBiBQM 7mM+iBQMX h?2 2tT2+i2/ bTBM TQH`BbiBQM Q7 ρi?2`KH Bb i?2M mb2/
iQ +HB#`i2 c iQ i?2 K2bm`2/ Azc i?2 bK2 +QMbiMi c +M i?2M #2 mb2/ 7Q` HH
7m`i?2` iQKQ;`T?v 2tT2`BK2MibX
"Qi? TT`Q+?2b iQ 1a_@2+?Q #b2/ bii2 iQKQ;`T?v `2 bQK2r?i /BbbiBb7v@
BM;X h?2 Tb2m/Q@Tm`2 TT`QtBKiBQM +H2`Hv /Q2b MQi `2T`2b2Mi i?2 i`m2 T?vbB+H
bvbi2K- r?BH2 i?2 i?2`KH +HB#`iBQM `2HB2b QM bbmKTiBQMb #Qmi i?2 bKTH2 i2K@
T2`im`2 Q7 i?2 bKTH2 M/  i?2`KH 2[mBHB#`BmK TQH`BbiBQMX
R9y *?Ti2` e *T+BiBp2 /QMQ` #QmM/ 2t+BiQM K2bm`2K2Mib
AM +QMi`bi- .ys bbBbi2/ bTBM@K2bm`2K2Mi +QmH/ Qp2`+QK2 i?2b2 /B{+mHiB2b M/
`2bmHi BM [mMiBiiBp2 K2bm`2K2Mib Q7 i?2 /2MbBiv Ki`Bt Q7  /QMQ` bTBM 2Mb2K#H2X
h?2 /2iBHb Q7 i?2 .ys bii2 iQKQ;`T?v `2 /Bb+mbb2/ BM i?2 M2ti b2+iBQMX
 1SJODJQMF PG %9BTTJTUFE TUBUF UPNPHSBQIZ PG % TQJOT
.ys@bbBbi2/ bii2 iQKQ;`T?v Q7 .y bTBMb `2HB2b QM i?2 bK2 TmHb2/@Hb2` T`BM+BTH2
i?i rb mb2/ 7Q` i?2 +Q?2`2M+2 iBK2 K2bm`2K2Mi Q7 bKTH2 k3aB@pQ BM a2+X eXjX
 Hb2` Bb imM2/ iQ U2X;XV i?2 |↑⟩ bii2 M/ mTQM BHHmKBMiBQM T`Q/m+2b  i`MbB2Mi
T?QiQ+QM/m+iBpBiv i?i Bb T`QTQ`iBQMH iQ i?2 MmK#2` Q7 /QMQ`b BM i?2 |↑⟩ bii2X
h?2 .ys K2bm`2K2Mi +QMbiBimi2b  K2bm`2K2Mi Q7 Sα =
(
1 0
0 0
)
rBi? i?2 Hb2`
imM2/ iQ |↑⟩- Q` 7Q` i?2 Hb2` imM2/ iQ i?2 |↓⟩  K2bm`2K2Mi Q7 Sβ =
(
0 0
0 1
)
X h?2
/QMQ` bTBM@bvbi2K Bb 7m`i?2`KQ`2 ?vT2`}M2 +QmTH2/ iQ i?2 Mm+H2` bTBM M/ i?mb
i?2 ;2M2`H /2MbBiv Ki`Bt ?b  /BK2MbBQM Q7 d = (2S + 1)(2I + 1)X
AM i?2 7QHHQrBM;- i?2 /2MbBiv Ki`Bt 7Q` T?QbT?Q`mb rBi? S = 1/2 M/ I = 1/2 M/
/BK2MbBQM d = 4 Bb +QMbB/2`2/X AM T`BM+BTH2- i?2 .ys i`MbBiBQM +QmH/ #2 bm{+B2MiHv
b?`T iQ 2M#H2 K2bm`2K2Mib Q7 i?2 BM/BpB/mH ?vT2`}M2@bTHBi H2p2Hb- BX2X K2bm`2
SαIα- SαIβ- 2i+X lM7Q`imMi2Hv- HH Q7 i?2 k3aB bKTH2b Q7 i?Bb i?2bBb ?p2 .ys
HBM2rB/i?b i?i `2 iQQ #`Q/ iQ 2M#H2 bm+? BM/BpB/mH bii2 K2bm`2K2MibX >2M+2-
Bi Bb QMHv TQbbB#H2 iQ K2bm`2 #Qi? 2H2+i`QM |↑⟩ bii2b bBKmHiM2QmbHv- `2;`/H2bb Q7
i?2B` Mm+H2` bTBM T`QD2+iBQMX h?Bb +QMbiBimi2b  K2bm`2K2Mi Q7 Sα ⊗ 1- r?B+?
Bb 7m`i?2`KQ`2 2M7Q`+2/ 2tT2`BK2MiHHv #v ǵDBii2`BM;Ƕ i?2 Hb2` Qp2` i?2 7mHH .ys
HBM2rB/i? i  `i2 Q7 R F>xX
h?2 bii2 iQKQ;`T?v Q7 i?2 irQ@bTBM bvbi2K Bb MHQ;Qmb iQ i?2 bBM;H2@bTBM +b2
M/ i?2 /2MbBiv Ki`Bt Bb `2+QMbi`m+i2/ ++Q`/BM; iQ (dR),
ρ =
∑
j,k=0..3
h` ((σj ⊗ σk)ρ) (σj ⊗ σk)
4
- UeXeV
UeXdV
eX9 .QMQ` bii2 iQKQ;`T?v #2vQM/ i?2 Tm`2@bii2 TT`QtBKiBQM R9R
r?2`2 σj- σk `2 i?2 +?Qb2M #bBb b2i 7Q` i?2 2H2+i`QM M/ Mm+H2` bTBMX 6Q` i?2 .ys
bii2 iQKQ;`T?v i?2 7QHHQrBM; #bBb b2i rb +?Qb2Me,
{1, Sx, Sy, Sz}⊗ {1, Ix, Iy, Iz} = {1, Sz, Iz, SzIz, UeX3V
Sx, Sy, Ix, Iy, UeXNV
SxIx, SxIy, SxIz, UeXRyV
SyIx, SyIy, SyIz, UeXRRV
SzIx, SzIy} UeXRkV
AM Q`/2` iQ K2bm`2 i?2 2tT2+iiBQM pHm2b Q7 i?2b2 QT2`iQ`b- KB+`Qrp2 TmHb2
b2[m2M+2b Kmbi #2 /2`Bp2/ i?i KT i?2 `2bT2+iBp2 QT2`iQ` BMiQ i?2 Sα Q#b2`p@
#H2 Q7 i?2 .ys `2/QmiX h?Bb Bb /QM2 BM i?2 M2ti T`;`T?- r?B+? /Bb+`BKBMi2b
#2ir22M QT2`iQ`b i?i K2bm`2 i?2 bii2 TQTmHiBQM- BX2X i?Qb2 QT2`iQ`b Q7 HBM2
UeX3V- M/ i?Qb2 i?i K2bm`2 i?2 +Q?2`2M+2b #2ir22M i?2 7Qm` bii2b- BX2X QT2`iQ`b
UeXNV@UeXRkVX .m`BM; i?Bb /2`BpiBQM- B/2H TmHb2b `2 bbmK2/ rBi?Qmi Mv /2T?bBM;
/m`BM; i?2 TmHb2 /m`iBQM- Q` `QiiBQM 2``Q`bX
3FDPOTUSVDUJPO PG TUBUF QPQVMBUJPO h?2 7Qm` QT2`iQ`b ;Bp2M BM HBM2 UeX3V +M #2
mb2/ iQ `2+QMbi`m+i i?2 /B;QMH 2Mi`B2b Q7 i?2 /2MbBiv QT2`iQ`- BX2X i?2 bii2 TQT@
mHiBQMbX >Qr2p2`- i?2v `2 MQi i?2 KQbi Mim`H b2i- ;Bp2M  .ys K2bm`2K2Mi
K2i?Q/ +T#H2 Q7 K2bm`BM; bii2 TQTmHiBQMb /B`2+iHvX 6QHHQrBM; i?2 /2}MBiBQM
Q7 i?2 TQTmHiBQM QT2`iQ`b Sα-Sβ i?2 /B;QMH +QKTQM2Mib Q7 i?2 /2MbBiv Ki`Bt
+M HbQ #2 2tT`2bb2/ b,
1+ h` (Szρ)Sz + h` (Izρ) Iz + h` (SzIzρ)SzIz
4
= UeXRjV
ρ11S
αIα + ρ22S
αIβ + ρ33S
βIα + ρ44S
βIβ UeXR9V
h?mb- i?2 /B;QMH 2Mi`B2b `2 +?Qb2M iQ #2 `2+QMbi`m+i2/ #v i?2 K2bm`2K2Mi Q7
BM/BpB/mH bii2 TQTmHiBQMbX b /2iBH2/ i i?2 2M/ Q7 i?2 b2+iBQM M/ HbQ /Bb+mbb2/
BM a2+X eXj M/ *?X 8XRXe i?2 i`MbB2Mi `2bTQMb2 Q7 i?2 +QM/m+iBpBiv mTQM BHHmKBMiBQM
rBi?  imM2/ .ys Hb2` Bb T`QTQ`iBQMH iQ i?2 Q++mTiBQM Q7 i?Qb2 H2p2Hb i?i i?2
Hb2` Bb imM2/ iQX qBi? i?2 Hb2` imM2/ iQ TmKT bBKmHiM2QmbHv QM #Qi? i?2 |↑⇑⟩
M/ |↑⇓⟩ H2p2H- Bi +M i?mb #2 bii2/ i?i i?2 BMi2;`i2/ i`MbB2Mi Q7 K2bm`2K2Mi
k Bb ;Bp2M #v
Ak = ch` (Sαρk) = c(ρk11 + ρk22) UeXR8V
e_272` iQ (Rjd) 7Q` Qi?2` +?QB+2b Q7 Ki`B+2b #bBb b2ib- bm+? b {Sα, Sβ , S+, S−}X
R9k *?Ti2` e *T+BiBp2 /QMQ` #QmM/ 2t+BiQM K2bm`2K2Mib
r?2`2 c Bb i?2 +QMbiMi Q7 T`QTQ`iBQMHBiv `2HiBM; i?2 K2bm`2K2Mi Qmi+QK2 iQ i?2
T?vbB+HHv K2bm`2/ Q#b2`p#H2- BX2X ?2`2 i?2 T?QiQ@+m``2MiX ρk11 M/ ρk22 `2 i?2 |↑⇑⟩
 |↑⇓⟩ H2p2H Q++mTiBQMb i i?2 2M/ Q7 i?2 KB+`Qrp2 TmHb2 b2[m2M+2 kX
"v +?QQbBM; KB+`Qrp2 TmHb2 b2[m2M+2b i?i i`Mb72` i?2 /Bz2`2Mi /QMQ` H2p2Hb
mM/2` BMp2biB;iBQM BMiQ i?2 Hb2` `2/Qmi bii2b pB 2H2+i`QM@ M/ Mm+H2`@bTBM (π)@
TmHb2b- /Bz2`2Mi +QK#BMiBQMb Q7 bii2 Q++mTiBQMb +M #2 K2bm`2/X 6Q` i?2 7Qm`
TmHb2 b2[m2M+2b A iQ Ao /2TB+i2/ BM 6B;X eXN- i?Bb `2bmHib BM i?2 7QHHQrBM; HBM2`
2[miBQM bvbi2K, ⎛⎜⎜⎜⎜⎝
AA
AAA
AAAA
AAo
⎞⎟⎟⎟⎟⎠ = c
⎛⎜⎜⎜⎜⎝
1 1 0 0
0 1 1 0
1 0 0 1
0 1 0 1
⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝
ρ11
ρ22
ρ33
ρ44
⎞⎟⎟⎟⎟⎠ UeXReV
hQ;2i?2` rBi? i?2 mMBi`v +QM/BiBQM h` (ρ) = 1- i?2b2 }p2 +QmTH2/ 2[miBQMb +M #2
bQHp2/ 7Q` c M/ i?2 bii2 TQTmHiBQMb ρ11 iQ ρ44X
qBi? i?2 #Qp2 7Qm` TmHb2 b2[m2M+2b- 7Qm` /Bz2`2Mi bii2 +QK#BMiBQMb ?p2 #22M
T`QD2+i2/ BMiQ i?2 .ys `2/Qmi bii2 |↑⟩- r?BH2 irQ bii2 +QK#BMiBQMb ?p2 MQi
#22M K2bm`2/ UMK2Hv ρ11+ρ33  ρ33+ρ44VX Ai b?QmH/ #2 MQi2/ i?i- Hi2`MiBp2Hv
7Q` #2ii2` ++m`+v- Bi Bb HbQ TQbbB#H2 iQ K2bm`2 HH bBt bii2 +QK#BMiBQMb M/
/2i2`KBM2 i?2 ρ11 iQ ρ44 2Mi`B2b pB  H2bi@b[m`2b }iX
.BQQJOH PG UIF DPIFSFODFT JOUP UIF 4α %9 SFBEPVU qBi? i?2 /B;QMH +QKTQ@
M2Mib Q7 i?2 /2MbBiv Ki`Bt /2i2`KBM2/ M/  FMQrM pHm2 7Q` c- i?2 +QKTQM2Mib
`2KBMBM; `2 i?2 +Q?2`2M+2b Q7 i?2 /2MbBiv Ki`BtX
>Qr +M QT2`iQ`b HBF2 SxIy #2 K2bm`2/ mbBM; Sα\ 6B`biHv- bBM+2 Sα K2bm`2b
i?2 |↑⟩ TQTmHiBQM- Bi Bb MQi bm`T`BbBM; i?i Sα Bb `2Hi2/ iQ Sz- i?2 K2bm`2K2Mi Q7
TQTmHiBQM /Bz2`2M+2 #2ir22M |↑⟩ M/ |↓⟩X h?2 +Q``2bTQM/BM; Ki?2KiB+H B/2MiBiv
Bb Sα = (1+ Sz)/2 M/ ?2M+2
h` (Szρ) = h` ((2Sα − 1)ρ) = 2h` (Sαρ)− 1 UeXRdV
 K2bm`2K2Mi Q7 Sα Bb i?mb 2[mBpH2Mi iQ  K2bm`2K2Mi Q7 SzX
AM  bBKBH` rv- Sz +M HbQ #2 /2i2`KBM2/ 7`QK  K2bm`2K2Mi Q7 #Qi? Sα M/
Sβ mbBM; i?2 B/2MiBiv Sz = Sα − SβX  K2bm`2K2Mi Q7 Sβ Bb T2`7Q`K2/ 2Bi?2` #v
 b2+QM/ Hb2` imM2/ iQ i?2 |↓⟩ bii2b Q`- b Bb /QM2 BM i?Bb +?Ti2`- pB  ;HQ#H
KB+`Qrp2 (π)Sx TmHb2 T`BQ` iQ i?2 .ysK2bm`2K2MiX h?2 /pMi;2 Q7 i?Bb K2i?Q/
Bb i?i Mv #b2HBM2 2``Q`b /Bb+mbb2/ BM a2+X eX9X9 `2 2HBKBMi2/X PM i?2 Qi?2` ?M/-
eX9 .QMQ` bii2 iQKQ;`T?v #2vQM/ i?2 Tm`2@bii2 TT`QtBKiBQM R9j
Sα
(π/2)Sφ
Sα
(π)Ix
(π)sx
Sα
0 1 2 12 20 30 35 36 37 50−1 t (µs)
(π)sx
Sα
(π)sx
Sα
(I): SαIα + SαIβ
(II): SαIβ + SβIα
(III): SαIα + SβIβ
(IV): SαIβ + SβIβ
(V-VI): Sx,y
(π/2)Iθ (π)Ix (π)sx
Sα
(π/2)Sφ (π/2)Iθ
(π)sx
Sα(IX-XII): Sx,yIx,y
(XIII-XIV): Sx,yIz
ρ11
ρ21
ρ31
ρ41
ρ22
ρ32
ρ42
ρ33
ρ43 ρ44
ρ21
* ρ31
* ρ41
*
ρ32
*
ρ42
*
ρ43
*ρ =
ρ11 ρ22
ρ44ρ33
Sα (D0X)
(π)sx,y (π)sx,y
(π)Ix,y
(π)Ix,y
(VII-VIII): Ix,y
(XV-XVI): SzIx,y ⎫⎪⎬⎪⎭
Tomography
⎫⎪⎬⎪⎭
Measurement
'JHVSF  h?2 TmHb2 b2[m2M+2b mb2/ 7Q` i?2 .ys@bbBbi2/ .y bTBM iQKQ;`T?vX hQT b?Qrb i?2
+QKTQM2Mib Q7 i?2 2× 2 /2MbBiv Ki`Bt- rBi? TQTmHiBQM 2Mi`B2b U`2/V- Tm`2 Mm+H2` +Q?2`2M+2b
U;`22MV- Tm`2 2H2+i`QM +Q?2`2M+2b U#Hm2V M/ KBt2/ +Q?2`2M+2b Uv2HHQrVX hQT `B;?i /2TB+ib
i?2 2M2`;v H2p2H /B;`K rBi? i?2 pBH#H2 1a_ M/ LJ_ i`MbBiBQMb M/ i?2 .ys Hb2` Sα
`2/QmiX "2HQr- i?2 Re TmHb2 b2[m2M+2b `2[mB`2/ 7Q` i?2 iQKQ;`T?v `2 /2TB+i2/- HQM; rBi?
i?2B` BM~m2M+2 QM i?2 /2MbBiv Ki`Bt 2Mi`B2bX a2[m2M+2b A iQ Ao i`;2i i?2 `2+QMbi`m+iBQM Q7
i?2 /B;QMH Ki`Bt 2H2K2Mib- r?BH2 b2[m2M+2b o iQ soA K2bm`2 i?2 bTBM +Q?2`2M+2bX :HQ#H
1a_ Q` LJ_ TmHb2b +M #2 BKTH2K2Mi2/ 2Bi?2` b irQ bm#b2[m2Mi b2H2+iBp2 TmHb2b U/b?2/
HBM2b rBi?BM TmHb2bV Q` #v  bvMi?2bBx2/ ;HQ#H TmHb2 rBi? mbmHHv ?H7 i?2 KTHBim/2 QM 2+?
i`MbBiBQMX θ M/ ϕ `2 +?Qb2M ++Q`/BM; iQ i?2 QT2`iQ` iQ #2 KTT2/X
R99 *?Ti2` e *T+BiBp2 /QMQ` #QmM/ 2t+BiQM K2bm`2K2Mib
Bi BM+`2b2b i?2 MmK#2` Q7 TmHb2 b2[m2M+2b `2[mB`2/ 7Q` i?2 `2+QMbi`m+iBQM Q7 i?2 Qz@
/B;QMH +QKTQM2Mi 7`QK Rk iQ k9X
AM i?2 7QHHQrBM; i?2 TmHb2 b2[m2M+2b i?i KT i?2 +Q?2`2M+2 QT2`iQ`b UeXNV@UeXRkV
BMiQ Sz `2 /Bb+mbb2/X
(MPCBM FMFDUSPO TQJO DPIFSFODFT h?2 2H2+i`QM bTBM +Q?2`2M+2 QT2`iQ`b Sx  Sy
+M #2 K2bm`2/ #v T`QD2+iBM; i?2B` K2bm`2K2Mi Qmi+QK2 BMiQ Sz M/ i?2M K2@
bm`BM; SαX h?2 `2[mB`2/ KTTBM; b2[m2M+2 Bb MHQ;Qmb iQ i?2 1a_ iQKQ;`T?v
b2[m2M+2 7Q`  /2i2`KBMiBQM Q7 Sz pB i?2 K2bm`2K2Mi QT2`iQ` Sx, h?2 Sz QT2`@
iQ` Bb KTT2/ BMiQ i?2 K2bm`2K2Mi QT2`iQ` Sx pB  (π/2)Sy TmHb2X
h?2 Ki?2KiB+H T`BM+BTH2 #2?BM/ i?2 `2p2`b2- BX2X i?2 /2i2`KBMiBQM Q7 i?2 Sx
pB  K2bm`2K2Mi Q7 i?2 Sz QT2`iQ` Bb i?2 7QHHQrBM;,  mMBi`v QT2`iBQM U Bb
`2[mB`2/ bm+? i?i  K2bm`2K2Mi Q7 Sx QM i?2 Q`B;BMH bvbi2K T`Q/m+2b i?2 bK2
K2bm`2K2Mi `2bmHi b  K2bm`2K2Mi Q7 Sz 7i2` i?2 mMBi`v QT2`iBQM U ,
h` (Sxρ) = h`
(
SzUρU
†) UeXR3V
h`+2b Q7 Ki`Bt T`Q/m+ib `2 BMp`BMi mM/2` +v+HB+ T2`KmiiBQM M/ ?2M+2 i?2
2[miBQM +M #2 `2/m+2/ iQ,
h` (Sxρ) = h`
(
U †SzUρ
) UeXRNV
Sx = U
†SzU UeXkyV
USxU
† = Sz UeXkRV
h?2 Hbi HBM2 /2b+`B#2b  T`Q+2bb i?i `Qii2b M Sx bii2 BMiQ M Sz- r?B+? K2Mb
i?i i?2 `2[mB`2/ U Bb bBKTHv  (π/2)−Sy - BX2X U = 2tT(−i(−π/2)Sy)X aQ BM ;2M2`H-
M QT2`iQ` +M #2 K2bm`2/ pB Sz #v i?2 bK2 b2[m2M+2 i?i `Qii2b M 2B;2Mbii2
Q7 i?i QT2`iQ` BMiQ SzX Ai b?QmH/ #2 MQi2/ i?i i?Bb T`Q+2bb Bb BM/2T2M/2Mi Q7 i?2
Mm+H2` bTBM- BX2X i?Bb (π/2)−Sy TmHb2 Kmbi #2 TTHB2/ QM #Qi? 1a_ i`MbBiBQMbX
h?2 `2bmHiBM; TmHb2 b2[m2M+2b- /2pQi2/ o  oA- 7Q` i?2 K2bm`2K2Mi Q7 Sx M/
Sy `2 /2TB+i2/ BM 6B;X eXNX  ;HQ#H KB+`Qrp2 TmHb2 `Qii2b i?2 QT2`iQ` iQ #2
/2i2`KBM2/ BMiQ Sz- r?B+? Bb i?2M K2bm`2/ #v  .ys@#b2/ `2/Qmi Q7 SαX
(MPCBM OVDMFBS TQJO DPIFSFODFT h?2 Mm+H2` bTBM +Q?2`2M+2b- Iy  Ix- `2 K2@
bm`2/ BM  bBKBH` rv iQ i?2 2H2+i`QM bTBM +Q?2`2M+2b U+7X 6B;X eXN- b2[m2M+2b oAA 
oAAAVX 6B`bi-  ;HQ#H (π/2)±Ix(y) TmHb2 T`QD2+ib i?2 Iy UIxV +Q?2`2M+2 BMiQ Iz- r?B+?
eX9 .QMQ` bii2 iQKQ;`T?v #2vQM/ i?2 Tm`2@bii2 TT`QtBKiBQM R98
(π)sx (π)Ix
0 1.45 1.5 1.55 1.5 2.9 3 t (s)
D0X D0X
⎫⎪⎪⎬⎪⎪⎭
Hyperpolarisation
(π)sx (π)sx (π)sx
(π)Ix (π)Ix
(π/2)Ix
0 5 15 25 30 31 t (µs)⎫⎪⎬⎪⎭
State preperation
⎫⎪⎬⎪⎭
Refocus
τ1 τ1 τ2 τ2 τ2 τ2
t (s)0
Hyperpolarisation Statepreparation (Refocus) Tomography Measurement
(a)
(b)
(c)
'JHVSF  h?2 BM/BpB/mH T`ib Q7 i?2 7mHH .ys iQKQ;`T?v b2[m2M+2 Bb /2@
TB+i2/ BM UV- r?2`2 KQbi iBK2b i?2 K2bm`2K2Mi .ys TmHb2 Bb i?2 bK2
TmHb2 b i?2 }`bi TmHb2 Q7 i?2 ?vT2`TQH`BbiBQM b2[m2M+2X h?2 ?vT2`TQH`@
BbiBQM b2[m2M+2 U#V BMi2M/b iQ T`Q/m+2  Tm`2 bii2 7Q` i?2 r?QH2 /QMQ`
bTBM 2Mb2K#H2- rBi? HH TQTmHiBQM BM |↓⇓⟩X h?2 bii2 T`2T`iBQM T`i U+V
Bb /Dmbi2/ /2T2M/BM; QM i?2 /2bB`2/ bii2- rBi? i?2 2tKTH2 Q7  "2HH bii2
(|↑⇑⟩+ |↓⇓⟩)/√2- r?BH2 i?2 b2+QM/ T`i Q7 U+V b?Qrb  TQi2MiBH- #mi mMmb2/
;HQ#H `27Q+mbbBM; b2[m2M+2X
Bb BM im`M Bb T`QD2+i2/ BMiQ Sz #v  b2H2+iBp2 (π)↑Ix TmHb2- 7QHHQr2/ #v  b2H2+iBp2
KB+`Qrp2 TmHb2 (π)⇑Sx X Sz Bb }MHHv K2bm`2/ pB i?2 .ys Sα `2/QmiX
.JYFEFMFDUSPOBOEOVDMFBS DPIFSFODFT h?2 `2KBMBM; i2`Kb Q7 UeXRyV@UeXRkV- bm+?
b SxIy `2 }`bi T`QD2+i2/ BMiQ SzIz pB `2bT2+iBp2 ;HQ#H 1a_ M/ LJ_ (π/2)@
TmHb2bX SzIz BM im`M Bb T`QD2+i2/ BMiQ Sz pB  b2H2+iBp2 (π)⇓Sx TmHb2X h?2 +Q``2bTQM/@
BM; b2[m2M+2b Ao iQ soA `2 /2TB+i2/ BM 6B;X eXNX
 &YQFSJNFOU
h?2 2tT2`BK2MiH `2HBbiBQM Q7 i?2 .ys iQKQ;`T?v Bb MQr /Bb+mbb2/X 6B`bi- i?2
7mHH TmHb2 b2[m2M+2 BM+Hm/BM; i?2 ?vT2`TQH`BbiBQM M/ bii2 T`2T`iBQM bi2Tb Bb
BMi`Q/m+2/- 7QHHQr2/ #v  `2pB2r Q7 i?2 M2+2bb`v T`2T`iBQM 2tT2`BK2MibX 6BMHHv-
i?2 +?B2p2/ /2;`22 Q7 ?vT2`TQH`BbiBQM M/ i?2 iQKQ;`T?v `2bmHib `2 T`2b2Mi2/
M/ /Bb+mbb2/X h?2 2tT2`BK2Mi ?b #22M +``B2/ Qmi rBi? bKTH2 k3aB@jkR i 9X8EX
R9e *?Ti2` e *T+BiBp2 /QMQ` #QmM/ 2t+BiQM K2bm`2K2Mib
'VMM UPNPHSBQIZ QVMTF TFRVFODF h?2 /Bz2`2Mi 2H2K2Mib Q7 i?2 7mHH iQKQ;`T?v
TmHb2 b2[m2M+2 `2 /2TB+i2/ BM 6B;X eXRyUVX 6B`bi-  ?vT2`TQH`BbiBQM b2[m2M+2 BKb
iQ +?B2p2  ?B;? /2;`22 Q7 bii2 Tm`Biv #v T`QD2+iBM; KQbi Q7 i?2 TQTmHiBQM BMiQ
 bBM;H2 bii2- ?2`2 bii2 |↓⇓⟩X h?2 bm#b2[m2Mi bii2 T`2T`iBQM b2[m2M+2 ;2M2`i2
i?2 bii2 i?i Bb iQ #2 BMbT2+i2/ mbBM; #Qi? LJ_ M/ 1a_ TmHb2bX h?Bb Bb 7QHHQr2/
#v M QTiBQMH ;HQ#H `27Q+mbbBM; b2[m2M+2 iQ `2p2`b2 i?2 2z2+ib Q7 BM?QKQ;2M2Qmb
#`Q/2MBM;X 6BMHHv- i?2 iQKQ;`T?v TmHb2 b2[m2M+2b /Bb+mbb2/ #Qp2 KT i?2
QT2`iQ` iQ #2 K2bm`2/ BMiQ Sz M/ i?2 .ys Hb2` TmHb2 K2bm`2b SαX
h?2 ?vT2`TQH`BbiBQM b2[m2M+2 2KTHQv2/ ?2`2 Bb /2TB+i2/ BM 6B;X eXRyU#VX 6B`bi-
 .ys Hb2` TmHb2 /2TH2i2b i?2 |↑⟩ bii2b M/ i`Mb72`b i?2B` TQTmHiBQM UbT`2/
2[mHHv Qp2` ρ11  ρ22V iQ i?2 |↓⟩ bii2b UBX2X iQ M 2[mH KBtim`2 Q7 ρ33  ρ44VX 
b2H2+iBp2 KB+`Qrp2 TmHb2 (π)⇑Sx M/ LJ_ TmHb2 (π)↑Ix - i`Mb72`b i?2 ρ33 TQTmHiBQM
iQ ρ22X h?2 }MH .ys Hb2` TmHb2 i?2M #`BM;b ρ22 iQ ρ44X _2HiBp2Hv HQM; Hb2` TmHb2b
Q7 ∼RX8 b r2`2 `2[mB`2/- bBM+2  `2HiBp2Hv HQr Hb2` TQr2` Q7 IG = 3X8× RykqfKk
;p2 i?2 #2bi i`MbB2Mi `2bTQMb2 7Q` `2/@QmiX
h?2 bii2 T`2T`iBQM b2[m2M+2 Bb b?QrM BM 6B;X eXRyU+V 7Q` i?2 2tKTH2 Q7  "2HH
bii2X >2`2-  `27Q+mbbBM; LJ_ TmHb2 2Mbm`2b i?i i?2 Mm+H2` bTBM +Q?2`2M+2 Bb
KtBKmK i i?2 TQBMi Q7 i?2 KB+`Qrp2 TmHb2- +`2iBM; i?2 "2HH bii2X 6m`i?2`KQ`2-
 TQi2MiBH ;HQ#H `27Q+mbbBM; b2[m2M+2 Bb b?QrM- +QMbBbiBM; Q7 bvKK2i`B+HHv TH+2/
;HQ#H KB+`Qrp2 (π)Sx TmHb2b M/  ;HQ#H LJ_ (π)Ix TmHb2X hQ pQB/ BMi`Q/m+BM;
//BiBQMH 2``Q`b /m2 iQ BKT2`72+iBQMb Q7 i?2 `27Q+mbbBM; TmHb2b- i?2 `27Q+mbbBM;
b2[m2M+2 Bb QKBii2/ BM i?2 7QHHQrBM;X AMbi2/- /B`2+iHv 7i2` i?2 bii2 +`2iBQM- i?2
T`QD2+iBp2 KB+`Qrp2 (π/2)Sφ TmHb2b Q7 i?2 iQKQ;`T?v b2[m2M+2 r2`2 TH+2/ M/
i?2 LJ_ (π/2)Iθ TmHb2b 7QHHQr k ƒb Hi2`X
1SFQBSBUJPO FYQFSJNFOUT 6B;m`2 eXRR bmKK`Bx2b i?2 F2v T`2T`iBQM K2bm`2@
K2Mib Q7 i?2 .ys iQKQ;`T?vX 7i2` i?2 /2i2`KBMiBQM Q7 i?2 `2bQMMi K;M2iB+
}2H/ B = jk9Xjk9Kh- #Qi? Mm+H2` bTBM i`MbBiBQMb ω↑(↓)I /2π `2 /2i2`KBM2/ pB
2+?Q@/2i2+i2/ .pB2b 1L.P_ K2bm`2K2Mib Ub22 6B;X eXRRUV  U#VVX _#B K2@
bm`2K2Mib QM i?2b2 Mm+H2` bTBM i`MbBiBQMb /2i2`KBM2 b2H2+iBp2 (π)↑(↓)Iθ /m`iBQMb Q7
Ry ƒb Ub22 6B;X eXRRU+VVX 6B;X eXRRU2V bF2i+?2b i?2 TT`QtBKi2 TQbBiBQM Q7 i?2 irQ
KB+`Qrp2 i`MbBiBQM 7`2[m2M+B2b +QKT`2/ iQ i?2 `2bTQMb2 Q7 i?2 KB+`Qrp2 +pBivX
h?2 Z 7+iQ` Q7 i?2 +pBiv Bb  i`/2@Qz #2ir22M 2M#HBM; #Qi? i`MbBiBQMb iQ #2
//`2bb2/ Ur?B+? rQmH/ 7pQ` HQr Z 7+iQ`bV M/ i?2 biQ`2/ KB+`Qrp2 TQr2` BM
i?2 +pBiv Ur?B+? 7pQ`b ?B;?2` Z 7+iQ`bVX q?BH2 K2bm`BM; M 2+?Q QM i?2 HQr2`
7`2[m2M+v ω⇓S/2π = NXe8:>x- i?2 b2+QM/ i`MbBiBQM Bb /2i2+i2/ #v M 1G.P_ b2@
[m2M+2- +QMbBbiBM; Q7  b2H2+iBp2 (π)⇑S TmHb2- 7QHHQr2/ #v  b2H2+iBp2 (π)⇓I TmHb2X qBi?
eX9 .QMQ` bii2 iQKQ;`T?v #2vQM/ i?2 Tm`2@bii2 TT`QtBKiBQM R9d
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'JHVSF S`2T`iBQM 2tT2`BK2Mib `2[mB`2/ 7Q` i?2 .ys bii2 iQKQ;`T?v QM
bKTH2 k3aB@jkRX h?2 irQ LJ_ i`MbBiBQM 7`2[m2M+B2b U-#V `2 B/2MiB}2/ #v
 .pB2b 1L.P_ b2[m2M+2X Lm+H2` bTBM _#B Qb+BHHiBQMb b?Qr  (π)@TmHb2
/m`iBQM Q7 Ry ƒbX U/V b?Qrb i?2 2M?M+2K2Mi Q7 2H2+i`QM bTBM 2+?Q BMi2MbBiv
QM i?2 ⇓@1a_ i`MbBiBQM- rBi? i?2 2+?Q Q#iBM2/ rBi?Qmi ?vT2`TQH`BbiBQM
Uv2HHQrV +HB#`i2/ iQ i?2 i?2`KH TQH`BbiBQM Q7 8XRW i 9X8EX 6`QK i?2
2+?Q /2+v M 2H2+i`QM /2T?bBM; iBK2 Q7 T ∗2e ≈ k ƒb Bb 2ti`+i2/X U2V bF2i+?2b
i?2 TQbBiBQM Q7 i?2 KB+`Qrp2 i`MbBiBQMb BM +QKT`BbQM iQ i?2 KB+`Qrp2
`2bQMiQ` rBi? Q ≈ 300X U7V b?Qrb i?2 1G.P_ /2i2+iBQM Q7 i?2 b2+QM/-
bvMi?2bBx2/ KB+`Qrp2 i`MbBiBQM mbBM; M 1G.P_ 2tT2`BK2Mi M/ U;V b?Qrb
i?2 .ys /2i2+i2/ _#B Qb+BHHiBQMb Q7 i?2 BM/BpB/mH 1a_ i`MbBiBQMb U+B`+H2b
BM `2bT2+iBp2 +QHQm`V M/ Q7  ;HQ#H KB+`Qrp2 TmHb2 rBi? ?H7 i?2 _#B
7`2[m2M+v U/`F #Hm2VX
R93 *?Ti2` e *T+BiBp2 /QMQ` #QmM/ 2t+BiQM K2bm`2K2Mib
HH TmHb2b QM `2bQMM+2- i?2 TQTmHiBQM /Bz2`2M+2 QM i?2 2+?Q@i`MbBiBQM pMBb?2bX
b b22M BM 6B;X eXRRU7V- i?Bb Bb i?2 +b2 7Q` ω⇑S/2π = ω⇓S/2π + RRdX98J>x- rBi? i?2
/Bz2`2M+2 #2BM; i?2 ?vT2`}M2 +QMbiMi Q7 T?QbT?Q`mbX 6B;X eXRRU;V b?Qrb b2H2+iBp2
2H2+i`QM _#B Qb+BHHiBQMb QM i?2 irQ HBM2b rBi? (π)↑(↓)S /m`iBQMb QM i?2 Q`/2` Q7 R ƒbX
h?2b2 TmHb2b `2 `2HiBp2Hv HQM;- bBM+2 i?2 KB+`Qrp2 7`2[m2M+v `2 i i?2 2/;2b Q7
i?2 +pBiv `2bQMM+2 M/ 7m`i?2`KQ`2 #2+mb2 QMHv  jq KB+`Qrp2 KTHB}2` Bb
mb2/ bBM+2 i?2 R Fq hqh KTHB}2` rb MQi BM+Q`TQ`i2/ BMiQ i?2 b2imT i i?2 iBK2
Q7 i?2 2tT2`BK2MibX 6B;X eXRRU;V 7m`i?2`KQ`2 b?Qrb i?2 .ys /2i2+iBQM Q7 ;HQ#H
1a_ _#B Qb+BHHiBQMb BM /`F #Hm2X
6B;X eXRRU/V b?Qrb i?2 BMi2MbBiv Q7  >?M 2+?Q QM i?2 Iβ 1a_ i`MbBiBQMX h?2
BMi2MbBiv Q7 i?2 i?2`KH TQH`BbiBQM Q7 i?Bb i`MbBiBQM Bb b?QrM BM v2HHQr M/ Bb
+HB#`i2/ iQ Bib i?2`KH 2[mBHB#`BmK pHm2 Q7 8XRWX AM +QKT`BbQM iQ i?Bb- i?2
BMi2MbBiv 7i2`  RX8 b .ys Hb2` TmHb2 rBi?Qmi Mv KB+`Qrp2 Q` LJ_ TmHb2b- BX2X
bBKTH2 .ys TQH`BbiBQM Bb b?QrM BM Q`M;2- r?BH2 i?2 2+?Q BMi2MbBiv 7i2` i?2 7mHH
?vT2`TQH`BbiBQM b2[m2M+2 Q7 6B;X eXRyU#V- BM+Hm/BM; LJ_ TmHb2b iQ 2M#H2 Mm+H2`
TQH`BbiBQM- iQQ Bb b?QrM BM `2/X "Qi? Q7 i?2b2 i`+2b ?p2 #22M +HB#`i2/ iQ i?2
i?2`KH 2[mBHB#`BmK TQH`BbiBQMX Ai Bb +H2` i?i i?2 7mHH ?vT2`TQH`BbiBQM b2[m2M+2
2t+22/b  TQH`BbiBQM Q7 RyyW- K2MBM; i?i TQTmHiBQM 7`QK i?2 |⇑⟩@bii2b ?b
#22M i`Mb72``2/ iQ i?2 |↓⇓⟩@bii2X h?2 i?2`KH /2MbBiv Ki`Bt TQTmHiBQM /Bz2`2M+2
Q7 i?2 Iβ 1a_ i`MbBiBQM Bb ρ44−ρ22 = 0.026 M/ rBi? M BM+`2b2 Q7 i?2 2+?Q BMi2MbBiv
#v  7+iQ` Q7 ∼jy- i?2 TQTmHiBQM /Bz2`2M+2 7Q` i?2 ?vT2`TQH`Bb2/ bii2 Bb i?mb
2tT2+i2/ iQ #2 ρ44 − ρ22 ≈ 0.76X
5PNPHSBQIZ PG IZQFSQPMBSJTFE TUBUF h?2 iQKQ;`T?v b2[m2M+2 Bb }`bi T2`7Q`K2/
QM i?2 ?vT2`TQH`Bb2/ bii2X 6B;m`2 eXRkUV b?Qrb i?2 B/2H M/ i?2 `2+Qp2`2/ /2M@
bBiv Ki`Bt #v i?2 7mHH jy TmHb2 iQKQ;`T?v b2[m2M+2- +QMbBbiBM; Q7 e TmHb2 b2[m2M+2b
7Q` i?2 KTTBM; Q7 i?2 TQTmHiBQMb M/ k9 TmHb2 b2[m2M+2b 7Q` i?2 +Q?2`2M+2 KT@
TBM; BMiQ Sα M/ SβX h?Bb H2/b iQ M 2ti`+i2/ /2MbBiv Ki`Bt Q7 i?2 ?vT2`TQH`Bb2/
bii2 b,
ρ?vT2`TQH`Bb2/ =
⎛⎜⎜⎜⎜⎝
0.11 0.00 + 0.01i −0.01 + 0.02i −0.00 + 0.01i
0.00− 0.01i 0.23 −0.01 + 0.00i 0.00 + 0.01i
−0.01− 0.02i −0.01− 0.00i 0.10 0.01− 0.00i
−0.00− 0.01i 0.00− 0.01i 0.01 + 0.00i 0.56
⎞⎟⎟⎟⎟⎠
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'JHVSF  UV h?2 K2bm`2/ .ys iQKQ;`T?v `2bmHi 7Q` i?2 ?vT2`TQH`Bb2/
/QMQ` 2Mb2K#H2 Q7 bKTH2 k3aB@jkRX h?2 B/2H bii2 Bb +QKT`2/ iQ i?2
2tT2`BK2MiHHv /2i2`KBM2/ bii2X U#V h?2 i`MbB2Mib Q7 i?2 jy KB+`Qrp2 b2@
[m2M+2b i?i 2M#H2/ i?Bb `2bmHi- rBi? i?2 .ys i`MbB2Mi BMi2;`iBQM rBM/Qr
/2TB+i2/ BM ;`2vX
ai`BFBM;Hv- i?2 TQTmHiBQM /Bz2`2M+2 Q7 i?2 Iβ KB+`Qrp2 i`MbBiBQM Bb QMHv ρ44−ρ22 ≈
0.33- H2bb i?M ?H7 Q7 i?2 2tT2+i2/ pHm2 Q7 0.76X q?i +QmH/ #2  `2bQM 7Q` i?2
/Bz2`2M+2 #2ir22M 2+?Q@/2i2+i2/ ?vT2`TQH`BbiBQM /2;`22 M/ i?2 TQH`BbiBQM K2@
bm`2/ #v i?2 .ys bii2 iQKQ;`T?v\ Ai Bb TQbbB#H2 i?i KTTBM; TmHb2 BKT2`72+iBQMb
Q` MQBb2 7`QK BM+iBp2 TmHb2- QMHv BMi2M/2/ iQ #2 +iBp2 7Q` i?2 +Q?2`2M+2 KTTBM;
b2[m2M+2b ?p2 z2+i2/ i?2 iQKQ;`T?v K2bm`2K2MiX  /`B7i Q7 i?2 2{+B2M+v Q7
i?2 ?vT2`TQH`BbiBQM /2;`22 +M #2 `mH2/ Qmi- bBM+2 i?2 2+?Q 2M?M+2K2Mi K2@
bm`2K2Mi Q7 i?2 ?vT2`TQH`BbiBQM b2[m2M+2 ?b #22M T2`7Q`K2/ #Qi? #27Q`2 M/
7i2` i?2 iQKQ;`T?v 2tT2`BK2Mib rBi? Ki+?BM; `2bmHibX 6m`i?2`KQ`2- Bi b?QmH/
#2 MQi2/ i?i i?2 +?QB+2 Q7 i?2 #b2HBM2- b /Bb+mbb2/ BM a2+X eX9X9- /Q2b KQ/B7v i?2
bii2 TQTmHiBQMb Q7 i?2 `2+Qp2`2/ Ki`BtX >Qr2p2`- MQ T?vbB+HHv pB#H2 +?QB+2 Q7
i?2 #b2HBM2 HHQrb iQ Ki+? i?2 TQH`BbiBQM pHm2b 2ti`+i2/ #v i?2 .ys@bbBbi2/
iQKQ;`T?v iQ i?2 TQH`BbiBQM /2;`22 K2bm`2/ #v i?2 2+?Q BMi2MbBiv 2M?M+2K2MiX
>2M+2- Qp2`HH Bi Kmbi #2 bii2/ i?i i?2 `2bQM 7Q` i?2 /Bz2`2M+2 #2ir22M i?2
2ti`+i2/ ?vT2`TQH`BbiBQM /2;`22 7`QK i?2 i?2 2+?Q BMi2MbBiv K2bm`2K2Mi M/
i?2 .ys iQKQ;`T?v `2KBMb mM`2bQHp2/X
R8y *?Ti2` e *T+BiBp2 /QMQ` #QmM/ 2t+BiQM K2bm`2K2Mib
Ideal Expected D0X Tomography
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'JHVSF  h?2 .ys bii2 iQKQ;`T?v `2bmHib 7Q` BMTmi bii2b rBi? UV 2H2+i`QM +Q?2`2M+2- U#V
Mm+H2` +Q?2`2M+2 M/ U+V +QK#BM2/ 2H2+i`QM@Mm+H2` +Q?2`2M+2bX 6Q` 2+? ivT2 Q7 +Q?2`2M+2-
i?2 B/2H BMTmi bii2 M/ i?2 2tT2+i2/ BMTmi bii2 /2`Bp2/ 7`QK i?2 `2H ?vT2`TQH`Bb2/ bii2 Q7
6B;X eXRk `2 +QKT`2/ ;BMbi i?2 2tT2`BK2MiHHv /2i2`KBM2/ .ys iQKQ;`T?v /2MbBiv Ki`BtX
eX9 .QMQ` bii2 iQKQ;`T?v #2vQM/ i?2 Tm`2@bii2 TT`QtBKiBQM R8R
5PNPHSBQIZ SFTVMUT PG JOQVU TUBUFT XJUI DPIFSFODFT h?2 `2bmHib Q7 i?2 7mHH .ys
iQKQ;`T?v 7Q` p`BQmb BMTmi bii2b `2 b?QrM BM 6B;X eXRjX 6Q` 2+? +QHmKM- i?2
B/2H UrMi2/V bii2 Bb /2TB+i2/- HQM; rBi? i?2 2tT2+i2/ `2bmHi 7Q` i?2 bii2 T`2T@
`iBQM TmHb2 b2[m2M+2 TTHB2/ iQ i?2 K2bm`2/ ?vT2`TQH`BbxiBQM /2MbBiv Ki`Bt Q7
UeXkkVX h?2 i?B`/ +QHmKM b?Qrb i?2 `2+Qp2`2/ /2MbBiv Ki`Bt 7`QK i?2 .ys iQKQ;@
`T?v rBi? jy TmHb2 b2[m2M+2bX hQ BKT`Qp2 ++m`+v- i?2 /i Bb i?2 p2`;2 Q7 8
`mMb- rBi? i?2 biM/`/ /2pBiBQM THQii2/ b /Qii2/ HBM2X h?2 }/2HBiv Q7 i?2 `2+Qp@
2`2/ /2MbBiv Ki`Bt +QKT`2/ iQ i?2 BMi2M/2/- B/2H bii2 Bb ;Bp2M b FB/2H M/ i?2
}/2HBiv Q7 i?2 `2+Qp2`2/ Ki`Bt rBi? i?2 2tT2+i2/ bii2 7`QK i?2 ?vT2`TQH`BbiBQM
/2MbBiv Ki`Bt Bb bii2/ b F2tT2+i2/X "Qi? }/2HBiB2b `2 +H+mHi2/ ++Q`/BM; iQ (dR),
F (ρ, σ) =
(
h`
√√
ρσ
√
ρ
)2
UeXkjV
h?2 iQKQ;`T?v Q7 i?2 bii2b SyIβ M/ SαIx Qb THQii2/ BM 6B;X eXRjUV  U#VX
6Q` #Qi?- i?2 2H2+i`QM M/ Mm+H2` bTBM +Q?2`2M+2- i?2 .ys iQKQ;`T?v `2+Qp2`b
i?2 2tT2+i2/ [mMimK bii2 [mBi2 r2HH rBi? F2tT2+i2/ > NeWX h?Bb T`Qp2b i?i i?2
iQKQ;`T?v b2[m2M+2b /Q2b rQ`F BM T`BM+BTH2 M/ i?i i?2 ;2M2`H +QM+2Ti Q7 i?2
.ys iQKQ;`T?v Bb pHB/X
lM7Q`imMi2Hv-  "2HH bii2 +QmH/ MQi #2 `2+Qp2`2/ rBi? `2bQM#2 }/2HBivX
6B;X eXRjU+V b?Qrb i?2 2tKTH2 Q7  (|↑⇓⟩ − |↓⇑⟩)/√2 bii2X h?2 `2bQM r?v i?2b2
bii2b +QmH/ MQi #2 `2+Qp2`2/ rBi? `2bQM#H2 }/2HBiv Bb mMFMQrMX
 #BTFMJOF QSPCMFN BOE QPTTJCMF TPMVUJPO
PM2 T`Q#H2K `2KBMb rBi? i?2 .ys iQKQ;`T?v b /Bb+mbb2/ bQ 7`, h?2 /2`Bp2/ iQ@
KQ;`T?v b2[m2M+2 bQ 7` rb #b2/ QM i?2 bbmKTiBQM i?i i?2 K2bm`2/ i`MbB2Mi
`2bTQMb2 Bb /B`2+iHv T`QTQ`iBQMH iQ i?2 Sα K2bm`2K2Mi U+7X 1[bX UeXReV  eXR8VX
A7 i?2 `2bQMMi .ys BQMBbiBQM rQmH/ #2 i?2 QMHv bQm`+2 Q7 +QM/m+iBpBiv +?M;2-
i?2M i?Bb bbmKTiBQM rQmH/ #2 pHB/X >Qr2p2`- i?2 /B`2+i T?QiQBQMBbiBQM T`Q+2bb
/Bb+mbb2/ BM *?X 8XRX9 HbQ `2bmHib BM  +?M;2 Q7 +QM/m+iBpBiv- `2;`/H2bb Q7 i?2
TQH`BxiBQM Q7 i?2 /QMQ`bX >2M+2- KQ`2 `2HBbiB+HHv i?2 K2bm`2K2Mi KTHBim/2
BMi`Q/m+2/ BM 1[X eXR8 Bb ;Bp2M #v,
Ak = b+ ch` (Sαρ) UeXk9V
rBi? b #2BM; i?2 Qzb2i /m2 iQ i?2 Qz@`2bQMMi T?QiQ+QM/m+iBpBivX AM i?2 /Bb+mbb2/
2tT2`BK2Mib- i?2 Qzb2i b rb +?Qb2M iQ #2 i?2 HQr2bi bi2/v bii2 pHm2 Q7 HH i`+2b-
R8k *?Ti2` e *T+BiBp2 /QMQ` #QmM/ 2t+BiQM K2bm`2K2Mib
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'JHVSF  h?2 bBKmHi2/ i`MbB2Mi `2bTQMb2 mTQM .ys Hb2` BHHmKBMiBQM
imM2/ iQ i?2 |↑⟩ bii2 7Q`  bKTH2 rBi?  Mim`H bBHB+QM HBM2rB/i? Q7 9 ƒ2o
M/ BMBiBH /QMQ` bTBM TQH`BxiBQMb #2ir22M RyyW U`2/V M/ yW U#Hm2VX 
i`+2 rBi? i?2 Hb2` imM2/ Qz@`2bQMMi U#H+FV `2p2Hb i?2 /QMQ`@bTBM BM@
b2MbBiBp2 +QM/m+iBpBiv #b2HBM2X h?2 K2bm`2/- BX2X 2ti`+i2/ TQH`BbiBQM
7QHHQrBM; 1[X UeXk9V b  7mM+iBQM Q7 i?2 `2H TQH`BbiBQM Bb THQii2/ BM U#V
7Q` p`BQmb BMi2;`iBQM rBM/QrbX
b b22M #v i?2 +?QB+2 Q7 y = 0 Q7 6B;X eXRyU#VX h?2 `2bQMBM; #2?BM/ i?Bb +?QB+2
Bb i?i b i?2 .ys Hb2` +QMiBMm2b iQ /2TH2i2 i?2 |↑⟩ bii2b- i?2 TQTmHiBQM i?i
Bi Bb TmKTBM; QM TT`Q+?2b x2`Q- H2/BM; iQ h` (Sαρ) → 0 M/ HHQrb 7Q` b2iiBM;
b b i?2 bi2/v bii2 pHm2X *2`iBMHv 7Q` bKTH2b rBi? bKHH HBM2rB/i?b- bm+? b
i?2 k3aB bKTH2b- i?Bb Bb  ;QQ/ TT`QtBKiBQM- bBM+2 i?2 `iBQ Q7 Γ.ys/Γ/B`2+i ≫ 1-
H2/BM; iQ  ?B;? TQH`BxiBQM /2;`22 UM/ ?2M+2 bKHH bi2/v bii2 TQTmHiBQM BM
|↑⟩- +7X *?X 8X9XkX aiBHH- Bi Bb M bbmKTiBQM M/ 7Q` bKTH2b rBi? H`;2` HBM2rB/i?b-
BX2X +QKT`#H2 `i2b Q7 Γ.ys M/ Γ/B`2+i r?2`2 i?2 bi2/v bii2 TQH`BbiBQM Bb MQi
+HQb2 iQ RyyW- i?Bb bbmKTiBQM #2+QK2b T`Q#H2KiB+X
 bQHmiBQM iQ i?Bb T`Q#H2K Bb iQ K2bm`2  i`+2 rBi? i?2 .ys Hb2` imM2/ Qz
`2bQMM+2- iQ ;m`Mi22 h` (Sαρ) = 0 M/ /B`2+iHv K2bm`2 b /m2 iQ Γ/B`2+iX 6B;m`2
eXR9UV b?Qrb i?2 +H+mHi2/ i`MbB2Mi `2bTQMb2 Q7 M 2Mb2K#H2 rBi? bTBM TQH`BbiBQM
P pHm2b #2ir22M P = 0 U#Hm2V iQ P = 1 U`2/V- +H+mHi2/ ++Q`/BM; iQ i?2 +QmTH2/
`i2 2[miBQMb Q7 *?X 8XRXeX 6m`i?2`KQ`2- i?2 `2bTQMb2 rBi? i?2 Hb2` Qz `2bQMM+2
Bb b?QrM BM #H+FX hFBM; i?2 bi2/v bii2 +QM/m+iBQM 2H2+i`QM +QM+2Mi`iBQM Q7
i?2 Qz `2bQMM+2 Hb2` b i?2 pHm2 7Q` b- i?2 TQH`BxiBQM /2;`22 Bb `2+QMbi`m+i2/
7`QK i?2 i`MbB2Mi `2bTQMb2X h?Bb Bb /QM2 i }p2 /Bz2`2Mi iBK2 i`+2b- H2/BM; iQ
i?2 `2+Qp2`2/ pHm2b /2TB+i2/ BM 6B;X eXR9U#VX h?2 `2+QMbi`m+iBQM rQ`Fb #2bi 7Q`
eX9 .QMQ` bii2 iQKQ;`T?v #2vQM/ i?2 Tm`2@bii2 TT`QtBKiBQM R8j
BMi2;`iBQM rBM/Qrb bi`B;?i 7i2` i?2 Hb2` BHHmKBMiBQM- r?BH2 Hi2` rBM/Qrb H2/
iQ /2pBiQMb #2ir22M i?2 `2H M/ i?2 .ys iQKQ;`T?v `2+QMbi`m+i2/ TQH`BxiBQMdX
 KQ`2 i2+?MB+HHv /2KM/BM;- #mi Hi2`MiBp2 bQHmiBQM 7Q` i?2 #b2HBM2 T`Q#H2K
rQmH/ #2  K2bm`2K2Mi Q7  i`+2 TmKTBM; QM i?2 7mHH /QMQ` 2Mb2K#H2X "v imMBM;
irQ Hb2`b iQ TmKT `2bT2+iBp2Hv QM i?2 |↓⟩ M/ |↑⟩ bii2b-  i`+2 +QmH/ #2 +Tim`2/
i?i K2bm`2b i?2 7mHH 2Mb2K#H2 TQTmHiBQM rBi? Ak = b + ch` (1)X h?Bb- BM +QK@
#BMiBQM rBi? i?2 K2bm`2K2Mi Q7 i?2 BM/BpB/mH bii2 TQTmHiBQMb rQmH/ HHQr 7Q`
i?2 /2i2`KBMiBQM Q7 b- c M/ i?2 bii2 TQTmHiBQMbX
lM7Q`imMi2Hv- i i?2 iBK2 i?i i?2b2 2tT2`BK2Mib r2`2 +QM/m+i2/- MQ bm+? i`+2-
2Bi?2` Qz `2bQMM+2- Q` rBi? irQ Hb2`b- ?b #22M K2bm`2/X aiBHH- b i?Bb rb
K2bm`2/ QM  k3aB bKTH2 rBi? bKHH HBM2rB/i?- i?2 bbmKTiBQM i?i i?2 |↑⟩ bii2b
`2 2KTiv mM/2` +QMiBMmQmb TmKTBM; b?QmH/ #2 ++m`i2 iQ  72r RyWX
 $PODMVTJPO
AM bmKK`v-  iQKQ;`T?v K2i?Q/ #b2/ QM i?2 bTBM@/2T2M/2Mi T?QiQ+QM/m+iBpBiv
+?M;2 Q7  Hb2` imM2/ iQ i?2 .ys i`MbBiBQM ?b #22M /2p2HQT2/ i?i HHQrb 7Q` i?2
/2i2`KBMiBQM Q7 i?2 7mHH- TQi2MiBHHv KBt2/ /QMQ` /2MbBiv Ki`Bt- rBi?Qmi `2HvBM;
QM bbmKTiBQMb bm+? b  i?2`KH 2[mBHB#`BmK Q7 i?2 bTBM 2Mb2K#H2X h?2 i?2Q`2iB+H
7`K2rQ`F ?b #22M /2p2HQT2/ M/ i?2 `2[mB`2/ T`2T`iBQM K2bm`2K2Mib ?p2
#22M `2pB2r2/X Ai ?b #22M b?QrM i?i i?2 iQKQ;`T?v b2[m2M+2 rQ`Fb BM T`BM+BTH2-
rBi? ?B;?@}/2HBiv `2+Qp2`2/ Ki`B+2b 7Q` bBM;H2 [mMimK +Q?2`2M+2X h?2 K2i?Q/ rb
biBHH #b2/ QM  bKHH bbmKTiBQM 7Q` i?2 +Q``2+i b+HBM; Q7 i?2 K2bm`2K2Mi p`B#H2-
#mi  K2i?Q/ ?b #22M BMi`Q/m+2/ iQ 2HBKBMi2 i?2 mM+2`iBMiv bbQ+Bi2/ rBi? i?2
#b2HBM2 b?B7i /m2 iQ i?2 Qz@`2bQMMi T?QiQ+QM/m+iBpBivX hrQ mM`2bQHp2/ Bbbm2b
`2KBM, 6B`biHv- i?2 Q#b2`p2/ /Bz2`2M+2 Q7 i?2 ?vT2`TQH`BbiBQM /2;`22 #2ir22M i?2
.ys bii2 iQKQ;`T?v M/ i?2 1a_ >?M 2+?Q 2M?M+2K2Mi Bb TmxxHBM;X a2+QM/Hv-
i?2 mMbm++2bb7mH T`2T`iBQM Q` iQKQ;`T?v Q7 i?2 "2HH bii2 Bb MQi mM/2`biQQ/X
dA7- 7Q` `2bQMb bm+? b HQM; HQ+F@BM iBK2b+H2b-  K2bm`2K2Mi +M QMHv #2 iF2M  +2`iBM T2`BQ/
7i2` i?2 Hb2` +m`iBM- i?2M i?2 +QM/m+iBpBiv pHm2 i i?2 iBK2 Q7 i?2 Hb2`@b?mii2` +M biBHH #2
2ti`TQHi2/ #v M 2tTQM2MiBH }i iQ i?2 i`MbB2Mi `2bTQMb2X

$IBQUFS 
#PVOE FYDJUPO NFBTVSFNFOUT JO TJMJDPO
EFWJDFT
h?Bb +?Ti2` BMi`Q/m+2b }`bi bi2Tb iQr`/b bBHB+QM /2pB+2b i?i 2tTHQBi i?2 .ys i`M@
bBiBQM 7Q` /QMQ` bTBM `2/QmiX b  T`QQ7@Q7@T`BM+BTH2- a2+X dXR /2KQMbi`i2b i?i
i?2 bK2 FBM/ Q7 bTBM@K2bm`2K2Mi /2KQMbi`i2/ BM i?2 T`2pBQmb +?Ti2` pB  +@
T+BiBp2 K2bm`2K2Mi Bb HbQ TQbbB#H2 mbBM; +QM/m+iBpBiv K2bm`2K2Mib rBi? /B`2+i
+QMi+i iQ i?2 bKTH2X h?2 BMi`BMbB+- /QMQ` +QM+2Mi`iBQM@HBKBi2/ +Q?2`2M+2 iBK2
Bb K2bm`2/ mbBM; T`HH2H HmKBMBmK 2H2+i`Q/2bX h?Bb /2KQMbi`i2b i?i /2pB+2b
`2 +QM+2Bp#H2 7Q` TTHB+iBQMb bm+? b K;M2iB+ }2H/ b2MbBM;- r?B+? `2 #b2/ QM
T?QbT?Q`mb /QMQ` bTBM +Q?2`2M+2- #mi /Q MQi `2[mB`2 KB+`Qrp2 +pBiB2b QM +?BT iQ
T2`7Q`K i?2 /QMQ` bTBM `2/QmiX
h?2 i`MbTQ`i +?`+i2`BbiB+b Q7 i?2 HmKBMBmK@bBHB+QM a+?QiiFv BMi2`7+2 mb2/
7Q` i?2 T`QQ7@Q7@T`BM+BTH2 /2pB+2 `2 MQi QTiBKHX >2M+2- BM a2+X dXk i?2 i`MbTQ`i
Q7 Tm`TQb2Hv 7#`B+i2/ bKTH2b rBi? n+ 2H2+i`Q/2b Bb BMp2biB;i2/X JQ/2Hb 7Q` i?2
mM/2`HvBM; T`Q+2bb2b Q#b2`p2/ i 9XkE `2 /2p2HQT2/- #Qi? 7Q` i?2 ?B;? M/ i?2 HQr
#Bb `2;BK2 r?B+? }M/ [mHBiiBp2 ;`22K2Mi rBi? i?2 K2bm`2/ Ao +m`p2b mM/2`
BHHmKBMiBQM M/ BM i?2 /`FX
a2+iBQM dXj //`2bb2b i?2 [m2biBQM Q7 r?2i?2` i?2 +QMi+ib THv  bT2+B}+ `QH2 BM
i?2 .ys bB;MHX  Hb2` bTQi Bb b+MM2/ +`Qbb i?2 /2pB+2 M/ i?2 T?QiQ+m``2Mi Bb
Q#b2`p2/ b  7mM+iBQM Q7 TQbBiBQMX h?2 `2bmHiBM; 2t+BiiBQM KTb `2 [mBi2 +QKTHB@
+i2/ iQ BMi2`T`2i- rBi?  p`B2iv Q7 /2T2M/2M+B2b QM #Bb- Hb2` TQr2`- i2KT2`im`2
M/ K;M2iB+ }2H/- #mi H`;2Hv pHB/i2 i?i i?2 bB;MH Bb ;2M2`i2/ rBi?BM M `2
mT iQ ∼k8y ƒK rv 7`QK i?2 2H2+i`Q/2bX
6BMHHv- a2+X dX9 /2Hb rBi? i?2 /2T2M/2M+2 Q7 i?2 .ys i`MbBiBQM 2M2`;v iQ 2H2+i`B+
}2H/bX hrQ /Bz2`2MiěM/ +QMi`/B+iBM;ěi?2Q`2iB+H i`2iK2Mib `2 2tTHQ`2/ M/
b2p2`H 2tT2`BK2Mib b?Qr i?i i?2 2H2+i`B+ }2H/ BM/m+2/ b?B7ib `2 BM/22/ `2HiBp2Hv
bKHHX >2M+2- 2H2+i`B+ }2H/ BM/m+2/ b?B7ib Q7 i?2 .ys i`MbBiBQM BM /2pB+2b Kv #2
R88
R8e *?Ti2` d "QmM/ 2t+BiQM K2bm`2K2Mib BM bBHB+QM /2pB+2b
H2bb Q7  +QM+2`M i?M T`2pBQmbHv i?Qm;?iX :QQ/ ;`22K2Mi rBi? M 2z2+iBp2 Kbb
i?2Q`v 7Q` i?2 .ys b?B7ib Bb +?B2p2/X
dXR aTBM `2/Qmi BM k3aB /2pB+2b R8d
 4QJO SFBEPVU JO 4J EFWJDFT
h?Bb b2+iBQM BKb iQ /2KQMbi`i2 i?i- BM //BiBQM iQ i?2 +T+iBp2 K2bm`2K2Mi Q7
i?2 T`2pBQmb +?Ti2`- i?2 .ys i`MbBiBQM HHQrb 7m`i?2`KQ`2 i?2 bTBM@K2bm`2K2Mi
Q7 /QMQ`b BM /2pB+2b pB /B`2+i 2H2+i`B+H +QMi+ibX "Qi? i?2 /2pB+2- Bib bi`BM@z2+i2/
.ys bT2+i`mK- M/ i?2 K2bm`2K2Mi i2+?MB[m2- ?p2 H`2/v #22M BMi`Q/m+2/ BM
+?Ti2`b eXj M/ 8Xj- `2bT2+iBp2Hv- bQ i?2 T`2b2MiiBQM M/ /Bb+mbbBQM Q7 i?2 `2bmHib
BM i?Bb +?Ti2` Bb F2Ti `2HiBp2Hv b?Q`iX
 4FUVQ %9 TQFDUSVN BOE QVMTF TFRVFODF
h?2 2tT2`BK2Mib `2 +QM/m+i2/ QM bKTH2 k3aB@2TB M/ i?2 BMb2i Q7 6B;X dXR UV
72im`2b M BHHmbi`iBQM Q7 i?2 bKTH2 M/ 2H2+i`B+H +QMM2+iBQMX h?2 +iBp2 Hv2`
Q7 i?2 /2pB+2 Bb  k8 ƒK i?B+F Hv2` Q7 k3aB,S UrBi?  T?QbT?Q`mb +QM+2Mi`iBQM Q7
R× RyR8 +KƐjV r?B+? Bb 2TBitBHHv ;`QrM QM M BMi`BMbB+ Mim`H bBHB+QM bm#bi`i2X
hrQ T`HH2H HmKBMBmK +QMi+ib `2 2pTQ`i2/ QMiQ i?2 bKTH2 Ui?B+FM2bb, jy MKV
7Q` 2H2+i`B+H +QMM2+iBQM UH2M;i?, dyy ƒK- b2T`iBQM, Ryy ƒKVX h?2 T?QiQ@+m``2Mi
7Q`  #Bb pQHi;2 Q7 V = RyyKo Bb K2bm`2/ pB  62KiQ .GS* HQr MQBb2
KTHB}2` M/ +Tim`2/ QM M Qb+BHHQb+QT2X h?2 bKTH2 MQ`KH Bb T`HH2H iQ i?2
K;M2iB+ }2H/ M/ i?2 i2KT2`im`2 Q7 i?2 2tT2`BK2Mib Bb 9X8EX
6B;m`2 dXRUV THQib i?2 T?QiQ@+m``2Mi b  7mM+iBQM Q7 T?QiQM 2M2`;v i B =
j9yKh- BX2X  +`Qbb@b2+iBQM Q7 6B;X 8X3U#V i i?2 K;M2iB+ }2H/ bmBi#H2 7Q` X@#M/
1a_ 2tT2`BK2Mib Ug ≈ 2VX h?2 bT2+i`mK Bb bvKK2i`B+ /m2 iQ i?2 bi`BM +mb2/ #v
i?2 HiiB+2 KBbKi+? #2ir22M i?2 k3aB Hv2` M/ i?2 MiaB bm#bi`i2 M/ ?2M+2 irQ
TB`b Q7 .ys i`MbBiBQMb Qp2`HTX GBM2 8-e /Q2b MQi 72im`2 Qp2`HTTBM; i`MbBiBQMb BM
Bib pB+BMBiv M/ Bb i?mb +?Qb2M b i?2 i`MbBiBQM QM r?B+? i?2 7QHHQrBM; 2tT2`BK2Mib
`2 +``B2/ QmiX
 TmHb2/ Hb2` M/ KB+`Qrp2 b2[m2M+2- 2bb2MiBHHv 2[mBpH2Mi iQ i?2 b2[m2M+2
BMi`Q/m+2/ BM *?X eXjXR Bb 2KTHQv2/ 7Q` i?2 bTBM `2/Qmi, h?2 b2[m2M+2 Bb b?QrM BM
6B;X dXRU#V M/ bi`ib rBi? i?2 TQH`BbiBQM Q7 i?2 2Mb2K#H2 /m`BM; i?2 BMBiBHBbiBQM
.ys TmHb2X h?2 7QHHQrBM; KB+`Qrp2 b2[m2M+2 T2`7Q`Kb i?2 /2bB`2/ 1a_ 2tT2`B@
K2Mi M/  }MH `2/@Qmi .ys Hb2` TmHb2 T`Q/m+2b  T?QiQ@+m``2Mi r?Qb2 `2+Q`/2/
Qb+BHHQb+QT2 i`+2 Bb b?QrM i i?2 #QiiQK Q7 6B;X dXRU#VX h?2 Q`M;2 i`+2 7Q` 
(π)Sx KB+`Qrp2 TmHb2 72im`2b  +H2` i`MbB2Mi `2bTQMb2- r?BH2 i?2 i`+2 rBi?Qmi
KB+`Qrp2 TmHb2 U#Hm2V 72im`2b  ~i `2bTQMb2X b /Bb+mbb2/ T`2pBQmbHv- i?2 BMi2@
;`i2/ i`MbB2Mi Bb mb2/ b  K2bm`2K2Mi Q7 i?2 |↑⟩ TQTmHiBQM i i?2 2M/ Q7 i?2
KB+`Qrp2 TmHb2 b2[m2M+2X
R83 *?Ti2` d "QmM/ 2t+BiQM K2bm`2K2Mib BM bBHB+QM /2pB+2b
tmw (μs)
10 2
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'JHVSF  h?2 .ys@bbBbi2/ /QMQ` 2H2+`QM bTBM +Q?2`2M+2 iBK2 K2bm`2K2Mi
Q7 bKTH2 k3aB@2TBX UV h?2 .ys bT2+i`mK i j9yKh- 9X8E M/ RyyKo-
r?B+? Bb z2+i2/ #v bi`BM 7`QK i?2 MiaB bm#bi`i2 U+7X 6B;X 8X3VX h?2 BMb2i Bb
 bF2i+? Q7 i?2 bKTH2 M/ K2bm`2K2Mi 2H2+i`QMB+bX U#V h?2 TmHb2 b2[m2M+2
mb2/ 7Q` i?2 .ys bbBbi2/ bTBM@K2bm`2K2Mi- rBi? i?2 K2bm`2/ T?QiQ+m`@
`2Mi i`+2b 7Q` M Qz `2bQMM+2 M/ QM `2bQMM+2 KB+`Qrp2 (π)@TmHb2X U+V
h?2 BMi2;`i2/ T?QiQ@`2bTQMb2 iQ  KB+`Qrp2 (π)@TmHb2 UfKr = NXdkNj:>xV
b  7mM+iBQM Q7 K;M2iB+ }2H/X U/V _#B Qb+BHHiBQMb i /Bz2`2Mi KB+`Qrp2
ii2MmiBQMb Q7  R Fq KB+`Qrp2 TmHb2X U2V h?2 +Q?2`2M+2 iBK2 K2bm`2@
K2Mi rBi? M TT`QtBKi2Hv 2tTQM2MiBH 2Mp2HQT2 Q7 T2 = kX8Kb- HBKBi2/
#v BMbiMiM2Qmb /BzmbBQM- rBi? T?b2 MQBb2 2pB/2Mi 7Q` 2τ # yX8KbX
dXR aTBM `2/Qmi BM k3aB /2pB+2b R8N
 3BCJ PTDJMMBUJPOT BOE DPIFSFODF UJNF
6B;m`2 dXRU+V b?Qrb i?i i?2 bQm`+2 Q7 i?2 i`MbB2Mi `2bTQMb2 Bb +H2`Hv i?2 T?QbT?Q@
`mb /QMQ`b- bBM+2  KB+`Qrp2 TmHb2 QMHv `2bmHib BM  .ys `2bTQMb2 i i?2 `2bQMMi
K;M2iB+ }2H/ Q7 T?QbT?Q`mbX  br22T Q7 i?2 KB+`Qrp2 TmHb2 /m`iBQM- /2TB+i2/
BM 6B;X dXRU/V- `2bmHib BM +Q?2`2Mi /`BpBM; Q7 i?2 2H2+i`QM bTBM rBi? KmHiBTH2 _#B
Qb+BHHiBQMbX
6BMHHv- 6B;m`2 dXRU2V THQib i?2 `2bmHib Q7 i?2 +Q?2`2M+2 iBK2 K2bm`2K2MiX h?2
2tT2`BK2Mi Bb ;BM z2+i2/ #v K;M2iB+ }2H/ BMbi#BHBiv `2bmHiBM; BM T?b2 MQBb2
7Q` 7`22 2pQHmiBQM iBK2b 2τ # yX8KběMHQ;Qmb iQ i?2 k3aB@pQ +Q?2`2M+2 iBK2
K2bm`2K2Mi Q7 i?2 T`2pBQmb +?Ti2`X aiBHH- 7`QK i?2 2Mp2HQT2 Q7 i?2 2+?Q /2+v
 +Q?2`2M+2 iBK2 Q7 T2 ≈ kX8Kb +M #2 2ti`+i2/ 7Q` i?Bb T?QbT?Q`mb 2Mb2K#H2
rBi? +QM+2Mi`iBQM Q7 ∼ 1015 +KƐjX h?2 K2bm`2/ +Q?2`2M+2 iBK2 Bb BM/22/ i?2
BMi`BMbB+ pHm2 2tT2+i2/ 7Q` BMbiMiM2Qmb /BzmbBQM i i?Bb /QMQ` +QM+2Mi`iBQM-
;Bp2M #v 1[X UjXkyVX 6Q` T?QbT?Q`mb- rBi? Mm+H2` bTBM I = 1/2 M/ irQ 1a_
i`MbBiBQMb C = [S]/k- i?2 2tT`2bbBQM ;Bp2b Tk,B/([P ] = R× RyR8 +KƐj) = RXNKb
M/ i?2 /Bz2`2M+2 #2ir22M K2bm`2/ M/ 2tT2+i2/ pHm2 Kv #2 ii`B#mi2/ iQ i?2
mM+2`iBMiv BM i?2 bKTH2 T?QbT?Q`mb +QM+2Mi`iBQM M/ i?2 T?b2@MQBb2 z2+i2/
}iX
 4VNNBSZ BOE TFOTJOH BQQMJDBUJPOT
AM bmKK`v- Bi ?b #22M /2KQMbi`i2/ i?i bTBM@`2/Qmi Q7 /QMQ` 2Mb2K#H2b Bb
+?B2p#H2 rBi? /2pB+2b i?i K2bm`2 i?2 .ys T?QiQ+QM/m+iBpBiv mbBM; /B`2+i +QM@
i+ibX h?Bb T2`KBib i?2 K2bm`2K2Mi Q7 bTBM@`2Hi2/ T?2MQK2M BM /2pB+2b rBi?Qmi
i?2 M22/ 7Q` 2+?Q@/2i2+iBQM M/ HHQrb i?mb 7Q` Ti?rvb iQ i?2 bTBM@K2bm`2K2Mi
Q7 BM+`2bBM;Hv bKHH2` bTBM 2Mb2K#H2bX >2`2#v- Bi Bb 2M+Qm`;BM; i?i i?2 /QMQ`
+Q?2`2M+2 iBK2 Bb MQi z2+i2/ #v i?2 `2/@Qmi M/fQ` i?2 bm`7+2 T`QtBKBiv M/
`2KBM2/ i Bib #mHF@pHm2X
6Q` i?2 7mim`2- i?Bb QT2Mb i?2 /QQ` iQ *JPa +QKTiB#H2 K;M2iB+@}2H/ b2MbBiBp2
/2pB+2b i?i +QmH/ #2 mb2/ 7Q` b2MbBM; TTHB+iBQMbX  **.@HBF2 ``v Q7 bm+? /2pB+2b
rQmH/ HHQr 7Q` bTiBHHv `2bQHp2/ K;M2iB+ }2H/ K2bm`2K2Mibě `2b2`+? `2
FMQrM b K;M2iQK2i`vX i i?2 7Q`27`QMi Q7 bQHB/@bii2 bTBM #b2/ K;M2iQK2i`v
Bb i?2 Lo +2Mi2`- r?B+? ?b i?2 #2M2}i Q7 QTiB+H bTBM@`2/Qmi i `QQK i2KT2`im`2
(eR- ek- e8)X aBHB+QM- ?Qr2p2`- b?Qrb HQM;2` +Q?2`2M+2 iBK2b M/ i?mb T`QKBb2b
bmT2`BQ` K;M2iB+@}2H/ b2MbBiBpBiv +QKT`2/ iQ Lo +2Mi2`bX 6m`i?2`KQ`2- *JPa
/2pB+2b 7#`B+iBQM Bb +QKT`iBp2Hv +?2T iQ i?2 +QM7Q+H b2imTb `2[mB`2/ 7Q` Lo
+2Mi2` K2bm`2K2Mib M/ ?2M+2 bBHB+QM@#b2/ /2pB+2b rBi? .ys bTBM@`2/Qmi KB;?i
Rey *?Ti2` d "QmM/ 2t+BiQM K2bm`2K2Mib BM bBHB+QM /2pB+2b
#2 T`QKBbBM; +M/B/i2b 7Q` mHi`@b2MbBiBp2 K;M2iQK2i2`b rBi? TTHB+iBQMb `M;BM;
7`QK b2+m`Biv iQ K2/B+BM2 (8e- 8d)X
dXk h`MbTQ`i BM MYMMY bi`m+im`2b i 9E ReR
 5SBOTQPSU JO OOO TUSVDUVSFT BU  ,
.m2 iQ i?2 HQr i?2`KH 2M2`;v Q7 2H2+i`QMb M/ ?QH2b i 9E- i`MbTQ`i +?`+i2`@
BbiB+b Q7 bBHB+QM /2pB+2b i HB[mB/ ?2HBmK i2KT2`im`2b Kv bB;MB}+MiHv /Bz2` 7`QK
i?2B` `QQK i2KT2`im`2 +?`+i2`BbiB+bX AM i?Bb +?Ti2` i?2 +m``2MiĜpQHi;2 +?`+@
i2`BbiB+b Q7  #bB+ /2pB+2 Bb BMp2biB;i2/ě `2bBbiQ` rBi? /2;2M2`i2Hv Un+V@/QT2/
bQm`+2 M/ /`BM +QMi+ib M/  HB;?iHv /QT2/ n@`2;BQM Q7 T?QbT?Q`mb BM@#2ir22M-
r?Qb2 T?QiQ+QM/m+iBpBiv b?HH #2 K2bm`2/X i `QQK i2KT2`im`2- i?2 A@o +?`@
+i2`BbiB+b `2 T2`72+iHv Q?KB+- rBi?  b?22i `2bBbiM+2 /2i2`KBM2/ #v i?2 /QTBM;
/2MbBiv Q7 i?2 HQr /Qb2 n BKTHMiX i HQr i2KT2`im`2b- ?Qr2p2`- i?2 Q#b2`p2/ A@o
+m`p2b 2t?B#Bib KmHiBTH2 THi2mb M/ FBMFb M/ bB;MB}+Mi KQ/2HHBM; rBi?  p`B2iv
Q7 T?vbB+H T?2MQK2M Bb `2[mB`2/ iQ mM/2`biM/ i?2 +?M;2b Q7 i?2 i`MbTQ`i mTQM
BHHmKBMiBQMX
h?2 b2+iBQM bi`ib rBi?  /Bb+mbbBQM Q7 i?2 /2pB+2b mb2/- i?2 2tT2+i2/ #M/ bi`m+@
im`2 M/ i?2 K2bm`2/ +m``2Mi@pQHi;2 +?`+i2`BbiB+bX a2+iBQM dXkXk BMp2biB;i2b
i?2 ?B;?@#Bb i`MbTQ`i `2;BK2 M/ +Q``2bTQM/BM; HBi2`im`2- bm;;2biBM; i?i BK@
T+i BQMBxiBQM Q7 /QTMib /2i2`KBM2b i?2 bKTH2 +QM/m+iBpBivX  bBKmHiBQM Bb
/2p2HQT2/ iQ 2tTHBM i?2 Q#b2`p2/ i`2M/b b  7mM+iBQM Q7 Hb2` BHHmKBMiBQM M/
pQHi;2 #BbX h?Bb KQ/2H Bb MQ HQM;2` pHB/ BM i?2 HQr@#Bb `2;BK2 r?B+? Bb /Bb+mbb2/
BM a2+X dXkXjX >2`2- i?2`KBQMB+ Q` Hb2`@BM/m+2/ 2KBbbBQM Qp2` i?2 #mBHi@BM TQi2MiBH
7`QK i?2 n+ iQ i?2 n `2;BK2 Bb HBKBiBM; i?2 +m``2MiX  b2+QM/ KQ/2H Bb /2p2HQT2/ 7Q`
i?Bb `2;BK2- r?B+?- iF2M iQ;2i?2` rBi?  `2bQM#H2 ;m2bb 7Q` +2`iBM T`K2i2`b
HHQrb 7Q` [mHBiiBp2 ;`22K2Mi #2ir22M /i M/ bBKmHiBQM Qp2` i?2 +QKTH2i2
#Bb `2;BK2X
 %FWJDF CBOE TUSVDUVSF  FYQFSJNFOUBM SFTVMUT
h?2 /2pB+2b mb2/ i?`Qm;?Qmi i?2 `2KBM/2` Q7 i?Bb +?Ti2` `2 HH T`i Q7 i?2
.ys.1o 7#`B+iBQM T`Q+2bb QmiHBM2 BM *?Ti2` 9XRXkX  +`Qbb@b2+iBQM Q7 i?2 `2@
bBbiQ`b mb2/ BM i?Bb b2+iBQM Bb /2TB+i2/ BM 6B;X dXkUVX hrQ HmKBMBmK +QMi+ib `2
TH+2/ #Qp2 i?2 T`HH2H- /2;2M2`i2Hv@/QT2/ n+ 2H2+i`Q/2bX h?2 +QMi+i `2bBbiM+2
#2ir22M K2iH M/ i?2 n+ `2;BQM b r2HH b i?2 `2bBbiM+2 Q7 i?2 /2;2M2`i2Hv /QT2/
`2;BQM `2 M2;HB;B#H2- b +QM}`K2/R #v irQ TQBMi b?22i@`2bBbiM+2 K2bm`2K2Mib i
9E rBi? P?KB+ +?`+i2`BbiB+b M/  b?22i `2bBbiM+2 Q7 88Ǖf"X "2ir22M i?2 2H2+@
i`Q/2b  HB;?iHv /QT2/ `2;BQM UT?QbT?Q`mbV Bb BKTHMi2/ rBi? T2F +QM+2Mi`iBQM Q7
j× RyR8 +KƐjX
RGm/KM (R3e) HbQ `2TQ`ib Q?KB+ +?`+i2`BbiB+b 7Q` i?2 K2iH@n+ BMi2`7+2 i 9E M/ MQ bB;@
MB}+Mi +?M;2b Q7 i?2 n+ Hv2` `2bBbiM+2 i +`vQ;2MB+ i2KT2`im`2bX
Rek *?Ti2` d "QmM/ 2t+BiQM K2bm`2K2Mib BM bBHB+QM /2pB+2b
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'JHVSF  UV *`Qbb@b2+iBQM Q7 i?2 n+nn+ `2bBbiQ` mb2/ BM i?Bb b2+iBQMX U#V
AK;2 M/ bF2i+? Q7 bKTH2 MiaB@_2b"`b rBi? 8 T`HH2H n+ 2H2+i`Q/2b
+QMi+i2/ #v HmKBMBmK #`b M/ #QM/ rB`2bX U+V aF2i+? Q7 i?2 #M/ bi`m+@
im`2 Q7 i?2 n+nn+ `2bBbiQ` rBi? i?2 /2;2M2`i2Hv /QT2/ 2KBii2` M/ +QHH2+iQ`
+QMi+ib M/ i?2 #M/@#2M/BM; Q7 ∆ ≈ kyK2o i 2KBii2` M/ +QHH2+iQ`X lM@
/2`  bi`QM; pQHi;2 UE # R× Ry8ofKV  imMM2HHBM; +m``2Mi ~Qrb i?`Qm;?
i?2 #``B2` i i?2 2KBii2` M/  +2`iBM BQMBb2/ /QMQ` M/ +QM/m+iBQM #M/
2H2+i`QM +QM+2Mi`iBQM Bb 2bi#HBb?2/ BM i?2 #mHF /m2 iQ BKT+i BQMBxiBQM
7`QK }2H/ ++2H2`i2/ ?Qi 2H2+i`QMbX
h?2 2tT2+i2/ #M/ bi`m+im`2 Q7 i?2 /2pB+2 Bb /BbTHv2/ BM 6B;X dXkU+VX i i?2
BMi2`7+2 #2ir22M i?2 /2;2M2`i2Hv /QT2/ M/ i?2 HB;?iHv /QT2/ `2;BQM  TQi2MiBH
#``B2` Bb 7Q`K2/- r?B+? ?b #22M /2i2`KBM2/ 2tT2`BK2MiHHv iQ #2 QM i?2 Q`/2` Q7
kyK2o iQ jyK2o (R3d- R33)X h?2 2t+i #M/ bi`m+im`2 i i?2 BMi2`7+2 /2T2M/b
QM i?2 rQ`F7mM+iBQM Q7 i?2 n+ `2;BQM- r?B+? Bb /QTBM; H2p2H /2T2M/2Mi M/ Kv
#2+QK2 +QKTHB+i2/ /m2 iQ i?2 2z2+i Q7 #M/;T M``QrBM; rBi? BM+`2bBM; /QTBM;
/2MbBiv (R3N- RNy)X >Qr2p2`- 7Q` HH /QTBM; /2MbBiB2b #Qp2 i?2 JQii i`MbBiBQM- i?2
62`KB H2p2H BM i?2 /2;2M2`i2Hv /QT2/ `2;BQM Ur?2`2 E6 > E*V Bb ?B;?2` i?M i?i
Q7 i?2 HB;?iHv@/QT2/ `2;BQM Ur?2`2 E6 ≈ (E.y +E*)/2- +7X 1[X UjXjjVV- H2/BM; iQ 
/BzmbBQM Q7 2H2+i`QMb 7`QK i?2 n+ iQ i?2 n `2;BQM- rBi? i?2 2bi#HBb?2/ bT+2 +?`;2
`2;BQM ;BpBM; `Bb2 iQ  #``B2` Q7k ∆ ≈ kyK2oX i `QQK i2KT2`im`2- i?Bb #``B2`
Bb M2;HB;B#H2 +QKT`2/ iQ i?2 i?2`KH 2M2`;v M/ ?2M+2 HHQrb 7Q` Q?KB+ i`MbTQ`i
k6QHHQrBM; i?2 `;mK2Mi Q7 `272`2M+2 (R3N)- i i?2 mb2/ n+ /QTBM; +QM+2Mi`iBQM BM 2t+2bb Q7
R× Ryky +KƐj i?2 62`KB H2p2H Q7 i?2 /2;2M2`i2Hv /QT2/ `2;BQM Bb 2p2M #Qp2 i?2 +QM/m+iBQM
#M/ Q7 i?2 HB;?iHv /QT2/ `2;BQM- H2/BM; iQ #M/ #2M/BM; #2HQr i?2 bi2/v bii2 62`KB H2p2H
i i?2 n bB/2 Q7 i?2 BMi2`7+2- b BM/B+i2/ BM 6B;X dXkU+VX
dXk h`MbTQ`i BM MYMMY bi`m+im`2b i 9E Rej
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'JHVSF  h?2 A@o K2bm`2K2Mi Q7 bKTH2 MiaB@_2b"`b U+7X 6B;X dXkU+VV
7Q` i?`22 /Bz2`2Mi +QMi+i b2T`iBQMb #2ir22M ey ƒK M/ k9y ƒKX UV
Ao +?`+?i2`BbiB+b BM i?2 /`F UbQHB/ HBM2bV M/ mM/2` Hb2` 2t+BiiBQM
U/b?2/ HBM2bV i?i Bb Qz@`2bQMMi rBi? i?2 .ys i`MbBiBQM U!ω ≈ RXR8 2o-
IG ≈ RXd× Ry9qfKkVX U#V h?2 bK2 /i QM /Qm#H2 HQ; b+H2 rBi? i?2 pQHi@
;2 tBb `2b+H2/ 7Q` i?2 `2bT2+iBp2 +QMi+i b2T`iBQMX h?2 +m``2Mi /2MbBiv
mM/2` BHHmKBMiBQM M/ HQr #Bb Bb `Qm;?Hv J ≈ ky M/(Ryy ƒK× Ryy MK) =
k× RyjfKk h?2 /i `2bQHmiBQM +HQb2 iQ V = yo Bb BMbm{+B2Mi BM i?Bb
/i b2i- BM +QMi`bi iQ i?2 /i T`2b2Mi2/ BM 6B;X dX9X
+?`+i2`BbiB+bX i 9XkE- ?Qr2p2`- rBi? p2`;2 i?2`KH 2M2`;v k"T ≈ yX9K2o-
i?2 7Q`K2/ +QMi+i Bb #HQ+FBM;X AM i?2 +QMi+i `2;BQM- bBKBH` iQ a+?QiiFv /BQ/2b
M/ pn@DmM+iBQMb- /m2 iQ i?2 bT+2 +?`;2 `2;BQM- i?2 /BzmbBQM Q7 2H2+i`QMb 7`QK i?2
n+ `2;BQM iQr`/b i?2 HQr /QT2/ `2;BQM Bb #HM+2/ #v i?2 /`B7i +m``2Mi #+F iQ i?2
n+ +QMi+iX
>Qr /Q2b i?2 +m``2Mi Q7 bm+?  /2pB+2 #2?p2 mM/2`  pQHi;2 #Bb\ hQ BMp2biB;i2
i?Bb- /2pB+2 MiaB@_2b"`b ?b #22M 7#`B+i2/ rBi? }p2 T`HH2H #`b Q7 K2iH@
n+ +QMi+ib- M/  HQr@/QT2/ `2;BQM +Qp2`BM; i?2 `2b BM@#2ir22M M/ #2HQr i?2
+QMi+ib- b bF2i+?2/ BM 6B;X dXkUVX 6Qm` Q7 i?2b2 #`b `2 +QMi+i2/ pB HmKBMBmK
rB`2 #QM/bj- iQ #2 #H2 iQ +QKT`2 i?2 i`MbTQ`i Q7 /2pB+2b rBi? /Bz2`2Mi +QMi+i
b2T`iBQMbX
h?2 K2bm`2/ A@o +?`+i2`BbiB+b `2 /2TB+i2/ BM 6B;X dXjX 6Q` i?2 i`+2b +Tim`2/
BM i?2 /`F9- #Qi? BM i?2 `2;mH` U6B;X dXjUVV M/ i?2 HQ;@HQ; THQi U6B;X dXjU#VV 
bm//2M- /`biB+ BM+`2b2 Q7 +m``2Mi Bb Q#b2`p2/ #Qp2  +2`iBM i?`2b?QH/ pQHi;2X
h?Bb i?`2b?QH/ b22Kb iQ /2T2M/ HBM2`Hv QM i?2 +QMi+i b2T`iBQM- BX2X Bi b22Kb
jq?B+? `2bmHi2/ BM #`Q/ .ys bT2+i` /m2 iQ bi`BM- r?B+? Bb r?v QMHv Qz@`2bQMMi Hb2` BHHmKB@
MiBQM Bb mb2/ i?`Qm;?Qmi i?Bb b2+iBQMX
9LQ bT2+BH T`2+miBQMb `2 iF2M iQ #HQ+F K#B2Mi `/BiBQM H2FBM; i?`Qm;? i?2 +`vQbii rBM/Qr
r?B+? Bb  HBF2Hv +mb2 Q7 i?2 }MBi2 /`F +m``2Mi 7Q` i?2 k9y ƒK /2pB+2X AM i?Bb +QMi2ti ǳ/`FǴ
bBKTHv K2Mb ǳrBi?Qmi Hb2` BHHmKBMiBQMǴX
Re9 *?Ti2` d "QmM/ 2t+BiQM K2bm`2K2Mib BM bBHB+QM /2pB+2b
HBF2 i?i  +2`iBM i?`2b?QH/ 2H2+i`B+ }2H/ 2tBbib #Qp2 r?B+? i?2 +m``2Mi BM+`2b2b
/`KiB+HHvX "2HQr i?Bb i?`2b?QH/- i?2 /`F +m``2Mi Bb HQr2` i?M i?2 /2i2+iBQM
HBKBiX
lTQM BHHmKBMiBQM-  +QMbB/2`#H2 +m``2Mi Bb Q#b2`p2/ 2p2M 7Q` bKHH #Bb2bX h?2
+m``2Mi BM i?2 HQr #Bb `2;BQM TT2`b- ?Qr2p2`- iQ ?p2 HKQbi MQ pQHi;2 /2T2M@
/2M+2X i ?B;?2` #Bb2b- i?2 +m``2Mi bi`ib iQ BM+`2b2b `Qm;?Hv [m/`iB+HHv M/
}MHHv b?Qrb i?2 bK2 #2?pBQm` b i?2 /`F +m``2Mi +HQb2 iQ i?2 i?`2b?QH/ pQHi;2X
AM i?2 7QHHQrBM;- }`bi i?2 ?B;? pQHi;2 #2?pBQm` Bb /Bb+mbb2/ r?BH2 BM i?2 bm#b2@
[m2Mi b2+iBQM  KQ/2H 7Q` i?2 HQr@#Bb `2;BQM Bb /2p2HQT2/X
 4IBMMPX EPOPS JNQBDU JPOJ[BUJPO SFHJNF
h?2`2 `2 `2HiBp2Hv 72r Tm#HB+iBQMb Qz2`BM; +QKT`#H2 /i 7Q` i?2 ?B;? #Bb
`2;BK2 BM i?2 /`F, :miB2``2x 2i HX (RNR) }M/  im`M@QM #Bb Q7 yX8× Ry8ofK 7Q`
 n@r2HH `2bBbiQ` Q7 jy ƒK H2M;i?X aBKQ2M 2i HX (RNk- RNj) 7QmM/  i?`2b?QH/ #Bb
Q7 RXk× Ry8ofK #Qp2 r?B+? i?2 +m``2Mi i?`Qm;? M 3y ƒK rB/2 p+pp+ `2bBbiQ`
BM+`2b2b /`KiB+HHv i 9XkEX "Qi? Q7 i?2b2 i?`2b?QH/b `2 [mBi2 bBKBH` iQ i?2
?2`2 Q#b2`p2/ im`M@QM #Bb Q7 ∼R× Ry8ofKX
h?2 Q`B;BM Q7 i?Bb bm//2M BM+`2b2 ?b #22M 2tTHBM2/ rBi?  +QK#BMiBQM Q7
 imMM2HBM; T`Q+2bb i?`Qm;? i?2 #``B2` M/ i?2 QMb2i Q7 +m``2Mi BM/m+2/ BKT+i
BQMBbiBQMb Q7 /QTMibX AM i?2 7QHHQrBM;- i?2 KQ/2H /2p2HQT2/ #v aBKQ2M 2i HX (RNkĜ
RN8) Bb BMi`Q/m+2/ M/ 2ti2M/2/ iQ BM+Hm/2 Hb2`@BM/m+2/ BQMBxiBQM Q7 /QMQ`bX
h?2 KQ/2H bi`ib rBi? i?2 bbmKTiBQM i?i i 9E i?2 /BzmbBQM +m``2Mi +M #2
M2;H2+i2/ i bm{+B2MiHv ?B;? #Bb /m2 iQ i?2 HQr /BzmbBQM +Q2{+B2Mi- ;Bp2M #v i?2
1BMbi2BM `2HiBQM D = µk"T/eX i HQr #Bb2b- i?Bb bbmKTiBQM Q#pBQmbHv #`2Fb
/QrM- b +``B2` i`MbTQ`i i i?2 2KBii2` UH27i +QMi+i Q7 6B;X dXkU+VV Bb /m2 iQ
/BzmbBQM i?`Qm;? M QTTQbBM; 2H2+i`B+ }2H/ `2;BQMX b i?2 #Bb BM+`2b2b ?Qr2p2`-
i?2 TQbBiBQM i r?B+? i?2 2H2+i`B+ }2H/ `2p2`b2b UBX2X i?2 KtBKmK Q7 i?2 +QM/m+iBQM
#M/V KQp2b iQr`/b i?2 2KBii2` +QMi+i M/ BM i?2 #mHF Q7 i?2 bKTH2 i?2 +m``2Mi
Bb /QKBMi2/ #v /`B7iX h?2 i?`2b?QH/ mTQM r?B+? i?Bb bQ +HH2/ ǳpB`imH +i?Q/2Ǵ
TT`QtBKiBQM Bb pHB/ Bb ;Bp2M i i?2`KH 2[mBHB#`BmK 7Q` V # 10k"T/e = 9Ko
(RNj- RNe)X lM/2` BHHmKBMiBQM- /m2 iQ i?2 BM+`2b2/ p2`;2 2H2+i`QM i2KT2`im`2
Q7 i?2 ?Qi T?QiQ +``B2`b- i?2 HQr2` i?`2b?QH/ 7Q` i?2 pHB/Biv Q7 i?Bb KQ/2H KB;?i
BM+`2b2- #mi Bb 2tT2+i2/ iQ biBHH #2 `2HiBp2Hv bKHH UKv#2  72r ?mM/`2/ KoVX
6QHHQrBM; aBKQ2MǶb i`2iK2Mi- i?2 +QmTH2/ 2[miBQMb i?i M22/ iQ #2 bQHp2/
rBi?BM i?2 HQr@/QT2/ `2;BQM `2 i?2M ;Bp2M #v,
dXk h`MbTQ`i BM MYMMY bi`m+im`2b i 9E Re8
−/
2Φ
/x2 =
/E
/x =
q
ϵaB
(
n−N+) UdXRV
J = qµnE UdXkV
/N+
/t = Γ.ysN
0 + nABBN0 − nBn→N0N+ UdXjV
h?2 }`bi 2[miBQM Bb i?2 SQBbbQM 2[miBQM 7Q` i?2 2H2+i`B+ }2H/ E - bbmKBM; QMHv
+QM/m+iBQM #M/ 2H2+i`QMb M/ BQMBb2/ /QMQ`b b +?`;2b BM i?2 #mHF8X h?2 b2+QM/
2[miBQM Bb i?2 /`B7i@/BzmbBQM 2[miBQM- rBi? QMHv  /`B7i +m``2Mi +QMi`B#miBQM ?2`2X
h?2 i?B`/ 2[miBQM Bb i?2 `i2 Q7 +?M;2 Q7 BQMBx2/ /QMQ`b- rBi? ;2M2`iBQM i2`Kb /m2
iQ i?2 Hb2` BM/m+2/ BQMBxiBQM UΓ.ysN0 r?B+? ?2`2 BM+Hm/2b #Qi? QM M/ Qz@`2bQMMi
i2`KbV M/ /QMQ` BKT+i BQMBxiBQM /m2 iQ ?B;?@2M2`;2iB+ +?`;2 +``B2`b UnABBN0VX
h?2 `2+QK#BMiBQM i2`K 7Q` i?2 BQMBb2/ /QMQ` +QM+2Mi`iBQM UnBn→N0N+V Bb /m2
iQ 2H2+i`QM +Tim`2 7`QK i?2 +QM/m+iBQM #M/ M/ ?b #22M /Bb+mbb2/ #27Q`2 BM
*?X 8XRXjX "Qi? ABB M/ Bn→N0 `2 bi`QM; 7mM+iBQMb Q7 E r?Qb2 7mM+iBQMH /2T2M@
/2M+2 M/ bi`2M;i? ?p2 H`;2Hv QMHv #22M /2`Bp2/ i?2Q`2iB+HHv (RN9) b i?2v `2
/B{+mHi iQ K2bm`2 2tT2`BK2MiHHvX h?2 +H+mHiBQMb 7QHHQr +HQb2Hv i?2 /2iBHb HB/
Qmi BM (RN9) M/ `2 b?Q`iHv bmKK`Bx2/ ?2`2,
AKT+i BQMBxiBQM Q7 /QMQ`b Kv QMHv iF2 TH+2 #Qp2  +2`iBM FBM2iB+ 2M2`;v-
BX2X #Qp2  +2`iBM 2H2+i`QM /`B7i p2HQ+BivX h?2 /`B7i p2HQ+Biv Bb `2Hi2/ iQ i?2 2H2+i`B+
}2H/ pB i?2 KQ#BHBive µ b v/`B7i = µE X >2M+2- ABB Bb 2bb2MiBHHv x2`Q mT iQ 
i?`2b?QH/ 2H2+i`B+ }2H/ Q7 E ≈ e× Ry9ofK- #Qp2 r?B+? ABB `Bb2b bi22THv (RN9)X
Ai b?QmH/ #2 MQi2/ i?i MQ Qi?2` K2+?MBbKb Q7 /QMQ` BQMBxiBQM- bm+? b SQQH2@
6`2MF2H BQMBxiBQM Q` imMM2HBM; BQMBxiBQM `2 iF2M BMiQ ++QmMi ?2`2- bBM+2 i?2
7Q`K2` `2[mB`2b i2KT2`im`2b H`;2` i?M RyE- r?BH2 i?2 Hii2` `2[mB`2b 2H2+i`B+
}2H/b BM 2t+2bb Q7 ∼R× RyeofK (RR9- RNj)X
h?2 2H2+i`QM +Tim`2 +Q2{+B2Mi Bn→N0 QM i?2 Qi?2` ?M/ Bb H`;2Hv +QMbiMi 7Q`
HQr 2H2+i`B+ }2H/b rBi?  pHm2 Q7 9× RyƐe +Kjfb- b /2`Bp2/ BM *?X 8XRXjX #Qp2
∼R× Ry9ofK- Bn→N0 /`QTb bB;MB}+MiHv, h?2 2H2+i`QM +Tim`2 T`Q+2bb Bb 7mM/@
K2MiHHv M 2H2+i`QM +Tim`2 BMiQ M 2t+Bi2/ bii2 M/  bm#b2[m2Mi +b+/2 /QrM iQ
i?2 ;`QmM/ bii2X h?2b2 2t+Bi2/ bii2b `2 KQ`2 bi`QM;Hv 2z2+i2/ #v i?2`KH SQQH2@
6`2MF2H BQMBbiBQM Ur?B+? 2z2+iBp2Hv `2/m+2b i?2 #``B2` ?2B;?iV i?M i?2 ;`QmM/
8L2;H2+iBM; i?2 BQMBx2/ ++2TiQ` +QMi`B#miBQM
eh?2 KQ#BHBiv BM i?2b2 +H+mHiBQMb Bb MQi iF2M b  +QMbiMi 2Bi?2`- #2+mb2 Q7 i?2 2z2+i Q7
p2HQ+Biv bim`iBQM i v/`B7i ≈ R× Ry8Kfb (RNd- RN3)X h?Bb +M BM im`M #2 KQ/2HH2/ b M
2H2+i`B+ }2H/ /2T2M/2Mi KQ#BHBiv (RN9)X
Ree *?Ti2` d "QmM/ 2t+BiQM K2bm`2K2Mib BM bBHB+QM /2pB+2b
bii2 M/ ?2M+2 i?2 +Tim`2 T`Q+2bb #2+QK2b H2bb HBF2Hv rBi? BM+`2bBM; 2H2+i`B+ }2H/
bi`2M;i? (RN9)X
AM i?2 bi2/v bii2- i?2`2 Bb MQ +?M;2 Q7 i?2 BQMBb2/ /QMQ` +QM+2Mi`iBQMb
U/N+//t = 0V M/ 1[X UdXjV +M #2 bQHp2/ 7Q` i?2 BQMBb2/ /QMQ` +QM+2Mi`iBQM,
N+ = N0
Γ.ys + nABB
Γ.ys + nABB + nBn→N0
UdX9V
h?Bb pHm2- HQM; rBi? i?2 /`B7i +m``2Mi UdXkV bQHp2/ 7Q` n Bb i?2M BMb2`i2/ BMiQ i?2
SQBbbQM 2[miBQM UdXRV- `2bmHiBM; BM  bBM;H2 }`bi Q`/2` /Bz2`2MiBH 2[miBQM 7Q` i?2
2H2+i`B+ }2H/ E , /E
/x =
q
ϵaB
(
J
qµE −N
+
)
UdX8V
6BMHHv-  #QmM/`v +QM/BiBQM Bb `2[mB`2/ iQ /2i2`KBM2  bQHmiBQMX h?Bb #QmM/`v
+QM/BiBQM Bb ;Bp2M #v i?2 imMM2HHBM; +m``2Mi i i?2 2KBii2` 2H2+i`Q/2X >2`2 i?2
imMM2HBM; +m``2Mi /2MbBiv Bb Tm`2Hv /2i2`KBM2/ #v i?2 b?T2 Q7 i?2 i`BM;mH` #``B2`-
BX2X #v i?2 ?2B;?i Q7 i?2 #``B2` M/ i?2 TTHB2/ 2H2+i`B+ }2H/- M/ ?b i?2 7Q`K (RNj),
J2KBii2` = αE(0) 2tT(E+`Bi/E(0)) UdXeV
6Q`  #``B2` ?2B;?i Q7 ∼kyK2o α = kXj× RyƐ8fok M/ E+`Bi = ƐRXNj× RydofK
(RNj)X aBM+2 i?2 +m``2Mi J Bb +QMbiMi i?`Qm;?Qmi i?2 /2pB+2- i?Bb 2[miBQM +M #2
bQHp2/ MmK2`B+HHv 7Q`  #QmM/`v +QM/BiBQM 7Q` i?2 2H2+i`B+ }2H/ i i?2 2KBii2` E(0)X
h?2 bBKmHiBQM Bb r`Bii2M BM JhG" M/ Bb bQHp2/ mbBM; i?2 #QmM/`v pHm2 T`Q#@
H2K bQHp2` #pT9+ (RNN)X b K2MiBQM2/- i?2 +m``2Mi /2MbBiv J Bb M BMTmi T`K2i2`
M/ i?2 bQHp2` +H+mHi2b i?2 `2bmHiBM; bQHmiBQM 7Q` E - M/- BM im`M- i?2 pHm2b Q7 n-
N+ M/ i?2 TQi2MiBH ΦX
Φ HHQrb 7Q` i?2 2ti`+iBQM Q7 i?2 pQHi;2 #Bb +`Qbb i?2 +QMi+ib M/ i?2 `2bmHiBM;
bBKmHi2/ C@o +m`p2b `2 THQii2/ b /b?2/ HBM2b BM 6B;X dX9 U#V b JimM,BB 7Q` /Bz2`2Mi
Hb2` BMi2MbBiB2bX h?2 THQii2/ bBKmHiBQM Bb 7Q`  /2pB+2 H2M;i? Q7 Ry ƒK- #mi Bi ?b
#22M +QM}`K2/ i?i i?2 bBKmHi2/ im`M QM pQHi;2b b+H2 HBM2`Hv rBi? /2pB+2 H2M;i?-
b ?b #22M Q#b2`p2/ 7Q` i?2 K2bm`2/ /i Q7 6B;X dXjX
h?2 2t+i /2iBHb Q7 i?2 BQMBb2/ /QMQ` M/ 2H2+i`QM +QM+2Mi`iBQM b r2HH b i?2
2H2+i`B+ }2H/ /Bbi`B#miBQM rBi?BM i?2 /2pB+2 `2 THQii2/ BM TT2M/Bt *- #mi i?2 bBK@
TH2 bF2i+? Q7 i?2 bBimiBQM i i?2 im`M@QM pQHi;2 Bb /2TB+i2/ BM 6B;X dXk U+VX i i?2
2KBii2` +QMi+i-  bT+2 +?`;2 `2;BQM rBi? 7mHHv BQMBx2/ /QMQ`b M/  bKHH +QM@
/m+iBQM #M/ 2H2+i`QM /2MbBiv 2bi#HBb?2b i?2 `2[mB`2/ #M/@#2M/BM; 7Q` imMM2HBM;
i?`Qm;? i?2 #``B2`X 6m`i?2` BMiQ i?2 #mHF- i?2 2H2+i`QM /2MbBiv BM+`2b2b- r?BH2 i?2
BQMBb2/ /QMQ` /2MbBiv `2/m+2b mMiBH #Qi? `2 2[mH iQ  +2`iBM +m``2Mi@/2T2M/2Mi
dXk h`MbTQ`i BM MYMMY bi`m+im`2b i 9E Red
bi2/v bii2 pHm2X h?2 2H2+i`B+ }2H/ BM i?2 #mHF Bb +QMbiMi M/ Dmbi 2MQm;? iQ
T`QpB/2 7Q` bm{+B2Mi +QM/m+iBQM #M/ 2H2+i`QMb pB BKT+i BQMBxiBQMX h?2 2H2+i`B+
}2H/ BM i?2 #mHF Q7 i?2 /2pB+2 Bb BM/22/ bBKTHv i?2 pQHi;2 /`QT #2ir22M i?2 +QM@
i+ib #v i?2 H2M;i? Q7 i?2 /2pB+2- M/ i?Bb Bb i`m2 mT iQ i?2 +``B2` BMD2+iBQM `2;BK2
BM r?B+? KQ`2 +``B2`b i?M M2mi`H /QMQ`b `2 BMD2+i2/ BMiQ i?2 /2pB+2 Ĝ  `2;BK2
+?`+i2`Bb2/ #v  HBM2` A@o +m`p2 i Km+? ?B;?2` #Bb2b- r?B+? Bb MQi `2+?2/
BM i?2 2tT2`BK2Mib /Bb+mbb2/ ?2`2X h?2 /`F +m``2Mi Bb ?2M+2 r2HH mM/2`biQQ/ b
 +QK#BMiBQM Q7 imMM2HBM; +m``2Mi i i?2 2KBii2` M/ ?Qi +``B2` BM/m+2/ BKT+i
BQMBxiBQM Q7 b?HHQr /QMQ`bX
lM/2` BHHmKBMiBQM- i?2 BQMBb2/ /QMQ` /2MbBiv Bb ?B;?2` M/- /m2 iQ i?2 +?`;2
M2mi`HBiv BM i?2 #mHF Q7 i?2 /2pB+2-  ?B;?2` 2H2+i`QM /2MbBiv 2tBbib BM i?2 #mHFX
h?2 bT+2 +?`;2 `2;BQM i i?2 2KBii2` bivb mMz2+i2/ U+QKTH2i2Hv BQMBx2/ /QMQ`b-
 HQr2`- #mi }MBi2 2H2+i`QM /2MbBiv iQ HHQr 7Q` bi`QM; BKT+i BQMBxiBQMV r?BH2 BM
i?2 #mHF- /m2 iQ i?2 ?B;?2` 2H2+i`QM /2MbBiv-  bKHH2` 2H2+i`B+ }2H/ Bb `2[mB`2/ iQ
KBMiBM i?2 bK2 +m``2Mi /2MbBiv- i?2`2#v /2+`2bBM; i?2 `2[mB`2/ pQHi;2 #BbX
6`QK i?2 bBKmHiBQMb- i?2 A@o +m`p2 b?Qrb `Qm;?Hv  b[m`2 iQ +m#B+ /2T2M/2M+2 BM
i?Bb `2;BK2- r?B+? Bb bBKBH` iQ i?2 BHHmKBMi2/ i`+2b Q7 6B;X dX9 M/ 6B;X dXj- +HQb2 iQ
i?2 i?`2b?QH/ pQHi;2- 2t+2Ti i?i i?2b2 BHHmKBMi2/ i`+2b 72im`2 M Qzb2i +m``2Mi
HH i?2 rv /QrM iQ p2`v bKHH #Bb2bX AM Q`/2` iQ mM/2`biM/ i?2 +m``2Mi #2?pBQm`
mM/2` BHHmKBMiBQM i HQr #Bb  /Bz2`2Mi i?2Q`2iB+H /2b+`BTiBQM Bb `2[mB`2/- bBM+2
i?2 TT`QtBKiBQM iQ M2;H2+i i?2 /BzmbBQM +m``2Mib i i?2 2KBii2` Bb MQ HQM;2` pHB/X
h?Bb Bb /QM2 BM i?2 M2ti b2+iBQMX
 1IPUPFNJTTJPO PWFS UIF CBSSJFS
b K2MiBQM2/ #Qp2-  #``B2` 2tBbib i i?2 2KBii2` BMi2`7+2 #2ir22M i?2 /2;2M2`@
i2Hv /QT2/ `2;BQM M/ i?2 HQr2`@/QT2/ `2;BQM rBi?  ?2B;?i Q7 ∆ ≈ kyK2oX q?BH2
i?Bb #``B2` T`2p2Mib BMD2+iBQM Q7 +m``2Mib mM/2` i?2`KH 2[mBHB#`BmK BM i?2 /`F-
QM2 rQmH/ 2tT2+i i?2 bBimiBQM mM/2` BHHmKBMiBQM iQ #2 /Bz2`2MiX .m2 iQ QTiB+H
#bQ`TiBQM BM i?2 2KBii2`- +``B2`b +HQb2 iQ i?2 BMi2`7+2 `2 T`QpB/2/ rBi? FBM2iB+
2M2`;B2b Q7 RXR8 2o U;Bp2M i?2 Hb2` 2M2`;B2b mb2/ ?2`2V M/ `2 ?2M+2 #H2 iQ +`Qbb
i?2 #``B2`X h?Bb T`Q+2bb Bb bBKBH` iQ a+?QiiFv@#``B2` #b2/ BM7``2/ /2i2+iQ`b- M/
BM7``2/ /2i2+iQ`b rBi? imM#H2 +mi@Qz rp2H2M;i? ?p2 #22M T`QTQb2/ (R3N- kyy)
M/ i2bi2/ (R33- kyR) #b2/ QM i?Bb T?QiQ2KBbbBQM T`Q+2bb +`Qbb  n+Ĝn BMi2`7+2
i HQr i2KT2`im`2bX
aBKBH` iQ i?2 imMM2HHBM; +m``2Mi i?`Qm;? i?2 BMi2`7+2- i?2 ?2B;?i Q7 i?2 TQi2M@
iBH #``B2` HQM2 /2i2`KBM2b i?2 2KBbbBQM +m``2Mi +`Qbb i?2 #``B2` mM/2` i?2`KH
Re3 *?Ti2` d "QmM/ 2t+BiQM K2bm`2K2Mib BM bBHB+QM /2pB+2b
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'JHVSF  h?2 A@o +?`+i2`BbiB+b Q7  Ry ƒK rB/2 n+nn+ `2bBbiQ` UbKTH2
MiaB@T`1H2+RyV i 9X8E M/ yhX UV A@o +m`p2 Q7 i?2 /2pB+2 bF2i+?2/
BM i?2 BMb2i- BM i?2 /`F U#H+FV M/ mM/2` Hb2` BHHmKBMiBQM UIG =
∼jX8× RyjqfKkV- #Qi? QM `2bQMM+2 rBi? i?2 .ys i`MbBiBQM U2KTiv +B`@
+H2bV M/ Qz `2bQMM+2 U7mHH +B`+H2bVX U#V amKK`v Q7 i?2 HQr #Bb- T?QiQ
2KBbbBQM +m``2Mi UJT2- /Qii2/V HBKBi2/ #v i?2 i?`2b?QH/ i?2`KBQMB+ 2KBbbBQM
+m``2Mi Ji?2 ≈ 103fKk M/ i?2 ?B;? #Bb `2;BK2 +?`+i2`Bx2/ #v imM@
M2HHBM; i?`Qm;? i?2 #``B2` M/ BKT+i BQMBxiBQM Q7 /QMQ`b JimM,BB U/b?2/V-
rBi? i?2 bmK Q7 i?2 irQ /2TB+i2/ b bQHB/ HBM2bX h?2 bBKmHiBQMb `2 +``B2/
Qmi 7Q` MQ Hb2`@BM/m+2/ BQMBxiBQM- BX2X i?2 bBimiBQM BM i?2 /`F U#H+FV M/
HbQ 7Q` BQMBxiBQM `i2b Q7 Γ = R× RyƐk bƐR M/ Γ = R bƐR- bBKBH` iQ i?2
2tT2+i2/ Qz@`2bQMMi BQMBbiBQM `i2X
2[mBHB#`BmK BM i?2 /`F- r?B+? Bb FMQrM b i?2`KBQMB+ 2KBii2` +m``2Mi Ji?2X 1tT`2b@
bBQMb 7Q` i?Bb +m``2Mi b  7mM+iBQM Q7 #``B2` ?2B;?i ∆ M/ i2KT2`im`2 ?p2 #22M
/2p2HQT2/ BM i?2 +QMi2ti Q7 a+?QiiFv #``B2` 2KBbbBQM- bmKK`Bx2/ #v i?2 bQ@+HH2/
_B+?`/bQM@.mb?KMM 2[miBQM (R99- kyk- kyj),
Ji?2 = A∗T 2 2tT(−∆/k"T ) UdXdV
A∗ = 4πem∗ek
2
"/h
3 ≈ RXR× Rye KƐkEƐk Bb i?2 _B+?`/bQM +QMbiMi (kyk)X Ji?2
Bb i?2 KtBKH +m``2Mi i?i  #``B2`@+QMi+i Bb #H2 iQ T`QpB/2- BX2X - i?2`2 Bb 
+2`iBM #Bb i?`2b?QH/ V+` #Qp2 r?B+? i?2 +m``2Mi /2MbBiv bim`i2b i Ji?2X h?2
bBimiBQM Bb MHQ;Qmb iQ i?2 `2p2`b2 +m``2Mi Q7  a+?QiiFv /BQ/2X
AM i?2 /`F M/ i 9XkE- i?2`KH 2t+BiiBQM HBKBib i?2 2KBbbBQM +m``2Mi iQ Ji?2 ≈
8× RyƐRjfKk- 7` #2HQr i?2 MQBb2 HBKBi Q7 Qm` b2imT- ?2M+2 MQ +m``2Mi Bb Q#b2`p2/
BM i?2 /`F mT iQ i?2 imMM2HHBM; `2;BK2X lM/2` BHHmKBMiBQM- i?2 +``B2`b `2 T?QiQ@
2t+Bi2/ Qp2` i?2 #``B2`X b  }`bi TT`QtBKiBQM- i?Bb Bb i`2i2/ b  HQr2`BM; Q7
dXk h`MbTQ`i BM MYMMY bi`m+im`2b i 9E ReN
i?2 #``B2` BM i?2 7QHHQrBM; bBKmHiBQMbd- +`2iBM;  }MBi2 T?QiQ@2KBbbBQM +m``2Mi
+`Qbb i?2 #``B2` 2p2M i HQr2` i2KT2`im`2bX
>2M+2-  b2+QM/ KQ/2H 7Q` i?2 HQr #Bb `2;BQM Bb /2p2HQT2/ 7QHHQrBM; i?2 i`2iK2Mi
/2p2HQT2/ #v umM M/ S2``2` (kyj- ky9)X h?2 SQBbbQM 2[miBQM M/ BQMBb2/ /QMQ`
+QM+2Mi`iBQM `2 mM+?M;2/ 7`QK i?2 T`2pBQmb b2+iBQM- r?BH2 i?2 /BzmbBQM +m``2Mi
Bb //2/ iQ i?2 /`B7i@/BzmbBQM 2[miBQM,
/E
/x =
q
ϵaB
(
n−N+) UdX3V
J = qµnE − qD/n/x UdXNV
N+ = N0
Γ.ys
Γ.ys + nBn→N0
UdXRyV
AKT+i BQMBxiBQM ?b #22M M2;H2+i2/ M/ Bn→N0 Bb i`2i2/ b  +QMbiMi bBM+2 i?2
i?2Q`v rBi?Qmi imMM2HHBM; +m``2Mi Bb QMHv TTHB+#H2 BM i?2 HQr #Bb UHQr 2H2+i`B+
}2H/V `2;BK2X hrQ +QmTH2/ /Bz2`2MiBH 2[miBQMb 7Q` /E//x M/ /n//x ?p2 iQ #2
bQHp2/ mbBM; irQ #QmM/`v +QM/BiBQMbX 6QHHQrBM; i?2 `;mK2Mib HB/ Qmi BM (kyj)-
i?2 i?2`KBQMB+ 2KBbbBQM +m``2Mi UdXdV- +M #2 mb2/ iQ T`QpB/2 #QmM/`v +QM/BiBQMb
7Q` i?2 2H2+i`QM /2MbBiB2b i i?2 2KBii2` ne M/ +QHH2+iQ` ncX M 2z2+iBp2 #``B2`
?2B;?i ∆ = eXRK2o mM/2` BHHmKBMiBQM +?B2p2b Ji?2 ≈ R× RyjfKk- r?B+? Bb i?2
`B;?i Q`/2` Q7 K;MBim/2 7Q` i?2 BHHmKBMiBQM BMi2MbBiB2b mb2/X
hQ 2ti2M/ i?2 `M;2 Q7 K2bm`2/ +QMi+i b2T`iBQMb M/ iQ BMp2biB;i2 i?2 HQr
#Bb `2;BK2 KQ`2 i?Q`Qm;?Hv- K2bm`2K2Mib ?p2 #22M +QM/m+i2/ QM  /2pB+2 rBi?
Ry ƒK 2H2+i`Q/2 b2T`iBQM M/  H2M;i? Q7 8y ƒKX h?2 /2pB+2 HvQmi Bb /2TB+i2/ BM
i?2 BMb2i Q7 6B;X dX9 UVX A@o +m`p2b ?p2 #22M K2bm`2/ 7Q` IG ≈ jX8× RyjqfKk
rBi?Qmi 2ti2`MH K;M2iB+ }2H/- M/ mM/2` i?`22 BHHmKBMiBQM +QM/BiBQMb, BM i?2
/`F- QM `2bQMM+2 rBi? i?2 .ys i`MbBiBQM M/ Qz `2bQMM+2X h?2 `2bmHib `2
/2TB+i2/ BM 6B;X dX9 UV- rBi? i?2 +Q``2bTQM/BM; HQr #Bb UJT2V M/ ?B;? #Bb bBKmH@
iBQM UJimM,BBV b?QrM BM 6B;X dX9 U#V 7Q` irQ /Bz2`2Mi Hb2` BQMBbiBQM `i2bX LQ 7m`i?2`
ii2KTib i }iiBM; Q` }M2 imMBM; i?2 bBKmHiBQM T`K2i2`b ?p2 #22M ii2KTi2/
b QMHv  [mHBiiBp2 mM/2`biM/BM; Bb /22K2/ `2bQM#H2 /m2 iQ i?2 MmK#2` Q7
bBKmHiBQM T`K2i2`bX
HH i?2 72im`2b Q#b2`p2/ BM i?2 K2bm`2K2Mi `2 `2T`Q/m+2/ #v i?2 bBKmH@
iBQMX i ?B;? #Bb- i?2 BKT+i BQMBxiBQM `2;BK2 Bb 7QmM/- r?B+? #2+QK2b HKQbi
dAi +QmH/ #2 `;m2/ i?i i?2 T?QiQ@#bQ`TiBQM +`2i2b ?Qi 2H2+i`QM- i?2`2#v `BbBM; i?2 p2`;2
2H2+i`QM i2KT2`im`2- r?B+? Bb Ki?2KiB+HHv `Qm;?Hv 2[mBpH2Mi iQ  `2/m+iBQM Q7 i?2 #``B2`
?2B;?i BM dXdX  KQ/B}2/ #``B2` ?2B;?i Bb T`272``2/ ?2`2- bBM+2 p`BQmb Qi?2` i2`Kb Q7 i?2
bBKmHiBQM- bm+? b i?2 /BzmbBQM +Q2{+B2Mi D HbQ /2T2M/ QM i2KT2`im`2X
Rdy *?Ti2` d "QmM/ 2t+BiQM K2bm`2K2Mib BM bBHB+QM /2pB+2b
BHHmKBMiBQM@BM/2T2M/2Mi #Qp2 i?2 /`F +m``2Mi i?`2b?QH/ pQHi;2X i HQr #Bb2b
mM/2` BHHmKBMiBQM- bi`iBM; 7`QK yo- i }`bi M Q?KB+ `2;BK2 2tBbib r?2`2 i?2
/`B7i +m``2Mib r?B+? /2T2M/b HBM2`Hv QM i?2 TTHB2/ 2H2+i`B+ }2H/ `2 i?2 KBM
+m``2Mi bQm`+2 (kyj)X b i?2 +m``2Mi /2MbBiv `2+?2b pHm2b +HQb2 iQ i?2 Hb2` TQr2`@
/2T2M/2Mi 2KBbbBQM +m``2Mi i?`2b?QH/ Ji?2- i?2 `i2 Q7 +``B2` BMD2+iBQM Qp2` i?2
#``B2` T2` iBK2 bim`i2b M/ i?2 +m``2Mi #2+QK2b BM/2T2M/2Mi Q7 TTHB2/ #Bb3X Ai
?b #22M Q#b2`p2/ Ub22 6B;X dXRRV i?i i?2 HQr@#Bb 2KBbbBQM +m``2Mi Ji?2 Bb BM/22/
Hb2` BMi2MbBiv /2T2M/2Mi- ?Qr2p2`- Bi /Q2b MQi 72im`2 Mv .ys +?`+i2`BbiB+ `2b@
QMM+2 72im`2b- b T?QiQ@2KBbbBQM 7`QK i?2 /2;2M2`i2 +QMi+i Bb MQi  `2bQMMi
T?2MQK2MX >2M+2- i?2 +m``2Mi #Qi? QM@ M/ Qz `2bQMM+2 Bb i?2 bK2 7Q` pQHi@
;2b Q7 yo iQ yXko X AM +QMi`bi- i?2 Hb2` /2T2M/2M+2 Q7 i?2 ?B;? #Bb- imMM2HHBM;
`2;BK2 U|V | > yXjoV /Q2b /2T2M/ QM i?2 #mHF +``B2` +QM+2Mi`iBQM- r?B+? /2T2M/b
QM i?2 BQMBxiBQM `i2b Q7 i?2 /QMQ`b BM i?2 HQr@/Qb2/ T?QbT?Q`mb n `2;BQMX >2`2-
;QBM; QM `2bQMM+2 rBi? i?2 .ys i`MbBiBQM BM+`2b2b i?2 BQMBxiBQM `i2 Q7 i?2
/QMQ`b M/ ?2M+2 i?2 bi2/v bii2 +``B2` +QM+2Mi`iBQM- r?B+? Bb r?v i?2 bi`QM;2bi
.ys bB;MHb `2 Q#b2`p2/ i i?2 i`MbBiBQM 7`QK i?2 ~i T?QiQ2KBbbBQM +m``2Mi iQ
i?2 imMM2HHBM; `2;BK2X i ?B;? #Bb2b- i?2 `2HiBp2 .ys BMi2MbBiv /2+`2b2b ;BM
#2+mb2 i?2 BKT+i@BQMBxiBQM `i2 2t+22/b i?2 Hb2`@BM/m+2/ /QMQ` BQMBbiBQM `i2X
 $PODMVTJPO
AM i?Bb b2+iBQM- A@o +?`+i2`BbiB+b Q7 M n@ivT2 `2;BQM +QMi+i2/ #v /2;2M2`i2Hv
/QT2/ n+ `2;BQMb ?p2 #22M 2tKBM2/ i 9X8E 7Q` p`vBM; +QMi+i b2T`iBQMb rBi?
i?2 BK iQ mM/2`biM/ i?2 QTiBKmK +QM/BiBQMb 7Q` .ys@#b2/ /QMQ` bTBM `2/Qmi
BM bBHB+QM /2pB+2bX h?2 KBM 72im`2 BM i?2 /`F Bb  bm//2M im`M QM Q7 i?2 /2pB+2-
r?B+? +M #2 KQ/2HH2/ #v BKT+i BQMBxiBQM Q7 M2mi`H /QMQ`b #v ?B;? 2M2`;2iB+
2H2+i`QMb M/  imMM2HHBM; T`Q+2bb i i?2 2KBii2`X i ?B;? #Bb2b- i?2 bK2 T`Q+2bb
Bb Q#b2`p2/ mM/2` BHHmKBMiBQM rBi? i?2 Hb2`- #mi 7m`i?2`KQ`2  }MBi2 +m``2Mi Bb
Q#b2`p2/ 2p2M #2HQr i?2 BKT+i BQMBxiBQM i?`2b?QH/- 2tTHBM2/ #v T?QiQ@BQMBbiBQM
Q7 /QMQ`b BM i?2 #mHFX 6m`i?2`KQ`2- mM/2` BHHmKBMiBQM  #Bb@BM/2T2M/2Mi +m``2Mi
Bb Q#b2`p2/ 7Q` bKHH2` pQHi;2b r?B+? Bb Qp2`  H`;2 2ti2Mi BM/2T2M/2Mi Q7 #Bb
M/ +M MQi #2 KQ/2HH2/ #v i?2 #Qp2 imMM2HHBM; T`Q+2bbX h?2 bi`2M;i? Q7 i?Bb
bim`iBQM +m``2Mi Bb Hb2` TQr2` /2T2M/2Mi M/ Bb HBF2Hv /m2 iQ T?QiQ 2KBbbBQM Q7
+``B2`b 7`QK i?2 n+ `2;BQM Qp2` i?2 #``B2` iQ i?2 n `2;BQMX aBKmHiBQMb ?p2 #22M
/2p2HQT2/ 7Q` #Qi? #Bb `2;BK2b M/  [mHBiiBp2 ;`22K2Mi +QmH/ #2 +?B2p2/X
3h?2 +``B2` +QM+2Mi`iBQM i i?2 2KBii2` M/ BM i?2 #mHF Q7 i?2 /2pB+2 `2/m+2b BM i?2 bK2 rv
b i?2 2H2+i`B+ }2H/ BM+`2b2b- H2pBM; i?2 +m``2Mi /2MbBiv +QMbiMiX
dXj a+MMBM; T?QiQ+m``2Mi KB+`Qb+QTv RdR
 4DBOOJOH QIPUPDVSSFOU NJDSPTDPQZ
h?2 2tT2`BK2Mib T`2b2Mi2/ BM i?2 7QHHQrBM; b2+iBQM `2 KQiBpi2/ #v i?2 M22/ iQ
+QM}`K r?2i?2` i?2 bB;MH Q`B;BMi2/ 7`QK i?2 #mHF Q7 i?2 bKTH2 Q` i?2 +QMi+i
`2X hQ i?Bb 2M/- M 2tT2`BK2MiH b2imT rBi? HQ+HBx2/ Hb2` 2t+BiiBQM Bb /2pBb2/-
M/ i?2 `2bmHib `2 T`2b2Mi2/ BM i?Bb +?Ti2` M/ BM TT2M/Bt .X >Qr2p2`- i?2
Q#b2`p2/ /2T2M/2M+B2b M/ `2bmHib `2 /B{+mHi iQ BMi2`T`2i M/  +QM}`KiBQM Q7
i?2 i`MbTQ`i KQ/2H Q7 i?2 T`2pBQmb b2+iBQM T`Qp2/ BM+QM+HmbBp2X
AM i?2 HBi2`im`2- i?Bb FBM/ Q7 2tT2`BK2Mi Bb `272``2/ iQ b ǳb+MMBM; T?QiQ +m``2Mi
KB+`Qb+QTvǴ UaS*JV (ky8- kye) M/ Bb Q7i2M mb2/ iQ /2i2`KBM2 /BzmbBQM H2M;i?b Q7
KBMQ`Biv +``B2`b M/ Qi?2` i`MbTQ`i +?`+i2`BbiB+b (kyd- ky3)X
h?Bb b2+iBQM Bb /BpB/2/ BMiQ M BMi`Q/m+iBQM iQ b2imT M/ bKTH2 BM a2+X dXjXR-
7QHHQr2/ #v M 2t+2`Ti Q7 i?2 /2`Bp2/ `2bmHib T`2b2Mi2/ BM a2+X dXjXk M/ }MHHv
a2+iBQM dXjXj /Bb+mbb2b i?2 U`;m#Hv HBKBi2/V +QM+HmbBQMb i?i +M #2 /`rM 7`QK
i?2 `2bmHibX
 4FUVQ BOE EFWJDF
AM Q`/2` iQ b+M i?2 Hb2` bTQi +`Qbb i?2 bKTH2-  KQp#H2 Q#D2+iBp2 Q`  H2Mb +HQb2
iQ i?2 bKTH2 Bb `2[mB`2/X  b+?2KiB+ Q7 i?2 bQHmiBQM /2pBb2/ 7Q` i?2b2 2tT2`BK2Mib
Bb b?QrM BM 6B;X dX8UVX h?2 b2imT +QKT`Bb2b  #`2 i2`KBMiBQM Q7 i?2 QTiB+H
}#`2- r?Qb2 HB;?i }2H/ /Bp2`;2b rBi? i?2 MmK2`B+H T2`im`2 Q7 i?2 }#`2 UyXR9VX 
#B@+QMp2t H2Mb Uf = k8X9KKV 7Q+mbb2b i?2 /Bp2`;2Mi Hb2` QMiQ i?2 bKTH2 BMbB/2
Q7 i?2 +`vQbiiX h?2 QTiB+H +QKTQM2Mib `2 KQmMi2/ BMbB/2 Q7  im#2 r?B+? +M
#2 Tmb?2/ iQ #2 +HQb2 iQ i?2 +`vQbii rBM/QrX h?Bb Bb M2+2bb`v bBM+2 i?2 bTQi bBx2
/2T2M/b QM i?2 MmK2`B+H T2`im`2 Q7 i?2 b2imTX h?2 ?B;?2` i?2 MmK2`B+H T2`im`2-
BX2X i?2 bKHH2` i?2 rQ`FBM; /BbiM+2 M/ i?2 H`;2` i?2 /BK2i2` Q7 i?2 BHHmKBMi2/
Q#D2+iBp2- i?2 bKHH2` i?2 +?B2p#H2 Hb2` bTQiX .m2 iQ i?2 +`vQbii /BK2i2` M/
i?2 bBx2 Q7 i?2 QTiB+H rBM/Qrb- QMHv  `2HiBp2Hv bKHH MmK2`B+H T2`im`2 Q7 ∼ 0.1
iQ yXk Q7 i?2 QTiB+b HHQrb 7Q` b+M `M;2b mM/Bbim`#2/ #v i?2 rBM/Qr /BK2i2`X
h?2 KQiBQM Q7 i?2 im#2 Bb +?B2p2/ #v  KQiQ`Bx2/ xyz bi;2- rBi? i?2 7Q+mb UzV
/Dmbi2/ KMmHHv M/ i?2 b+M /B`2+iBQMb Ux  yV #2BM; +QMi`QHH2/ #v h?Q`H#b
.* b2`pQ +imiQ`b UJhR@w3V b b?QrM BM 6B;X dX8U+VX
h?2 bTQi bBx2 Q7 i?Bb b2imT Bb /2i2`KBM2/ #v  FMB72 2/;2 2tT2`BK2Mi U+7X 6B;X dX8U+VV-
r?2`2 i?2 i`MbKBii2/ TQr2` Bb K2bm`2/ b  7mM+iBQM Q7 y M/ b  7mM+iBQM Q7
/BbiM+2 #2ir22M FMB72 2/;2 M/ Q#D2+iBp2X h?2 i`MbKBbbBQM i`+2b UBMb2i Q7
6B;X dX8U#VV `2 }ii2/ mbBM; i?2 2tT2+i2/ :mbbBM #2K T`Q}H2 M/ /2i2`KBM2
Rdk *?Ti2` d "QmM/ 2t+BiQM K2bm`2K2Mib BM bBHB+QM /2pB+2b
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'JHVSF  h?2 b2imT Q7 i?2 b+MMBM; T?QiQ+m``2Mi KB+`Qb+QTv 2tT2`BK2Mib
UaS*JVX UV aF2i+? Q7 i?2 2tT2`BK2MiH b2imT rBi? i?2 Hb2` bTQi +`2i2/
#v  #B@+QMp2t H2Mb M/ mM+QHHBKi2/ QTiB+H }#`2X h?2 bBHB+QM bKTH2 Bb
}t2/ QM  S*" rBi?BM M 1a_ im#2 rBi? A_ #bQ`#Bp2 +QiBM;X U#V h?2
bTQi bBx2 M/ 7Q+H H2M;i? Q7 i?2 b2imT- b /2/m+2/ 7`QK  }i iQ i?2 i`+2b
UBMb2iV Q7  FMB72 2/;2 2tT2`BK2Mi- r?Qb2 b2imT Bb /2TB+i2/ BM U+VX 6Q` i?2
aS*J 2tT2`BK2Mib- i?2 im#2 rBi? i?2 QTiB+H +QKTQM2Mib Bb Tmb?2/ iQr`/b
i?2 +`vQbii- rBi? i?2 KQiQ`Bx2/ bi;2 `2KBMBM; QM i?2 QTiB+H #2M+?X
dXj a+MMBM; T?QiQ+m``2Mi KB+`Qb+QTv Rdj
(a)
I
V
900 µm
2600
 µm
400 µm
ph
os
ph
oru
s
im
pla
nt
alu
mi
niu
m
un
co
nta
cte
d
alu
mi
niu
m
bo
nd
 pa
ds
n
+  el
ec
tro
de
s
(b) (c)
(d)
cross section
'JHVSF  aKTH2 MiaB@a+M- mb2/ 7Q` i?2 b+MMBM; T?QiQ+m``2Mi KB+`Qb+QTv
2tT2`BK2MibX UV h?2 /2pB+2 HvQmi M/ i?2 2H2+i`B+H +B`+mBi K2bm`BM; i?2
T?QiQ+m``2Mi 7Q`  }t2/ #Bb pQHi;2X  +`Qbb@b2+iBQM Q7 i?2 /2pB+2 i i?2
/b?2/ HBM2 Bb bF2i+?2/ BM 6B;X dXkUVX U#-/V JB+`Qb+QT2 BK;2b Q7 i?2 bKTH2-
pBbB#H2 i?`Qm;? i?2 ?QH2 Q7 i?2 +Qi2/ 1a_ im#2X U+V 6mHH BK;2 Q7 i?2 T`iHv
+Qi2/ 1a_ im#2 rBi? bKTH2 M/ S*"X
i?2 bTQi bBx2 b  7mM+iBQM Q7 rQ`FBM; /BbiM+2X AM 7Q+mb- i  rQ`FBM; /BbiM+2 Q7
ekKK-  bTQi bBx2 Q7 jy ƒK Bb +?B2p2/X
h?2 b+?2KiB+ Q7 bKTH2 MiaB@a+M- mb2/ BM i?Bb b2+iBQM- Bb b?QrM BM 6B;X dXe
UV- r?BH2 BK;2b Q7 i?2 bKTH2 rBi?BM i?2 1a_ im#2 `2 /2TB+i2/ BM 6B;X dXe U#@
/VX hrQ T`HH2H n+ 2H2+i`Q/2b `2 b2T`i2/ #v 9yy ƒK Qp2`  H2M;i? Q7 kXeKKX
h?2 2H2+i`Q/2b `2 +QMi+i2/ #v HmKBMBmK i`+Fb M/ #QM/ rB`2bX AM@#2ir22M i?2
2H2+i`Q/2b- Ti+?2b Q7 HQr /Qb2 T?QbT?Q`mb BKTHMib rBi? p`B#H2 bBx2 `2 7#`B+i2/X
h?2 BKTHMi Ti+?2b i i?2 iQT Qp2`HT rBi? i?2 2H2+i`Q/2b- r?BH2 7Q` i?2 Qi?2`
bi`m+im`2b M BMi`BMbB+ bBHB+QM `2;BQM 2tBbib #2ir22M BKTHMi2/ `2b M/ 2H2+i`Q/2bX
h?2 2H2+i`Q/2b `2 +QMi+i2/ rBi?  E2Bi?H2v k9yy oQHiK2i2` U;`QmM/ +QMM2+i2/ iQ
i?2 `B;?i 2H2+i`Q/2V M/ `2+Q`/ +m``2Mi b  7mM+iBQM Q7 pQHi;2X 6m`i?2`KQ`2- Qi?2`
K2iH +QMi+ib `2 TH+2/ QMiQ i?2 bKTH2 iQ BMp2biB;i2 M/ /Bb+`BKBMi2 `2~2+iBQM
bB;MHbX hQ T`2p2Mi `2~2+iBQMb rBi?BM i?2 K2iHHB+ +`vQbii 7`QK ?BiiBM; i?2 bKTH2-
i?2 1a_ im#2 Bb +Qi2/ QM i?2 BMbB/2 rBi? #H+F#Q`/ TBMi- r?B+? ?b #22M i2bi2/
iQ #bQ`# BM7``2/ `/BiBQM- M/  ?QH2 Bb +mi iQ QTiB+HHv ++2bb i?2 bKTH2 QMHv
Rd9 *?Ti2` d "QmM/ 2t+BiQM K2bm`2K2Mib BM bBHB+QM /2pB+2b
7`QK i?2 7`QMi U+7X 6B; dXe U+  /VVX HH 2tT2`BK2Mib /Bb+mbb2/ BM i?Bb b2+iBQM `2
T2`7Q`K2/ i 9X8E M/ yhX
 &YQFSJNFOU
M Qp2`pB2r Q7 i?2 +m``2Mi b  7mM+iBQM Q7 Hb2` TQbBiBQM 7Q` irQ /Bz2`2Mi #Bb
+QM/BiBQMb V = ±Ro Bb /2TB+i2/ BM 6B;X dXdX h?2 72im`2b Q7 i?2 bKTH2 `2 +H2`Hv
pBbB#H2- rBi? i?2 #QM/ T/b- #QM/ rB`2b M/ MQM@+QMi+i2/ K2iH +iBM; b `2~2+iBp2
bm`7+2b QM r?B+? HQr2` +m``2Mi /2MbBiB2b `2 +?B2p2/X Pz `2bQMM+2 rBi? i?2 .ys
i`MbBiBQM- i?2 ?B;?2bi +m``2Mi /2MbBiB2b `2 +?B2p2/ BM i?2 pB+BMBiv Q7 i?2 2H2+i`QM@
+QHH2+iBM; 2H2+i`Q/2X LQ bB;Mim`2b Q7 i?2 T?QbT?Q`mb BKTHMi Ti+?2b `2 Q#b2`p2/
Qz `2bQMM+2X PM `2bQMM+2- i?2 BKTHMi2/ Ti+?2b `2 pBbB#H2- rBi? i?2 bi`QM;2bi
+QMi`bi #2ir22M BKTHMi2/ `2 M/ BMi`BMbB+ `2 ;BM BM i?2 pB+BMBiv Q7 i?2
+QHH2+iQ` 2H2+i`Q/2X AM ;2M2`H- QMHv i?Qb2 /QTBM; Ti+?2b i?i Qp2`Hv rBi? i?2 n+
+QMi+ib `2 pBbB#H2- r?B+? Bb i`m2 7Q` HH i2bi2/ +QM/BiBQMbX PM iQT Q7 i?2 bB;MH b22M
BM i?2 pB+BMBiv Q7 i?2 +QHH2+iQ` 2H2+i`Q/2-  b2+QM/ bi`QM; bB;MH HQ+i2/ /B`2+iHv i
i?2 2KBii2` 2H2+i`Q/2 Bb Q#b2`p2/- QMHv QM@`2bQMM+2X h?Bb bB;MH /Q2b MQi 72im`2
Mv bB;Mim`2 Q7 i?2 /QTBM; Ti+?2b M/ Bb 7m`i?2`KQ`2 mMB[m2 iQ i?2 #Bb Q7 ∼Ro
M/ Hb2` BMi2MbBiv PG ≈ k8q- b b22M Hi2`X M BMi2`2biBM; Q#b2`piBQM Bb i?i Qz
`2bQMM+2 i?2 #QM/ rB`2b `2 pBbB#H2 b  bBM;H2 HBM2 Q7 HQr +m``2Mi Ub 2tT2+i2/V-
r?BH2 QM `2bQMM+2 #Qi? i?2 #QM/ rB`2b M/ r?i HQQFb HBF2  ǳb?/QrǴ Q7 i?2
#QM/ rB`2b Bb Q#b2`p2/X h?2 Q`B;BM Q7 i?2 ǳb?/QrǴ Bb MQi mM/2`biQQ/- Kv ?Qr2p2`
bm;;2bi i?i `2~2+iBQMb #2ir22M bKTH2 bm`7+2 M/ QTiB+H rBM/Qr biBHH THv  `QH2
7Q` i?2 ;2M2`i2/ T?QiQ+m``2MiX
6B;m`2 dX3 BMp2biB;i2b i?2 bi`2M;i? M/ HQ+iBQM Q7 i?2 bB;MH b  7mM+iBQM Q7
pQHi;2 #Bb M/ Hb2` BMi2MbBivX 6Q` 6B;bX dX3 U@7V i?2 +m``2Mi HQM;  ?Q`BxQMiH
+`Qbb@b2+iBQM i i?2 iQT Q7 i?2 /2pB+2 Uy ≈ ƐyXk8KKV Bb THQii2/ ;BMbi #Bb pQHi;2X
h?Bb Bb /QM2 #Qi? QM M/ Qz `2bQMM+2 rBi? i?2 .ys i`MbBiBQM M/ 7Q` +`Qbb@b2+iBQMb
i?i +`Qbb  T?QbT?Q`mb BKTHMi Ti+? UǳQM BKTHMiǴV M/ 7Q`  +`Qbb@b2+iBQM BM@
#2ir22M i?Qb2 Ti+?2bX AM ;2M2`H- i?2 bi`QM;2bi bB;MH Bb Q#b2`p2/ BM i?2 pB+BMBiv Q7
i?2 +QHH2+iQ`- 7Q` HKQbi HH Hb2` BMi2MbBiB2b M/ #Bb2b #2HQr koX PMHv 7Q`  Hb2`
TQr2` Q7 PG ≈ k9Kq M/ #Bb2b #Qp2 yX8o- M QM@`2bQMMi bB;MH Bb Q#b2`p2/ `B;?i
i i?2 2KBii2` +QMi+iX h?2 bK2 i`2M/ Bb b?QrM BM 6B;bX dX3 U;@HV r?B+? `2 i?2
A@o@+m`p2b iF2M i }p2 /Bz2`2Mi TQbBiBQMb #2ir22M 2KBii2` M/ +QHH2+iQ` 2H2+i`Q/2bX
AM ;2M2`H- i?2 H`;2bi +QMi`bi #2ir22M QM@ M/ Qz@`2bQMMi T?QiQ+m``2Mi Bb 7QmM/
7Q` Hb2` TQr2`b Q7 PG = dXjKq iQ k9KqX
dXj a+MMBM; T?QiQ+m``2Mi KB+`Qb+QTv Rd8
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'JHVSF  a+MMBM; T?QiQ+m``2Mi KB+`Qb+QTv BK;2 Q7 bKTH2 MiaB@a+M
7Q`  TQbBiBp2 M/ M2;iBp2 #Bb Q7 Ro U`B;?i 2H2+i`Q/2 Bb ;`QmM/2/V M/
PG = k9Kq i yh M/ 9X8EX hQT H27i b?Qrb i?2 b+?2KiB+ Q7 6B;X dXeUV
M/ B/2MiB}2b Bib 72im`2b BM i?2 Q#iBM2/ /iX hQT `Qr b?Qrb i?2 `2bmHib
QM `2bQMM+2 rBi? i?2 .ys i`MbBiBQM- rBi? i?Qb2 BKTHMi2/ `2b pBbB#H2
i?i Qp2`HT rBi? i?2 /2;2M2`i2Hv /QT2/ +QMi+ibX h?2 bi`QM; bB;MH QM i?2
2KBii2` 2H2+i`Q/2 Bb bT2+B}+ iQ i?2 mb2/ pQHi;2 #Bb M/ Hb2` TQr2` +QK#B@
MiBQM- b b22M 7`QK 6B;bX dX3  dXNX 6Q` i?2 Qz@`2bQMMi +b2 U#QiiQK `QrV
 bB;MH Bb /2i2+i2/ QMHv BM i?2 pB+BMBiv Q7 i?2 +QHH2+iQ` 2H2+i`Q/2X h?2 b+M
`M;2 Bb HBKBi2/ QM i?2 bB/2b #v i?2 bBx2 Q7 i?2 ?QH2 BM i?2 1a_ im#2- pBbB#H2
b i?2 2HHBTb2 b?/2 Ub22 6B;X dXeU/VVX
Rde *?Ti2` d "QmM/ 2t+BiQM K2bm`2K2Mib BM bBHB+QM /2pB+2b
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'JHVSF  h?2 #Bb M/ Hb2` TQr2` /2T2M/2M+2 Q7 i?2 aS*J BK;2b Q7 bKTH2
MiaB@a+M U9X8E- yhVX U@7V *`Qbb@b2+iBQMb i +QMbiMi ?2B;?i i?`Qm;? i?2
b2+QM/ BKTHMi Ti+? 7`QK iQT UQM BKTHMiV M/ #2ir22M i?2 }`bi M/ b2+QM/
BKTHMi Ti+? 7`QK i?2 iQT UQz BKTHMiV- iF2M b  7mM+iBQM Q7 pQHi;2 #Qi?
QM M/ Qz `2bQMM+2 rBi? i?2 .ys i`MbBiBQM 7Q`  p`B2iv Q7 Hb2` TQr2`bX
h?2 `B;?i 2H2+i`Q/2 i x ≈ yXkKK Bb ;`QmM/2/- i?mb /2}MBM; i?2 2KBii2` M/
+QHH2+iQ` UBM/B+i2/ BM UVV 7Q` TQbBiBp2 M/ M2;iBp2 pQHi;2bX h?2 +QHQ`KT
Bb b+H2/ 7Q` 2+? Hb2` TQr2` iQ i?2 Qz `2bQMM+2 +m``2Mi 7Q` |V | = ko rBi?
i?2 Hb2` bTQi QM i?2 BKTHMi `2;BQMX U;@HV `2 i?2 A@o +m`p2b i /Bz2`2Mi
x@TQbBiBQMb #2ir22M i?2 irQ 2H2+i`Q/2b rBi? i?2 Hb2` bTQi QM i?2 M BKTHMi
Ti+?- rBi? i?2 Hb2` 2Bi?2` QM `2bQMM+2 UbQHB/ HBM2V Q` Qz `2bQMM+2 U/Qii2/
HBM2VX
dXj a+MMBM; T?QiQ+m``2Mi KB+`Qb+QTv Rdd
6Q` i?2 HQr2` Hb2` TQr2`b Q7 PG = dXjKq M/ kXkKq- 6B;X dXN THQib /2iBH2/
aS*J BK;2b 7`QK i?2 iQT Q7 i?2 /2pB+2 7Q`  H`;2` `M;2 Q7 #Bb pQHi;2b mT iQ V =
k8o rBi? i?2 +QHQ`KT 7Q` 2+? #Bb b+H2/ iQ i?2 KtBKmK Qz@`2bQMMi +m``2MiX
b K2MiBQM2/- i?2 /Bz2`2M+2 #2ir22M QM@ M/ Qz `2bQMM+2 T?QiQ+m``2Mi Bb bi`QM;2bi
7Q` PG = dXjKqX 6m`i?2`KQ`2-  b?B7i Q7 i?2 HQ+iBQM Q7 i?2 T?QiQ+m``2Mi +M #2
Q#b2`p2/X i HQr #Bb2b- b /Bb+mbb2/ #27Q`2- i?2 T?QiQ+m``2Mi Bb ?B;?2bi +HQb2 iQ i?2
+QHH2+iQ` 2H2+i`Q/2X b i?2 pQHi;2 BM+`2b2b- i?2 HQ+iBQM b?B7ib iQr`/b i?2 2KBii2`
2H2+i`Q/2 M/ bbmK2b  KQ`2 Q` H2bb 2[mHHv bi`QM; H2p2H `2;`/H2bb Q7 i?2 2t+BiiBQM
HQ+iBQM #2ir22M i?2 irQ 2H2+i`Q/2bX h?2 #Bb pQHi;2 i r?B+? i?Bb +`Qbb@Qp2`
Q++m`b b22Kb iQ /2T2M/ QM Hb2` TQr2`- Q` #bQHmi2 +m``2Mi K;MBim/2, *QKT`2-
7Q` 2tKTH2- i?2 QM `2bQMM+2 BK;2 7Q` i?2 HQr2` Hb2` TQr2` Q7 kXkKq i Ɛk8o
rBi? i?2 QM `2bQMM+2 BK;2 Q7 dXjKq i QMHv ƐRoX "Qi? i?2 +m``2Mi /Bbi`B#miBQM
M/ +m``2Mi K;MBim/2 Q7 i?2b2 irQ aS*J BK;2b `2 [mBi2 bBKBH`X b  }MH
`2K`F Bi +M #2 Q#b2`p2/ i?i i?2 ;`2i2bi pBbB#BHBiv Q7 i?2 BKTHMiiBQM Ti+?2b Bb
7QmM/ 7Q` HQr2` #Bb2b M/ i?i i?2 Ti+? pBbB#BHBiv 7/2b iQr`/b i?2 ?B;?2` #Bb2bX
Pz `2bQMM+2- HKQbi MQ i`+2 Q7 i?2 BKTHMi Ti+?2b Bb pBbB#H2- 2t+2Ti 7Q`- T2`?Tb-
bQK2 KBMQ` 72im`2b 7Q` i?2 UdXjKq-ƐRoV M/ UkXkKq- Ɛk8oV +QK#BMiBQMbX Ai
b?QmH/ #2 MQi2/ i?i rBi? }MBi2 2ti2`MH K;M2iB+ }2H/- i?2 BKTHMiiBQM Ti+?2b
`2 HbQ pBbB#H2 BM i?2 Qz `2bQMM+2 T?QiQ+m``2Mi U+7X TT2M/Bt .VX
 %JTDVTTJPO
h?2 /Bb+mbbBQM Q7 i?2 mM/2`HvBM; T?2MQK2M Bb /B{+mHi T`iB+mH`Hv /m2 iQ i?2
KmHiBim/2 Q7 /2T2M/2M+B2b Q#b2`p2/- r?B+? BM+Hm/2 #Bb M/ pQHi;2 Ub?QrM BM i?Bb
b2+iBQMV #mi HbQ K;M2iB+ }2H/ M/ i2KT2`im`2 Ub?QrM BM TT2M/Bt .VX //BiBQM@
HHv- b K2MiBQM2/ #27Q`2- `2~2+iBQMb #2ir22M bKTH2 bm`7+2 M/ QTiB+H rBM/Qr
Kv THv  `QH2- Hi?Qm;? HBF2Hv  KBMQ` QM2X
AM  }`bi bi2T Bi rb ii2KTi2/ iQ mb2 i?2 bBKmHiBQMb /2p2HQT2/ BM i?2 T`2pBQmb
b2+iBQM iQ 2tTHBM i?2 aS*J A@o +?`+i2`BbiB+b- mbBM;  :mbbBM T?QiQ@2t+BiiBQM
T`Q}H2 BM i?2 bBKmHiBQMbX h?2 HQr@#Bb bBKmHiBQMb /Q MQi b?Qr  bB;MB}+Mi p`B@
iBQM Q7 T?QiQ+m``2Mi rBi? TQbBiBQM Q7 i?2 Hb2` 2t+BiiBQM- r?2M i?2 T?QiQ@2KBbbBQM
+m``2Mi Qp2` i?2 #``B2` Bb b2i iQ #2 Hb2`@bTQi HQ+iBQM@BM/2T2M/2MiX Ai +QmH/ #2
`;m2/ i?i i?2 +QMi+i@HBKBi2/ T?QiQ2KBbbBQM +m``2Mi b?QmH/ p`v rBi? HQ+iBQM Q7
i?2 Hb2` bTQi- rBi?  ?B;?2` 2KBbbBQM +m``2Mi r?2M i?2 Hb2` bTQi Bb i i?2 2KBii2`
+QMi+i M/  HQr2` 2KBbbBQM +m``2Mi r?2M i?2 Hb2` bTQi Bb +HQb2` iQ i?2 +QHH2+@
iQ`X h?Bb Bb ?Qr2p2` BM bi`F +QMi`bi iQ i?2 Q#b2`p2/ HQr@#Bb T?QiQ+m``2Mi- r?B+?
Bb bi`QM;2` QM i?2 +QHH2+iQ`X >2M+2  /Bz2`2Mi K2+?MBbK- MQi +Tim`2/ #v i?2b2
Rd3 *?Ti2` d "QmM/ 2t+BiQM K2bm`2K2Mib BM bBHB+QM /2pB+2b
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'JHVSF a+MMBM; T?QiQ+m``2Mi KB+`Qb+QTv BK;2b Q7 i?2 iQT Q7 /2pB+2 MiaB@
a+M b  7mM+iBQM Q7 #Bb pQHi;2 7Q` irQ /Bz2`2Mi Hb2` TQr2`b U9X8E- yhVX
h?2 +QHQ`KT Bb b+H2/ 7Q` i?2 KtBKmK Qz@`2bQMMi +m``2Mi #2ir22M i?2
2H2+i`Q/2bX 1KBii2` M/ +QHH2+iQ` HQ+iBQM `2 Qp2`Hv2/ b Q`M;2 #`bX
dXj a+MMBM; T?QiQ+m``2Mi KB+`Qb+QTv RdN
bBKmHiBQMb b22Kb iQ /QKBMi2 i?2 T?QiQ+m``2Mi mM/2` HQ+HBx2/ 2t+BiiBQM BM i?2
HQr #Bb `2;BK2X 6Q` i?2 ?B;?@#Bb bBKmHiBQM- BM  bBKBH` rv  HQ+HBx2/ Hb2`
2t+BiiBQM ?b #22M BMi`Q/m+2/- #mi i?2b2 bBKmHiBQMb HbQ 7Hb2Hv T`2/B+i  bi`QM;2`
+m``2Mi rBi? i?2 Hb2` bTQi i i?2 2KBii2` 2H2+i`Q/2- b HQM; b i?2 +m``2Mi Bb MQi
/QKBMi2/ #v BKT+i BQMBxiBQMX
AM +QM+HmbBQM- #Qi? bBKmHiBQMb `2 BM+T#H2 Q7 2tTHBMBM; i?2 aS*J `2bmHib M/
rQmH/ ?2M+2 M22/ iQ #2 KQ/B}2/fBKT`Qp2/- r?B+? rb MQi TQbbB#H2 BM i?2 b+QT2 Q7
i?Bb i?2bBbX GBF2Hv ?BMib iQ i?2 ivT2 Q7 T?2MQK2M i?i Kv THv  `QH2 +M #2 iF2M
7`QK HBi2`im`2 QM aS*JX >2`2- Q7i2M +m``2Mib `2 Q#b2`p2/ i?i 2tTQM2MiBHHv /2@
+`2b2 rBi? /BbiM+2 7`QK i?2 2H2+i`Q/2bX h?Bb Bb /m2 iQ i?2 /BzmbBQM H2M;i? Q7 i?2
KBMQ`Biv +``B2`- BX2X /m2 iQ i?2 MmK#2` Q7 +?`;2 +``B2`b i?i `2 #H2 iQ `2+?
i?2 +QMi+i rBi?BM i?2B` +``B2` HB72iBK2X  bBKBH` T?2MQK2M KB;?i #2 i rQ`F
?2`2X S?QiQ@;2M2`i2/ ?Qi 2H2+i`QMb HbQ ?p2  +2`iBM HB72iBK2 τ M/ i?2`27Q`2 
+2`iBM /BzmbBQM H2M;i? L. =
√
Dnτ rBi? i?2 /BzmbBQM +Q2{+B2Mi DnX A7 i?2 Hb2`
bTQi Bb 7` rv 7`QK i?2 2H2+i`Q/2b- M BMi2`MH }2H/ rBHH #mBH/ mT- H2/BM; ;BM
iQ  HQ+H 2H2+i`B+ }2H/ i?i +QmMi2`#HM+2b i?2 /BzmbBQM rv 7`QK i?2 2t+BiiBQM
HQ+iBQM M/ MQ M2i +QMi`B#miBQM iQ i?2 Q#b2`p2/ ;HQ#H +m``2MiX >Qr2p2`- B7 i?2
T?QiQ@2t+Bi2/ 2H2+i`QM `2+?2b i?2 +QMi+i Bi /Q2b // iQ i?2 Q#b2`p2/ T?QiQ+m`@
`2Mi- T`QpB/2/ i?2 H27i@#2?BM/ TQbBiBp2 BQM ;2ib M2mi`HBx2/ #v M BMD2+i2/ 2H2+i`QM
7`QK i?2 2KBii2`X h?Bb bBimiBQM +QmH/ #2 +QKT`2/ iQ i?2 T?QiQ+m``2Mi Q7  n+@p
bQH` +2HH- r?2`2 i?2 Km+? HQM;2` p #b2 +ib b i?2 #bQ`TiBQM #Q/vX b HQM; b
i?2 +`2i2/ 2H2+i`QM@?QH2 TB` Bb rBi?BM i?2 KBMQ`Biv +``B2` UBX2X 2H2+i`QMV /BzmbBQM
H2M;i? Q7 i?2 DmM+iBQM- i?2 +`2i2/ 2H2+i`QM M/ ?QH2 // iQ i?2 +m``2MiX
6Q` i?2 `2bmHib T`2b2Mi2/ #Qp2-  T?QiQ+m``2Mi Bb BM/22/ Q#b2`p2/ i?i /2+`2b2b
TT`QtBKi2Hv 2tTQM2MiBHHv rBi? /BbiM+2 7`QK i?2 +QHH2+iQ`- rBi?  H2M;i? b+H2
Q7 kyy ƒK iQ k8y ƒK U+7X HQr2` #Bb2b Q7 6B;X dXNV- r?B+? KB;?i #2  bB;Mim`2 Q7 i?2
2H2+i`QM /BzmbBQM H2M;i?NX b i?2 #Bb pQHi;2 Bb BM+`2b2/- i?2 i`MbTQ`i rQmH/ b?B7i
7`QK #2BM; /BzmbBQM /QKBMi2/ iQ #2BM; /`B7i /QKBMi2/- `2bmHiBM; BM  ?B;?2` 2z2+@
iBp2 +``B2` p2HQ+Biv iQr`/b i?2 +QHH2+iQ` M/ ?2M+2 M 2ti2M/2/ `M;2 mT iQ r?B+?
2H2+i`QMb +M `2+? i?2 +QHH2+iQ` #27Q`2 `2+QK#BMiBQMX >2M+2- M 2ti2MbBQMfb?B7i
Q7 i?2 T?QiQ+m``2Mi T2F iQr`/b i?2 KB//H2 Q7 i?2 /2pB+2 M/ iQr`/b i?2 2KBii2`
2H2+i`Q/2 rQmH/ #2 2tT2+i2/ M/ Bb BM/22/ Q#b2`p2/ BM i?2 /iX qBi?Qmi  T`QT2`
bBKmHiBQM- i?Bb 2tTHMiBQM Bb K2`2Hv  bi`iBM; TQBMi 7Q` /Bb+mbbBQM M/ 7m`i?2`@
NlbBM;  i?2`KH 2[mBHB#`BmK /BzmbBQM +Q2{+B2Mi i?i Bb #b2/ QM i?2 K2bm`2/ µ ≈
d× Ry9 +KkfUo bV Q7 *?X jX8Xj-  /BzmbBQM H2M;i? Q7 L. ≈ kyy ƒK rQmH/ BM/B+i2 M 2H2+i`QM
+Tim`2 iBK2 Q7 τ ≈ R8 ƒb- +Q``2bTQM/BM; iQ M BQMBx2/ /QMQ` +QM+2Mi`iBQM Q7 N+ ≈ 1010 +KƐjX
h?2 /BzmbBQM +Q2{+B2Mi Q7 T?QiQ 2t+Bi2/ +``B2`b Kv- ?Qr2p2`- #2 bB;MB}+MiHv ?B;?2` i?M
i?iX
R3y *?Ti2` d "QmM/ 2t+BiQM K2bm`2K2Mib BM bBHB+QM /2pB+2b
KQ`2 /Q2b MQi 2tTHBM i?2 Q#b2`p2/ +?M;2b rBi? Hb2` BMi2MbBiv- i2KT2`im`2 M/
K;M2iB+ }2H/X
h?2 `2bQM r?v QMHv i?Qb2 BKTHMiiBQM Ti+?2b i?i Qp2`HT rBi? i?2 n+ `2;BQM
`2 pBbB#H2 M/ MQi i?Qb2 Ti+?2b i?i `2 BbQHi2/ Bb HBF2Hv /m2 iQ i?2 Km+? H`;2`
#mBHi@BM TQi2MiBHb i i?2 n@i DmM+iBQM +QKT`2/ iQ i?2 n@n+ DmM+iBQM- T`2p2MiBM;
T?QiQ2KBbbBQM +`Qbb i?2 #``B2` BM i?2 7Q`K2` +b2X
h?2 HQr pBbB#BHBiv Q7 i?2 BKTHMiiBQM Ti+?2b BM i?2 Qz@`2bQMMi /i +QmH/ #2 M
BM/B+iBQM i?i i?2 Qz@`2bQMMi T?QiQ+QM/m+iBpBiv i  T?QiQM 2M2`;v Q7 RXR8 2o Bb
MQi /m2 iQ /B`2+i T?QiQ@BQMBxiBQM Q7 /QMQ`b- #mi BMbi2/ /m2 iQ #M/@iQ@#M/ +``B2`
Q` 2t+BiQM ;2M2`iBQMRyX >Qr2p2`- Bi KB;?i #2 iQQ 2`Hv iQ /`r bm+? +QM+HmbBQMb
7Q` i?2 7QHHQrBM; `2bQMb, .m2 iQ b2imT HBKBiiBQMb- MQ #M/@Tbb }Hi2` Bb BM+Hm/2/
BM i?2 b2imT M/ ?2M+2 i?2 Hb2` KB;?i TQi2MiBHHv ?p2 //BiBQMH #Qp2@#M/;T
KQ/2b i?i `2+? i?2 bKTH2X h?2 `2bmHiBM;- mMBMi2M/2/ #M/@iQ@#M/ ;2M2`iBQM
KB;?i Qp2`b?/Qr i?2 r2F /B`2+i T?QiQ@BQMBxiBQM #mi MQi i?2 bi`QM;2` .ys bB;MHX
HbQ- b T`iB+mH`Hv 2pB/2Mi 7`QK 6B;X dXe- 2p2M r?2M i?2 Hb2` bTQi Bb 7` rv 7`QK
i?2 /2pB+2  bB;MB}+Mi bB;MH Bb Q#b2`p2/ #Qi? QM@M/ Qz `2bQMM+2X >2M+2 HBF2Hv
i?2`2 `2 biBHH `2~2+iBQMb i rQ`F- 2Bi?2` rBi?BM i?2 bKTH2 /m2 iQ BMi2`MH `2~2+iBQM
Q` #2ir22M bKTH2 M/ +`vQbii rBM/Qr i?i KF2 M BMi2`T`2iiBQM Q7 i?2 `2bmHib
/B{+mHiX
 $PODMVTJPO
AM bmKK`v- i?2 `2bTQMb2 Q7  /2pB+2 rBi? Tii2`M2/ /QTMi `2;BQMb iQ  HQ+H T?QiQ@
2t+BiiBQM ?b #22M BMp2biB;i2/X .Bz2`2Mi i`MbTQ`i 72im`2b ?p2 #22M Q#b2`p2/-
r?Qb2 Q`B;BM `2 /B{+mHi iQ i`+2X  72im`2 r?B+? Bb T`2b2Mi 7Q` bKHH #Bb2b M/ HH
Hb2` TQr2`b Bb  T?QiQ+m``2Mi r?2M i?2 Hb2` 2t+Bi2b BM i?2 pB+BMBiv U∼kyy ƒKV Q7 i?2
+QHH2+iQ` 2H2+i`Q/2X qBi? ?B;?2` #Bb- i?2 `M;2 i?i ;2M2`i2b  }MBi2 T?QiQ+m``2Mi
;`/mHHv 2ti2Mib iQr`/b i?2 2KBbbBQM 2H2+i`Q/2 M/ }MHHv bbmK2b  bBimiBQM
r?2`2 M 2[mHHv bi`QM; bB;MH Bb Q#b2`p2/ B``2bT2+iBp2 Q7 Hb2` HQ+iBQM #2ir22M
i?2 2H2+i`Q/2bX q?BH2 +m``2MiHv MQi 7mHHv mM/2`biQQ/- i?2 Q`B;BM Q7 i?Bb T?2MQK2M
KB;?i #2 /m2 iQ i?2 /BzmbBQM H2M;i? Q7 i?2 T?QiQ@2t+Bi2/ 2H2+i`QMb rBi?BM i?2 bKTH2X
6m`i?2`- BM /2Ti? MHvbBb `2 `2[mB`2/ iQ mM/2`biM/ i?2 Q#b2`p2/ /2T2M/2M+B2b QM
i2KT2`im`2- K;M2iB+ }2H/- pQHi;2 M/ Hb2` TQr2`X
Ryb /Bb+mbb2/ BM *?X 8XRX9XR- i?2 7`22 2t+BiQMb rQmH/ HQ+HBx2 i  M2mi`H /QMQ`- 7Q`K  #QmM/
2t+BiQM M/ BQMBx2 i?2 /QMQ` pB M m;2` T`Q+2bb- i?2`2#v 2D2+iBM; M 2H2+i`QMX
dX9 1H2+i`B+ }2H/ /2T2M/2M+2 Q7 i?2 .ys i`MbBiBQM R3R
 &MFDUSJD öFME EFQFOEFODF PG UIF %9 USBOTJUJPO
h?2 }MH b2+iBQM Q7 i?Bb +?Ti2` +QM+2`Mb i?2 b?B7ib BM i`MbBiBQM 2M2`;v Q7 i?2 #QmM/
2t+BiQM b  7mM+iBQM Q7 2H2+i`B+ }2H/X lTQM TTHB+iBQM Q7 M 2H2+i`B+ }2H/- i?2 irQ
2H2+i`QMb M/ i?2 ?QH2 Q7 i?2 .ys `2 /2~2+i2/ BMiQ QTTQbBM; /B`2+iBQMb M/ ?2M+2
;Bp2 `Bb2 iQ  }MBi2 TQH`BxiBQMX b i?2 2H2+i`B+ }2H/ Bb BM+`2b2/ 7m`i?2`- i bQK2
TQBMi i?2 2t+BiQM Bb MQ HQM;2` bi#H2- BX2X Bi Bb 2tT2+i2/ i?i i?2`2 Bb  i?`2b?QH/
}2H/ #Qp2 r?B+? i?2 2H2+i`QM M/ ?QH2 `2 `BTT2/ Qz i?2 M2mi`H /QMQ` BM QTTQbBM;
/B`2+iBQMbX b  };m`2 Q7 K2`Bi- i?2 .ys BQMBbiBQM }2H/ Bb `Qm;?Hv `2+?2/ r?2M
i?2 TQi2MiBH /`QT +`Qbb i?2 `/Bmb Q7 i?2 2t+BiQM Bb 2[mH iQ i?2 #BM/BM; 2M2`;v
Q7 i?2 2t+BiQMX "2HQr i?2 BQMBbiBQM }2H/  b?B7i BM i`MbBiBQM 2M2`;v Bb 2tT2+i2/ b
2X;X i?2 .ys *QmHQK# 2M2`;v +?M;2b /m2 iQ  +?M;2 Q7 bTiBH Qp2`HT Q7 2H2+i`QM
M/ ?QH2X
"Qi? Q7 i?2b2 T?2MQK2M ?p2  bB;MB}+Mi BKT+i QM i?2 bmBi#BHBiv Q7 i?2 .ys
i`MbBiBQM 7Q` bBM;H2 /QMQ`b BM MMQb+H2 /2pB+2b r?2`2 [mBi2 bi`QM; 2H2+i`B+ }2H/b
Kv Q++m`X a?B7ib Q7 i?2 i`MbBiBQM 2M2`;v mTQM +?M;2b Q7 ;i2 pQHi;2b `2 mM/2@
bB`2/- /m2 iQ i?2 M``Qr .ys HBM2rB/i? Q7  bBM;H2 /QMQ`X 6m`i?2`KQ`2- B7 i?2 /QMQ`
Bb bm#D2+i iQ  }2H/ 7`QK  ;i2 r?B+? Bb #Qp2 i?2 BQMBbiBQM }2H/ Q7 i?2 2t+BiQM-
.ys@bbBbi2/ bTBM@`2/Qmi Bb MQi TQbbB#H2 iQ bi`i rBi?X >2M+2-  ;QQ/ mM/2`biM/@
BM; Q7 i?2 2H2+i`B+ }2H/ /2T2M/2M+2 Q7 i?2 .ys i`MbBiBQM Bb `2[mB`2/- r?B+? Bb i?2
bm#D2+i Q7 i?Bb b2+iBQMX
AM i?2 }`bi T`i- i?2 i?2Q`2iB+H HBi2`im`2 Bb `2pB2r2/ M/ 2tT`2bbBQMb 7Q` i?2
2tT2+i2/ i`MbBiBQM 2M2`;v b?B7i b  7mM+iBQM Q7 2H2+i`B+ }2H/ `2 ;Bp2MX h?2`27i2`-
BM a2+X dX9Xk- i?2 2tT2`BK2MiHHv Q#iBM2/ i`MbBiBQM 2M2`;v b?B7ib Q7  p`B2iv Q7
i?2 /2pB+2b `2 T`2b2Mi2/ rBi?  7Q+mb QM M 2tT2`BK2Mi rBi? irQ n+ 2H2+i`Q/2b
b2T`i2/ #v ky ƒKX h?2 /Bb+mbbBQM 2M/b rBi? i?2 +QM+HmbBQM `2K`Fb BM a2+X dX9Xj
 5IFPSFUJDBM USFBUNFOU
hrQ /Bz2`2Mi i?2Q`2iB+H rQ`Fb QM i?2 2H2+i`B+ }2H/@BM/m+2/ .ys i`MbBiBQM b?B7ib
`2 pBH#H2- rBi? `2bmHib i?i /Bz2` [mBi2 bB;MB}+MiHvX AM i?2 7QHHQrBM; i?2 i?2b2
irQ Tm#HB+iBQMb `2 bmKK`Bx2/ M/ /Bb+mbb2/X
h?2 }`bi Tm#HB+iBQM Bb  `2+2Mi `sBo TT2` #v _DB/ _?KM (R8k)- r?B+?
+i2/ b i?2 BM+2MiBp2 7Q` i?2 2tT2`BK2Mib Q7 i?Bb b2+iBQMX _?KM M/ +Q@rQ`F2`b
mb2/ M iQKB+ Q`#BiH iB;?i@#BM/BM; K2i?Q/ QM  jy MK × jy MK × jy MK bBHB+QM
;`B/ iQ +H+mHi2 i?2 2M2`;v Q7  M2mi`H /QMQ` M/ Bib #QmM/ 2t+BiQM BM i?2 +2Mi2`
Q7 i?2 ;`B/ b  7mM+iBQM Q7 2H2+i`B+ }2H/X _?KM 2i HX `;m2 i?i b?B7ib Q7 i?2
R3k *?Ti2` d "QmM/ 2t+BiQM K2bm`2K2Mib BM bBHB+QM /2pB+2b
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'JHVSF  h?2 T`2/B+i2/ 2H2+i`B+ }2H/ BM/m+2/ .ys i`MbBiBQM 2M2`;v b 
7mM+iBQM Q7 2H2+i`B+ }2H/X UV h?2 iB;?i #BM/BM; +H+mHiBQMb Q7 _?KM
2iX HX rBi? T`2/B+iBQMb 7Q`  `Qm;?Hv HBM2` i`MbBiBQM 2M2`;v b?B7i M/ 
`2/m+iBQM BM Qb+BHHiQ` bi`2M;i? U`2T`Q/m+2/ 7`QK (R8k)VX U#V h?2 b?B7ib Q7
;`QmM/ M/ 2t+Bi2/ bii2 Q7 i?2 .ys ++Q`/BM; iQ "HQbb2vǶb 2z2+iBp2 Kbb
i?2Q`v- rBi?  bKHH2`- [m/`iB+ b?B7i Q7 i?2 .ys ;`QmM/ bii2 i`MbBiBQM
2M2`;v (kyN)X
i`MbBiBQM 2M2`;v `2 /m2 iQ +?M;2b Q7 i?2 bBM;H2 T`iB+H2 2H2+i`QM M/ ?QH2 2M2`;B2b
b r2HH b  `2/m+2/ *QmHQK# 2M2`;v Q7 i?2 irQ@2H2+i`QM  QM2@?QH2 bvbi2K /m2
iQ i?2 TQH`BxiBQM Q7 i?2 2t+BiQM M/ i?2 ++QKTMB2/ `2/m+2/ bT+BH Qp2`HTX
HH +H+mHiBQMb `2 T2`7Q`K2/ rBi?Qmi //BiBQMH }iiBM;@T`K2i2`b M/ ;Bp2 
.ys i`MbBiBQM 2M2`;v Q7 RXR98 2o BM i?2 #b2M+2 Q7 2H2+i`B+ }2H/b- `2K`F#Hv +HQb2
iQ i?2 2tT2`BK2MiH pHm2 Q7 RXR8y 2oX h?2 `2bmHi Q7 i?2 2H2+i`B+ }2H/ /2T2M/2Mi
.ys i`MbBiBQM 2M2`;v +H+mHiBQM Bb b?QrM BM 6B;X dXRyUVX  `2HiBp2Hv HBM2`
/2+`2b2 Q7 i?2 i`MbBiBQM 2M2`;v Bb Q#b2`p2/ mT iQ i?2 BQMBbiBQM }2H/ Q7 i?2 .ys
r?B+? Bb i E ≈ RofƒKX h?2 bi`2M;i? Q7 i?2 i`MbBiBQM 2M2`;v b?B7i Bb ;Bp2M #v
∼k8K2o/(RofƒK)X h?2 b?B7i Q7 i`MbBiBQM 2M2`;v Bb ++QKTMB2/ #v  `2/m+iBQM BM
/BTQH2 KQK2Mi- /m2 iQ i?2 HQr2` bTiBH Qp2`HT Q7 /QMQ` M/ 2t+BiQM rp2 7mM+iBQMX
AM /Bb;`22K2Mi rBi? i?2 `Qm;?Hv HBM2` b?B7i T`2/B+i2/ #v i?2 iB;?i@#BM/BM; i?2Q`v
Bb i?2 2z2+iBp2 Kbb i?2Q`v Q7 .MB2H "HQbb2v 7`QK RNdy (kyN)X >2`2- i?2 2t+BiQM
?QH2 M/ 2H2+i`QMb `2 i`2i2/ rBi? i?2 `2bT2+iBp2 "HQ+? 7mM+iBQMb Q7 i?2 T2`BQ/B+
HiiB+2- r?BH2 i?2 BQMBb2/ /QMQ` 2H2+i`QM M/ i?2 b2+QM/ 2H2+i`QM `2 K2`2Hv i`2i2/
b  M2mi`H HQ+HBbiBQM +2Mi2`RRX  i?2Q`v 7Q` i?2 .ys 2M2`;v Bb /2p2HQT2/ i?i
Bb bmTTQb2/ iQ #2 TTHB+#H2 Qp2`  H`;2 `M;2 Q7 2H2+i`B+ }2H/ pHm2b mT iQ i?2
BQMBbiBQM }2H/X Ai Bb 7QmM/ i?i 7Q` HQr2` }2H/b UmT iQ #Qmi ?H7 i?2 pHm2 Q7 i?2
RRh?Bb bbmKTiBQM Bb 7m`i?2`KQ`2 +Q``Q#Q`i2/ #v i?2 bTiBH /Bbi`B#miBQM 7QmM/ #v _?KM 2iX
HX- r?B+? H2p2b QM2 2H2+i`QM i i?2 /QMQ` HQ+iBQM B``2bT2+iBp2 Q7 2H2+i`B+ }2H/ bi`2M;i?X
dX9 1H2+i`B+ }2H/ /2T2M/2M+2 Q7 i?2 .ys i`MbBiBQM R3j
BQMBbiBQM }2H/V  T2`im`#iBp2 TT`Q+? Bb bm{+B2Mi M/  7Q`KmH 7Q` i?2 b?B7ib Q7
i?2 ?v/`Q;2M@HBF2 ;`QmM/ M/ 2t+Bi2/ bii2b Q7 i?2 2t+BiQM Bb ;Bp2MX 6Q` i?2 ;`QmM/
bii2 Bi `2/b,
∆E.ys
E; − E.ys = −
[
1 +
9
8
( E
EA
)2]
UdXRRV
r?2`2 EA = (E; − E.ys)/(ea.ys) ≈ kyK2o/(e9XN MK) ≈ 9ofƒKX EA Bb i?2
7Q`2K2MiBQM2/ Q`/2` Q7 K;MBim/2 Q7 i?2 BQMBbiBQM }2H/- BX2X i?2 }2H/ `2[mB`2/ iQ
+`2i2  TQi2MiBH /`QT +`Qbb i?2 "Q?` `/Bmb Q7 i?2 2t+BiQM a.ys U+7X a2+X 8XRV
2[mH iQ i?2 #BM/BM; 2M2`;v Q7 i?2 2t+BiQMX
h?2 T`2/B+i2/ b?B7ib +H+mHi2/ #v "HQbb2vǶb T2`im`#iBp2 2z2+iBp2 Kbb i?2Q`v
`2 /2TB+i2/ BM 6B;X dXRyU#VX aBKBH` iQ i?2 ai`F b?B7i Q7 i?2 iQKB+ Q`#BiHb Q7
?v/`Q;2M-  HBM2` b?B7i Bb Q#b2`p2/ 7Q` i?2 2t+Bi2/ bii2b- r?BH2 i?2 ;`QmM/ bii2b
b?Qrb  [m/`iB+ b?B7iX *QKT`2/ iQ i?2 iB;?i #BM/BM; i?2Q`v Q7 _?KM- "HQbb2vǶb
i?2Q`v T`2/B+ib  Km+? bKHH2` 2H2+i`B+ }2H/ BM/m+2/ b?B7i- #Qi? i HQr2` 2H2+i`B+
}2H/b U/m2 iQ i?2 b[m`2 /2T2M/2M+2V #mi HbQ i }2H/b +HQb2 iQ i?2 BQMBbiBQM }2H/X
 &YQFSJNFOUBM SFTVMUT
GBi2`im`2 QM 2tT2`BK2MiH Q#b2`piBQM Q7 2H2+i`B+ }2H/ BM/m+2/ .ys b?B7ib Bb HKQbi
MQM@2tBbiBM;X h?2 QMHv Tm#HB+iBQM K2MiBQMBM; i?Bb T`Q+2bb /Bb+mbb2b i?2 [m2M+?BM;
Q7 i?2 .ys T?QiQ HmKBM2b+2M+2 mTQM TTHB+iBQM Q7 M 2H2+i`B+ }2H/Rk (kRy)X qBi?BM
i?Bb Tm#HB+iBQM Bi Bb `2K`F2/ i?i ǳMQ bT2+i`H b?B7ib r2`2 Q#b2`p2/ rBi? 2H2+i`B+
}2H/ rBi?BM i?2 bT2+i`H `2bQHmiBQM mb2/ U≈ RK2oVǴ M/ i?2 H`;2bi TTHB2/ }2H/ rb
yXyR8ofƒKX "Qi? i?2 bT2+i`H `2bQHmiBQM M/ i?2 TTHB2/ #Bb `2 `2HiBp2Hv bKHH
M/ `2 MQi bm{+B2Mi iQ pHB/i2 Q` `2D2+i QM2 Q` i?2 Qi?2` i?2Q`2iB+H /2b+`BTiBQMX
AM i?2 7QHHQrBM;- BKT`Qp2/ K2bm`2K2Mib `2 T`2b2Mi2/ Q7  p`B2iv Q7 /2pB+2b
7#`B+i2/ mbBM; i?2 .ys.1o T`Q+2bb /Bb+mbb2/ BM a2+X 9XRXkX 6Qm` /Bz2`2Mi FBM/b
Q7 /2pB+2 UH#2HH2/ /2pB+2b A iQ Ao #2HQrV ?p2 #22M i2bi2/X PMHv  bBM;H2 /2pB+2
U/2pB+2 AoV 72im`2/  +QMbBbi2Mi- H#2Bi bKHH U+QKT`2/ iQ i?2 HBM2rB/i?V b?B7i Q7
.ys i`MbBiBQM 2M2`;vX 6B`bi- i?2 i2bi2/ /2pB+2b i?i /B/ MQi 72im`2  bB;MB}+Mi
bT2+i`H b?B7i `2 bmKK`Bx2/ M/ i?2 mTT2` #QmM/ 7Q` i?2 .ys ai`F b?B7i Bb
2biBKi2/,
Rkam+? [m2M+?BM; bi`ib i `2HiBp2Hv HQr 2H2+i`B+ }2H/b Q7 yXyy8ofƒK /m2 iQ BKT+i BQMBxiBQM #v
}2H/ ++2H2`i2/ 2H2+i`QMb M/ ?QH2bX
R39 *?Ti2` d "QmM/ 2t+BiQM K2bm`2K2Mib BM bBHB+QM /2pB+2b
* 'PVS QBSBMMFM O FMFDUSPEFT PO JNQMBOUFE TRVBSF
h?Bb bKTH2 UMiaB@_2b"`bV ?b #22M mb2/ BM a2+X dXk M/ Bb /2TB+i2/ BM 6B;X dXkX
M BKTHMi2/ b[m`2 Q7 9yy ƒK × 9yy ƒK Bb +QMi+i2/ #v }p2 T`HH2H #`b Q7 n+
2H2+i`Q/2b rBi? 2pTQ`i2/ HmKBMBmK QM iQTX 6Q` i?2 2H2+i`B+ }2H/ K2bm`2K2Mib-
 +m``2Mi Bb bQm`+2/ #2ir22M i?2 Qmi2`KQbi #`b- r?BH2 i?2 BMM2` #`b- b2T`i2/
#v kyy ƒK +i b i?2 pQHi;2 /2i2+iBQM BM  7Qm` TQBMi +QM};m`iBQMX .m2 iQ i?2
#QM/BM;- i?2 bT2+i`mK i yh Bb #`Q/ M/ QMHv  bB;MB}+Mi K;M2iB+ }2H/ Q7
eyyKh ;2M2`i2b HBM2b rBi? i?2 BMi`BMbB+ MiaB .ys HBM2rB/i?X "Bb2b mT iQ ∼j8o
r2`2 TTHB2/- `2bmHiBM; BM M 2H2+i`B+ }2H/ ∼yXyNofƒK- K2bm`2/ #v i?2 BMM2`
irQ +QMi+ibX LQ bB;MB}+Mi b?B7i Q7 Mv Q7 i?2 bBt .ys i`MbBiBQM 2M2`;B2b Bb /2i2+i2/
mT iQ M ++m`+v Q7 ∼9ƒ2oX h?2 K2bm`2K2Mi KB;?i TQi2MiBHHv #2 ~r2/ /m2
iQ i?Qb2 /QMQ`b i?i `2 /B`2+iHv #2M2i? i?2 +QMi+ib- r?B+? `2 MQi bm#D2+i iQ 
bi`QM; 2H2+i`B+ }2H/X
** )BMM TRVBSF XJUI O FMFDUSPEFT PO UIF DPSOFST PG B 8yƒK× 8yƒK JNQMBOUFE
BSFB
h?2 B/2 Q7 i?Bb /2pB+2 UbKTH2 MiaB@bKHH>HHV Bb bBKBH` iQ i?2 >HH K2bm`2K2Mi
/Bb+mbb2/ BM a2+X 8XkXkX h?2 +Q`M2`b Q7 M T?QbT?Q`mb BKTHMi2/ b[m`2 Q7 8y ƒK×
8y ƒK `2 +QMi+i2/ #v n+ 2H2+i`Q/2b r?B+? BM im`M `2 +QMM2+i2/ pB K2iHHB+ H2/b
M/ #QM/ T/bX  +m``2Mi Bb bQm`+2/ HQM; QM2 bB/2 Q7 i?2 BKTHMi2/ `2- r?BH2
i?2 pQHi;2 Bb K2bm`2/ +`Qbb i?2 QTTQbBi2 bB/2X "Qi? i?2 +m``2Mi i?`Qm;? i?2 #Bb
H2/b M/ i?2 pQHi;2 K2bm`2/ QM i?2 QTTQbBi2 bB/2 `2 K2bm`2/ b  7mM+iBQM Q7
rp2H2M;i? 7Q` /Bz2`2Mi #Bb pQHi;2bX qBi? M ++m`+v ∼9ƒ2o MQ b?B7i Q7 i?2
.ys i`MbBiBQM 2M2`;v 2Bi?2` i yh MQ` i jyyKh Bb Q#b2`p2/ mT iQ #Bb pQHi;2b Q7
RyoX h?Bb #Bb `2bmHi2/ BM K2bm`2/ pQHi;2b QM i?2 QTTQbBi2 bB/2 Q7 ∼RX8o M/ M
2H2+i`B+ }2H/ #Bb Q7 i?2 BKTHMi2/ `2 Q7 E > RX8o/8yƒK = yXyjofƒKX
*** 1BSBMMFM O FMFDUSPEFT PO CVMLEPQFE XBGFS RyƒK× 8yƒK
h?Bb /2pB+2 UbKTH2 MiaB@T`1H2+RyV ?b i?2 bK2 HvQmi b /2pB+2 Ao- 7Q` r?B+?
 b?B7i Bb Q#b2`p2/- rBi? irQ T`HH2H n+ 2H2+i`Q/2b QM iQT Q7  #mHF@/QT2/ r72`-
#mi Bib /BK2MbBQMb `2 bKHH2` rBi? M 2H2+i`Q/2 b2T`iBQM Q7 Ry ƒK M/  H2M;i? Q7
8y ƒKX AM +QMi`bi iQ /2pB+2 Ao- i?Bb /2pB+2 b?Qrb  T`QMQmM+2/ x2`Q@}2H/ bTHBiiBM;
Q7 ∼3 ƒ2o- r?B+? Bb HBF2Hv bi`BM BM/m+2/X  bHB;?i b?B7i- bKHH2` i?M i?2 b?B7i
Q#b2`p2/ 7Q` /2pB+2 Ao- Bb HbQ b22M BM i?Bb /2pB+2 7Q` QM2 Q7 i?2 irQ T2Fb M/ Bb
QM i?2 Q`/2` Q7 jƒ2o 7Q`  }2H/ Q7 yXyNofƒKX h?Bb `2bmHi Bb bQK2r?i BM
++Q`/M+2 rBi? i?2 /i /Bb+mbb2/ #2HQr- #mi Bb +2`iBMHv MQi +QM+HmbBp2 BM Bib2H7 /m2
dX9 1H2+i`B+ }2H/ /2T2M/2M+2 Q7 i?2 .ys i`MbBiBQM R38
iQ i?2 Q#b2`p2/ x2`Q@}2H/ bTHBiiBM;- r?B+? BM+`2b2/ i?2 2z2+iBp2 i`MbBiBQM HBM2rB/i?
M/ i?mb `2/m+2/ ++m`+vX 6m`i?2`KQ`2- i?2 7+i i?i QMHv QM2 Q7 i?2 irQ T2Fb
72im`2b M Q#b2`p#H2 b?B7i Bb MQi mM/2`biQQ/- #mi +QmH/ ?BMi i?i QM2 bT2+B2b Q7
.ys U2Bi?2` ?2pv@ Q` HB;?i ?QH2 .ysV Bb bi`QM;2` BM~m2M+2/ #v 2H2+i`B+ }2H/b i?M
i?2 Qi?2`X >Qr2p2`- MQ i?2Q`2iB+H T`2/B+iBQM iQ bm;;2bi bQ Bb FMQrM- M/- b bii2/-
i?2 K2bm`2K2Mib `2 MQi +QM+HmbBp2 2MQm;? iQ /2+H`2 bm+? M Q#b2`piBQMX
*7 1BSBMMFM O FMFDUSPEFT PO CVMLEPQFE XBGFS kyƒK× 3yyƒK
h?2 QMHv /2pB+2 i?i b?Qr2/  bB;MB}+Mi- +QMbBbi2Mi b?B7i Q7 .ys i`MbBiBQM 2M2`;v
Bb bKTH2 MiaB@T`1H2+ky rBi? irQ T`HH2H n+ 2H2+i`Q/2b rBi?  b2T`iBQM Q7 ky ƒK
M/  H2M;i? Q7 3yy ƒK- /2TB+i2/ b i?2 BMb2i Q7 6B;X dXRRU#VX h?2 /2pB+2 Bb 7#`B+i2/
QM  #mHF@/QT2/ r72` rBi?  +QM+2Mi`iBQM Q7 j× RyR8 +KƐj- r?B+? Bb HBF2Hv MQi
QTiBKH 7Q` i?2 ?QKQ;2M2Biv Q7 i?2 2H2+i`B+ }2H/X >Qr2p2`- i?2 `2HiBp2 bm++2bb
Q7 i?Bb 2tT2`BK2Mi BM/B+i2b i?i /QMQ`b i?i `2 MQi /B`2+iHv #2ir22M i?2 irQ
2H2+i`Q/2b b22K MQi iQ +QMi`B#mi2 bB;MB}+MiHv iQ i?2 +``B2` i`MbTQ`i M/ ?2M+2
+QM/m+iBpBiv Q7 i?2 bKTH2X
h?2 2tT2`BK2Mi Bb T2`7Q`K2/ #v b2iiBM;  +2`iBM pQHi;2 #Bb M/ KQMBiQ`BM;
i?2 +m``2Mi b  7mM+iBQM Q7 Hb2` rp2H2M;i? 7Q` irQ /Bz2`2Mi Hb2` BMi2MbBiB2b
IG = j8yyqfKk M/ RkyqfKk i 9X8E M/ yhX h?2 `2bT2+iBp2 +m``2Mi i`+2bĜ
MQ`KHBx2/ 7Q` pBbB#HBivĜ `2 THQii2/ BM 6B;X dXRRUV i i?2B` `2bT2+iBp2 p2`;2 2H2+@
i`B+ }2H/ #BbX 6B;m`2 dXRRU#V b?Qrb i?2 2ti`+i2/ A@o +?`+i2`BbiB+b #Qi? QM@ M/
Qz `2bQMM+2 rBi? i?2 T`2pBQmbHv Q#b2`p2/ bi22T `Bb2 Q7 +m``2Mi #Qp2  +2`iBM
i?`2b?QH/ pQHi;2- r?B+? Bb 2tT2+i2/ iQ #2 /m2 iQ i?2 +QK#BMiBQM Q7 imMM2HBM; i
i?2 2KBii2` 2H2+i`Q/2 M/ BKT+i BQMBxiBQM Q7 /QMQ`b U+7X a2+X dXkVX 6B;m`2 dXRRU+V
/2TB+ib i?2 b?B7i BM T2F TQbBiBQM Q7 i?2 #QmM/ 2t+BiQM i`MbBiBQM- b /2/m+2/ 7`QK
 :mbbBM }i iQ i?2 i`+2b Q7 6B;X dXRRUVX  b?B7i Q7 #Qmi k ƒ2o Bb 2ti`+i2/ rBi?
 ?B;? /2;`22 Q7 +QM}/2M+2 7Q` #Qi? Hb2` TQr2`bX h?2 Q#b2`p2/ b?B7i Bb bKHH2`
i?M i?2 .ys HBM2rB/i? U∼e ƒ2o i HQr2` #Bb M/ ∼Ry ƒ2o i ?B;? #BbVX Ai b?QmH/
#2 MQi2/ i?i- rBi? i?2 /2p2HQT2/ KQ/2H 7Q` i?2 +?`;2 i`MbTQ`i BM i?2b2 /2pB+2b-
BM i?2 ?B;? #Bb `2;BK2 i?2 2H2+i`B+ }2H/ #2ir22M i?2 +QMi+ib Bb BM/22/ bBKTHv i?2
pQHi;2 /BpB/2/ #v i?2 +QMi+i b2T`iBQM U+7X TT2M/Bt *VX
h?2 2ti`+i2/ b?B7ib 7Q` #Qi? Hb2` BMi2MbBiB2b b?Qr i?2 bK2 2H2+i`B+ }2H/ /2T2M@
/2M+2- r?B+? Bb r2HH /2b+`B#2/ #v i?2 T`#QHB+ #2?pBQm` Q7 "HQbb2vǶb i?2Q`vX h?2
Q`M;2 HBM2 BM 6B;bX dXRRU-+V `2T`2b2Mib i?2 2tT2+i2/ [m/`iB+ b?B7i ++Q`/BM; iQ
1[X UdXRRV rBi? `2bQM#H2 pHm2b 7Q` E; − E.ys = kyK2o M/ EA = 8XkofƒKX
>2M+2-  ;QQ/ ;`22K2Mi Bb 7QmM/ #2ir22M i?2 /i M/ "HQbb2vǶb i?2Q`vX AM +QM@
R3e *?Ti2` d "QmM/ 2t+BiQM K2bm`2K2Mib BM bBHB+QM /2pB+2b
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'JHVSF h?2 2H2+i`B+ }2H/ /2T2M/2M+2 Q7 i?2 .ys bT2+i`mK Q7 bKTH2 MiaB@
T`1H2+kyX UV h?2 +m``2Mi i?`Qm;? i?2 /2pB+2 b  7mM+iBQM Q7 rp2H2M;i?
M/ pQHi;2 #BbX h?2 i`+2b `2 MQ`KHBx2/ 7Q` pBbB#BHBiv M/ i?2 KtBKmK
+m``2Mib UKBMBKmK 7Q` M2;iBp2 +m``2MibV Q7 2+? i`+2 Bb HQ+i2/ i i?2 #Bb
pQHi;2X U#V h?2 A@o +?`+i2`BbiB+b 7Q` irQ /Bz2`2Mi Hb2` TQr2`b #Qi? QM
`2bQMM+2 U2KTiv +B`+H2bV M/ Qz `2bQMM+2 U7mHH +B`+H2bVX h?2 BMb2i Bb 
b+?2KiB+ Q7 i?2 /2pB+2X U+V h?2 :mbbBM@}ii2/ T2F TQbBiBQM Q7 UV b 
7mM+iBQM Q7 K2M 2H2+i`B+ }2H/X 1``Q` #`b `2 i?2 biM/`/ /2pBiBQM Q7 i?2
}iX h?2 Q`M;2 HBM2 Bb i?2 i?2Q`2iB+HHv T`2/B+i2/ b?B7i 7QHHQrBM; 1[X UdXRRV
rBi? E; − E.ys = kyK2o M/ EA = 8XkofƒK M/ Bb HbQ THQii2/ BM UV 7Q`
/B`2+i +QKT`BbQM Q7 .ys HBM2rB/i? BM MiaB M/ T2F b?B7iX
dX9 1H2+i`B+ }2H/ /2T2M/2M+2 Q7 i?2 .ys i`MbBiBQM R3d
i`bi- 2ti`TQHiBM; _?KMǶb HBM2` /2T2M/2M+2 iQr`/b HQr2` #Bb2b rQmH/ T`2/B+i
 b?B7i Q7 Rk8y ƒ2o 7Q`  #Bb Q7 E = yXy8ofƒK ě  T`2/B+iBQM i?`22 Q`/2`b Q7 K;@
MBim/2 #Qp2 i?2 2tT2`BK2MiH `2bmHiX
 $PODMVTJPO
6`QK i?2 2tT2`BK2MiH 2pB/2M+2- Bi +M #2 +QM+Hm/2/ i?i i?2 HBM2` /2T2M/2M+2 Q7
_?KMǶb i?2Q`v Bb +2`iBMHv MQi pHB/ 7Q` i?2 HQr #Bb `2;BK2 rBi? 2H2+i`B+ }2H/b
#2HQr ∼yXRofƒKX AMbi2/- ;QQ/ ;`22K2Mi Bb 7QmM/ rBi?  [m/`iB+ /2T2M/2M+2
b T`2/B+i2/ #v "HQbb2vǶb i?2Q`vX h?2`2 `2 +2`iBMHv  MmK#2` Q7 QT2M [m2biBQMb
i?i Kmbi #2 //`2bb2/ #27Q`2  +QM+HmbBp2 Mbr2` +M #2 /`rMX .2pB+2 A M/
AAA /B/ MQi b?Qr  bB;MB}+Mi b?B7i- Hi?Qm;? i?2 TTHB2/ #Bb2b `2 QM i?2 bK2
Q`/2` Q7 K;MBim/2 b /2pB+2 AoX Ab i?Bb bBKTHv /m2 iQ 2tT2`BK2MiH ++m`+v- Q` /Q
K;M2iB+ }2H/b U/2pB+2 AV Q` bi`BM U/2pB+2b A 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+?B2p2 ?B;?2` bTBM@b2MbBiBpBivX h?`Qm;?Qmi i?Bb i?2bBb `2bBbiBp2 /2pB+2b ?p2 #22M
K2bm`2/- r?B+? 72im`2  +2`iBM QTiBKH #Bb pQHi;2- i r?B+? i?2 +QMi`bi #2@
ir22M QM@ M/ Qz@`2bQMMi .ys bB;MH Bb KtBKH- b b22M BM 6B;X dX9  dXRRX 6m`i?2`
`2b2`+? Kv #2 `2[mB`2/ iQ i2bi B7 i?2 bB;MH [mHBiv i i?2b2 #Bb TQBMib Kv #2
BM+`2b2/ #v  +?M;2 Q7 /2pB+2 /2bB;MX 6m`i?2`KQ`2- 2M#H2/ #v i?2 TT`2Mi HQr
2H2+i`B+ }2H/ b2MbBiBpBiv Q7 i?2 .ys- M2r ivT2 Q7 /2pB+2b Kv #2 2MpBbBQM2/- r?B+? /Q
MQi `2Hv QM  +QM/m+iBpBiv K2bm`2K2Mi Ur?Qb2 `2/Qmi@iBK2 b+H2 M/ b2MbBiBpBiv
Bb mHiBKi2Hv HBKBi2/ #v i?2 2H2+i`QM +Tim`2 iBK2 Q7 i?2 BQMBx2/ /QMQ` +QM+2Mi`@
3Xk 6mim`2 `2b2`+? /B`2+iBQMb RNj
iBQMVX AMbi2/- /2pB+2b +QmH/ #2 2MpBbBQM2/ i?i +QHH2+i i?2 m;2` 2H2+i`QMb M/
;Bp2b M QmiTmi bB;MH i?i b+H2b HBM2`Hv rBi? i?2B` MmK#2`X h?Bb QT2`iBQM rQmH/
#2 bBKBH` iQ  bBM;H2 **. TBt2HX
MQi?2` Ti? 7Q`r`/ Bb iQ #2M2}i 7`QK i?2 r2Hi? Q7 /2pB+2 /2bB;Mb i?i ?p2
#22M T`QTQb2/ 7Q` 2ti`BMbB+ BM7``2/ /2i2+iQ`b (ReR- kRR)X h?2b2 /2i2+iQ`b BK iQ
/2i2+i i?2 BQMBbiBQM Q7 b?HHQr /QMQ`b /m2 iQ BM7``2/ `/BiBQM M/ ?2M+2 `2 +QM@
+2TimHHv p2`v bBKBH`X .2pB+2b bm+? b KQ/B}2/ #HQ+F2/@BKTm`Biv@#M/ /2i2+iQ`b
(kRk) Q` Qi?2` BM7``2/ /2i2+iQ` /2bB;Mb Kv BMbTB`2 /QMQ` bTBM [mMimK b2MbBM;
/2pB+2b i?i Kv +?HH2M;2 i?2 #2bi K;M2iQK2i2`b Q7 iQ/vX
AM bmKK`v- [mMimK BM7Q`KiBQM T`Q+2bbBM; M/ [mMimK b2MbBM; ?b `2B;MBi2/
BMi2`2bi BM i?2 #QmM/ 2t+BiQM Q7 bBHB+QM /QMQ`b- }p2 /2+/2b 7i2` i?2 BMBiBH TT2`bX
h?2 `2HiBp2Hv bBKTH2 bTBM@iQ@+?`;2 +QMp2`bBQM i2+?MB[m2 T`QKBb2b ?B;?@b2MbBiBpBiv
K;M2iQK2i`v /2pB+2b rBi?  ƒK@bTiBH `2bQHmiBQMX AM i?2 `2HK Q7 [mMimK BM@
7Q`KiBQM- i?2 .ys i`MbBiBQM Kv +?B2p2  `2HB#H2 [m#Bi `2/QmiX H#2Bi M
2M+Qm`;BM; bKHH 2H2+i`B+ }2H/ b2MbBiBpBiv- Bib bmBi#BHBiv 7Q` [m#Bi `2/Qmi BM bBM@
;H2 /QMQ` /2pB+2b b22Kb iQ #2 bi`QM;Hv /2T2M/2Mi QM r?2i?2` H`;2- bi`BM@BM/m+2/
i`MbBiBQM 2M2`;v b?B7ib +M #2 pQB/2/ BM i?2 /2pB+2 /2bB;MX
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AM i?2 7QHHQrBM;- i?2 HQ;#QQF 7Q` i?2 7#`B+iBQM Q7 i?2 .ys.1o /2pB+2b Bb T`2b2Mi2/X
h?2 7QHHQrBM; i#H2 /2iBHb HH 7#`B+iBQM bi2Tb- r?BH2  bmKK`v ?b #22M ;Bp2M BM
a2+X 9XRXkX
5BCMF " 6#`B+iBQM bi2Tb Q7 i?2 .ys.1o /2pB+2bX
ai2T ai2T /2iBHb
 HB;MK2Mi K`F2`
R *H2MBM; BM RRe8 bQHp2Mi- 8KBM- dy ◦*X
k 6`2b? RRe8 bQHp2Mi- 8KBM- mHi`bQMB+b- `QQK i2KT2`im`2X
j AS- 8KBM- `QQK i2KT2`im`2X
9 .A ri2` `BMb2X
8 Lk #HQr /`vX
e .2?v/`iBQM #F2 BM Qp2M- kky ◦*- kyKBMX
d aTBM +Qi T?QiQ `2bBbi aR3R3- RX3 ƒK i?B+FM2bb UK2bm`2/V- 9yyy `TK- jy bX
3 S?QiQ `2bBbi #F2 QM ?Qi THi2- MQKBMH RR8 ◦*- RKBM UBM ?BM/bB;?i Kv#2
 #Bi b?Q`iVX
N 1tTQbm`2 rBi? ZmBMi2H Z9yyy@e KbF HB;M2`- dXj bX
Ry .2p2HQT BM J6ke- RKBM- .A ri2` `BMb2- Lk #HQr /`vX
RR _2+iBp2 BQM 2i+?BM; UPt7Q`/ AMbi`mK2Mib L:S3yV- :b2b, *>6j
83Xj b++K- a6e k8 b++K- iBK2, 8KBM UT`Q#H2KiB+ B7 HQM;2`V- T`2b@
bm`2, RyK#`- M;H2, e8ê- bi`BF2 T`2bbm`2, ey- .* #Bb, ky- `KT `i2, e-
7Q`r`/ TQr2`, R8y- HQr2` K;MBim/2, eeW- HQr2` T?b2, 9dWX
+QMiBMm2/ QM M2ti T;2
RNd
RN3 *?Ti2`  6#`B+iBQM HQ;#QQF Q7 .ys.1o /2pB+2b
5BCMF " U*QMiXV 6#`B+iBQM bi2Tb Q7 i?2 .ys.1o /2pB+2bX
ai2T ai2T /2iBHb
Rk _2bBbi `2KQpH, RRe8 bQHp2Mi- 8KBM- dy ◦*- mHi`bQMB+b- .A ri2` `BMb2- Lk
#HQr /`vX
Rj .2FiFsh /2Ti? +?2+F ;Bp2b HB;MK2Mi K`F2` /2Ti?b Q7 jdy MK M/
KB+`Qb+QT2 BK;2b b?Qr ∼Ryy MK H`;2` 72im`2 bBx2b i?M i?2 KbF
bBx2bX J2bm`2/ 2i+? `i2b Q7 i?Bb `2+BT2 `2 d8 MKfKBM 7Q` bBHB+QM M/
ey MKfKBM 7Q` i?2 aR3R3 `2bBbiX
" M+ `b2MB+ BKTHMiiBQM
"R .2?v/`iBQM #F2 BM Qp2M- kky ◦*- kyKBMX
"k aTBM +Qi T?QiQ `2bBbi aR3R3- 9yyy `TK- jy bX
"j S?QiQ `2bBbi #F2 QM ?Qi THi2- MQKBMH RR8 ◦*- RKBMX
"9 1tTQbm`2 rBi? ZmBMi2H Z9yyy@e KbF HB;M2`- dXj bX
"8 .2p2HQT BM J6ke- RKBM- .A ri2` `BMb2- Lk #HQr /`vX
"e .2b+mK Q7 `2bBbi `2bB/m2 i i?2 #QiiQK Q7 2tTQb2/ i`2M+?2b BM i?2 .B2M2`
THbK b?2`X ;b, Pk- yX9K#`- TQr2`, RyyW- kKBMX
"d AQM BKTHMiiBQM i i?2 am``2v AQM "2K *2Mi`2X aT2+B2b, d8b- BKTHM@
iiBQM 2M2`;v 9y F2o- BKTHMiiBQM M;H2, dê- /Qb2, k× RyR8 +KƐkX h?2
2tT2+i2/ BKTHMiiBQM T`Q}H2 Bb /2TB+i2/ BM 6B;X 9XkU#V
* GQr /Qb2 S?QbT?Q`mb BKTHMiiBQM
*R _2bBbi `2KQpH M/ +H2MBM;, R8KBM RRe8 i dy ◦* rBi? mHi`bQMB+bX
*k 8KBM +2iQM2- 8KBM AS- .A ri2` `BMb2- Lk #HQr /`vX
*j .2?v/`iBQM #F2 BM Qp2M- kky ◦*- kyKBMX
*9 aTBM +Qi T?QiQ `2bBbi aR3R3- 9yyy `TK- jy bX
*8 S?QiQ `2bBbi #F2 QM ?Qi THi2- MQKBMH RR8 ◦*- RKBM rb iQQ b?Q`i Ur72`
bim+F iQ KbFV- //2/ MQi?2` jy bX
*e 1tTQbm`2 rBi? ZmBMi2H Z9yyy@e KbF HB;M2`- dXj bX
*d .2p2HQT BM J6ke- RKBM- .A ri2` `BMb2- Lk #HQr /`vX
*3 .B2M2` THbK b? /2b+mKX ;b, Pk- yX9K#`- TQr2`, RyyWX
+QMiBMm2/ QM M2ti T;2
RNN
5BCMF " U*QMiXV 6#`B+iBQM bi2Tb Q7 i?2 .ys.1o /2pB+2bX
ai2T ai2T /2iBHb
*N AQM BKTHMiiBQM i i?2 am``2v AQM "2K *2Mi`2X aT2+B2b, jRS- BKTHM@
iiBQM 2M2`;v Ryy F2o- BKTHMiiBQM M;H2, dê- /Qb2, d× RyRy +KƐkX h?2
2tT2+i BKTHMiiBQM T`Q}H2 Bb /2TB+i2/ BM 6B;X 9XkU+V
. PtB/2 ;`Qri? M/ 2i+?
.R _2bBbi `2KQpH, 8KBM RRe8 i dy ◦* rBi? mHi`bQMB+bX
.k .A ri2` `BMb2- Lk #HQr /`vX
.j SB`M? 2i+? 7Q` H2bi +QMiKBMiBQM /m`BM; }2H/ QtB/2 ;`Qri?X //
9yyKH >kPk bHQrHv iQ 9yyKH >kaP9X // r72`b iQ i?2 7`2b?- #m##HBM;
bQHmiBQM 7Q` RyKBM U}`bi r72`V iQ R8KBM UHbi r72`bVX
.9 .A ri2` `BMb2- Lk #HQr /`vX
.8 .`v QtB/2 ;`Qri? i i?2 lMBp2`bBiv Q7 aQmi?KTiQMX Pk iKQbT?2`2-
8KBM- N8y ◦* US`Q+2bb /2p2HQT2/ 7Q` i?2 lL.1.. T`QD2+iVX
.e *H2MBM;, 8KBM +2iQM2- 8KBM AS- .A ri2` `BMb2- Lk #HQr /`vX
.d .2?v/`iBQM #F2 BM Qp2M- kky ◦*- kyKBMX
.3 aTBM +Qi T?QiQ `2bBbi aR3R3- 9yyy `TK- jy bX
.N S?QiQ `2bBbi #F2 QM ?Qi THi2- MQKBMH RR8 ◦*- R,R8KBMX
.Ry 1tTQbm`2 rBi? ZmBMi2H Z9yyy@e KbF HB;M2`- dXj bX
.RR .2p2HQT BM J6ke- RKBM- .A ri2` `BMb2- Lk #HQr /`vX
.Rk .B2M2` THbK b? /2b+mKX ;b, Pk- yX9K#`- TQr2`, RyyWX
.Rj 1HHBTbQK2i2` K2bm`2K2Mi Q7 i?2 QtB/2 i?B+FM2bb i i?2 2tTQb2/ bi`m+@
im`2b, RR MK iQ Rk MKX
.R9 "mz2`2/ QtB/2 2i+? jy b UL>96/>6 4 e,RVX .B `BMb2- Lk #HQr /`vX
.R8 1HHBTbQK2i2` K2bm`2K2Mi Q7 i?2 QtB/2 i?B+FM2bb i QM i?2 2i+?2/ bm`7+2,
∼R MKX
1 *QMi+i HmKBMBmK
1R _2bBbi `2KQpH, 8KBM RRe8 i dy ◦* rBi? mHi`bQMB+bX
1k .A ri2` `BMb2- Lk #HQr /`vX
+QMiBMm2/ QM M2ti T;2
kyy *?Ti2`  6#`B+iBQM HQ;#QQF Q7 .ys.1o /2pB+2b
5BCMF " U*QMiXV 6#`B+iBQM bi2Tb Q7 i?2 .ys.1o /2pB+2bX
ai2T ai2T /2iBHb
1j 8KBM +2iQM2- 8KBM AS- .A ri2` `BMb2- Lk #HQr /`vX
19 .2?v/`iBQM #F2 BM Qp2M- kky ◦*- kyKBMX
18 aTBM +Qi T?QiQ `2bBbi aR3R3- 9yyy `TK- jy bX
1e S?QiQ `2bBbi #F2 QM ?Qi THi2 7Q` R,R8KBMXX S`Q##Hv K/2  KBbiF2
?2`2, a2i i?2 ?Qi THi2 iQ K2bm`2 RR8 ◦*- #mi /B/MǶi T`2bb /QrM i?2
i?2`KQK2i2`X h?2 ?Qi THi2 rb i?mb MQKBMHHv i R9y ◦* M/ T`Q##Hv
iQ ?QiX .B/MǶi im`M Qmi iQ #2 /`KiB+ i?Qm;?- +QKT2Mbi2 rBi? HQM;2`
2tTQbm`2 M/ /2p2HQTK2Mi iBK2X PMHv  72r /2pB+2b i i?2 r72` #Q`/2`
U>HH b[m`2bV r2`2 z2+i2/X
1d 1tTQbm`2 rBi? ZmBMi2H Z9yyy@e KbF HB;M2`- dXj b iQ dXd bX
13 .2p2HQT BM J6ke- R,yyKBM Ĝ R,jyKBM- .A ri2` `BMb2- Lk #HQr /`vX
1N .B2M2` THbK b? /2b+mKX ;b, Pk- yX9K#`- TQr2`, RyyWX
1Ry aKTH2 i`Mb72` iQ i?2`KH 2pTQ`iQ` rBi?BM R8KBM iQ kyKBMX
1pTQ`i2 HmKBMBmK }HK Q7 jy MK- +?K#2` T`2b@
bm`2, j× RyƐdK#` iQ j× RyƐeK#`- /2TQbBiBQM `i2, ∼yX8 MKfbX
1RR GB7i Qz BM RRe8 7Q`  72r ?Qm`bX qBi? mHi`bQMB+b 7Q` RyKBM ;Bp2b  #2ii2`
`2bmHi UMQ +QHHTbBM; bB/2rHHbVX
1Rk .A ri2` `BMb2- Lk #HQr /`vX
6 :i2 HmKBMBmK
6R q72` +H2M, 8KBM +2iQM2- 8KBM AS- .A ri2` `BMb2- Lk #HQr /`vX
6k .2?v/`iBQM #F2 BM Qp2M- kky ◦*- kyKBMX
6j aTBM +Qi T?QiQ `2bBbi aR3R3- 9yyy `TK- jy bX
69 S?QiQ `2bBbi #F2 QM ?Qi THi2 7Q` R,R8KBM i MQKBMH RR8 ◦* UK2bm`2/
Ryd ◦*VX
68 1tTQbm`2 rBi? ZmBMi2H Z9yyy@e KbF HB;M2`- dX8 bX
6e .2p2HQT BM J6ke- R,yyKBM- .A ri2` `BMb2- Lk #HQr /`vX
6d HmKBMBmK /2TQbBiBQM BM ?2`KH 2pTQ`iQ` rBi? }HK i?B+FM2bb Q7 jy MK-
/2TQbBiBQM `i2, ∼yX8 MKfbX
63 GB7i Qz BM RRe8 7Q`  72r ?Qm`bX 6BMBb? rBi? mHi`bQMB+b 7Q` ∼RyKBMX
+QMiBMm2/ QM M2ti T;2
kyR
5BCMF " U*QMiXV 6#`B+iBQM bi2Tb Q7 i?2 .ys.1o /2pB+2bX
ai2T ai2T /2iBHb
6N .A ri2` `BMb2- Lk #HQr /`vX
6Ry S`Qi2+iBp2 +Qp2` mbBM; aR3R3 bTBM +Qi2/ T?QiQ `2bBbiX
6RR .B+BM; Q7 r72`b rBi? .Bb+Q /B+BM; brX

"QQFOEJY #
%9 öEFMJUZ JO UIF TUSPOH FYDJUBUJPO
MJNJU
a2+iBQM 8XRX8 +H+mHi2/ i?2 }/2HBiv rBi? r?B+?  bBM;H2 T?QbT?Q`mb /QMQ` 2H2+i`QM
bTBM +M #2 K2bm`2/ #v i?2 .ys@bbBbi2/ bTBM@iQ@+?`;2 +QMp2`bBQM- bbmKBM; 
HQr Hb2` BMi2MbBiv- BX2X MQ +Q?2`2Mi /`BpBM;X AM i?2 7QHHQrBM;- i?2 +Q``2bTQM/BM; +H@
+mHiBQMb BM i?2 bi`QM; 2t+BiiBQM HBKBi- rBi? +Q?2`2Mi /`BpBM; Q7 i?2 .ys i`MbBiBQM
b?Qr i?i i?2 }/2HBiv Bb MQi BKT`Qp2/ Qp2` i?2 r2F 2t+BiiBQM +b2X
Ai Bb bbmK2/ i?i i?2 .ys i`MbBiBQM Bb imM2/ iQ i?2 |↑⟩ bii2- r?BH2 i?2 |↓⟩
bii2 Bb bm#D2+i iQ /B`2+i- Qz@`2bQMMi BQMBbiBQMX h?2 2``Q` Q7 i?2 |↑⟩ bii2 Bb b2i
iQ e↑ = 0- bbmKBM; T2`72+i QTiB+H π@TmHb2b rBi? TmHb2 /m`iBQM tπ, QTiB+H _#BX h?2
K2bm`2K2Mi 2``Q` Bb i?mb 2MiB`2Hv ;Bp2M #v i?2 T`Q##BHBiv Q7 BQMBxBM;  |↓⟩ 2H2+i`QM
/m`BM; i?2 Hb2` TmHb2- r?B+? Bb ;Bp2M #v 1[X U8XkRVX h?2 _#B 7`2[m2M+v 7Q`
i?2 +Q?2`2Mi /`BpBM; Q7 i?2 .ys i`MbBiBQM /2T2M/b QM i?2 b[m`2 `QQi Q7 i?2 Hb2`
BMi2MbBiv IG- ?2M+2 tπ, QTiB+H _#B ∝ I−1/2G - b ;Bp2M #v 1[X U8XeVX AM +QMi`bi- i?2 /B`2+i
BQMBbiBQM `i2 U/m2 iQ Km+? 7bi2` /2+v `i2V BM+`2b2b HBM2`Hv rBi? IGX h?mb- 
b?Q`i2MBM; Q7 tπ, QTiB+H _#B #v  7+iQ` Q7 irQ- `2[mB`2b M BM+`2b2 BM Hb2` TQr2` #v 
7+iQ` Q7 7Qm`- r?B+?- BM im`M- ;Bp2b M BM+`2b2 BM /B`2+i BQMBbiBQM `i2 #v  7+iQ`
Q7 7Qm`- M/- iF2M iQ;2i?2` rBi? i?2 irQ iBK2b b?Q`i2` Hb2` TmHb2- BM+`2b2b e↓ #v
 7+iQ` Q7 irQX >2M+2- HQM;2` TmHb2b M/ HQr2` Hb2` BMi2MbBiB2b `2 #2M2}+BH- b
b?QrM #v i?2 `2bmHib Q7 i?2 7mHH +H+mHiBQMb /2TB+i2/ BM 6B;X "XRX h?2b2 `2 #b2/ QM
i?2 `2TQ`i2/ Qb+BHHiQ` bi`2M;i? Q7 i?2 .ys i`MbBiBQM M/  /B`2+i T?QiQ BQMBbiBQM
+`Qbb@b2+iBQM Q7 σ/B`2+i = σ/B`2+i, T2F/20 U+7X h#H2bX 8XR  8XkVX
h?2 b?/2/ `2 /2TB+ib i?2 HBKBi BM r?B+? tπ, QTiB+H _#B ≥ τm;2` = kdk Mb-
BX2X r?2`2 i?2 bbmKTiBQM Q7 Tm`2Hv +Q?2`2Mi /`BpBM; rBi? e↑ = 0 Bb MQi pHB/ Mv
KQ`2X i i?2 #Q`/2` Q7 i?Bb `2;BQM- rBi? tπ, QTiB+H _#B = kdk Mb Ur?2`2 bi`B+iHv
bT2FBM; i?2 bbmKTiBQM Bb HbQ MQi `2HHv pHB/V- i?2 Qp2`HH K2bm`2K2Mi }/2HBiv
Bb ∼ NNXN9W- BX2X Bi TT`Q+?2b `Qm;?Hv i?2 bK2 }/2HBiv i?i rb +H+mHi2/ 7Q` i?2
kyj
ky9 *?Ti2` " .ys }/2HBiv BM i?2 bi`QM; 2t+BiiBQM HBKBi
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'JHVSF # .ys@bbBbi2/ bTBM@iQ@+?`;2 +QMp2`bBQM 2``Q` Q7  bBM;H2 /QMQ` BM
i?2 HBKBi Q7 +Q?2`2Mi /`BpBM; Q7 i?2 .ys i`MbBiBQMX UV h?2 TmHb2 /m`iBQM
tπ, QTiB+H _#B Q7  π TmHb2 QM i?2 .ysi`MbBiBQM M/ i?2 /B`2+i BQMBbiBQM
`i2 Γ/B`2+i- b  7mM+iBQM Q7 Hb2` BMi2MbBivX U#V h?2 K2bm`2K2Mi 2``Q` /m2
iQ  TmHb2 Q7 H2M;i? tπ, QTiB+H _#B UbbmKBM; e↑ = 0V b  7mM+iBQM Q7 Hb2`
BMi2MbBivX h?2 2``Q` Bb bQH2Hv /m2 iQ i?2 /B`2+i BQMBbiBQM Q7 i?2 |↓⟩ bii2- b
;Bp2M #v 1[X U8XkRVX
r2F Hb2` BMi2MbBiv +b2 BM a2+X 8XRX8X >2M+2- MQ }/2HBiv BKT`Qp2K2Mi `2 7QmM/
7Q` Hb2` TmHb2b bi`QM; 2MQm;? iQ /`Bp2 i?2 .ys i`MbBiBQM +Q?2`2MiHvX
"QQFOEJY $
%FUBJMT PG UIF OOO SFTJTUPS
TJNVMBUJPOT
h?Bb TT2M/Bt T`2b2Mib bmTTH2K2Mi`v THQib iQ #Qi? i?2 ?B;? #Bb UM2;H2+iBM; /B7@
7mbBQM +m``2Mib- #mi BM+Hm/BM; imMM2HHBM; i i?2 2KBii2`V M/ HQr #Bb UBM+Hm/BM;
/BzmbBQM +m``2Mib #mi M2;H2+iBM; imMM2HHBM;V bBKmHiBQMb Q7 i?2 n+nn+ `2bBbiQ`@ivT2
bi`m+im`2 i 9E- b /Bb+mbb2/ BM *?X dXkX
)JHI CJBT TJNVMBUJPO
6B`bi- i?2 /2iBHb Q7 i?2 ?B;? #Bb bBKmHiBQMb `2 /Bb+mbb2/X h?2 /2pB+2 H2M;i? Bb
b2i iQ Ry ƒK M/ i?2 `2bmHiBM; pQHi;2 7Q`  +2`iBM +m``2Mi /2MbBiv J Bb THQii2/
HQ;`Bi?KB+HHv BM 6B;X *XRUVX AM i?2 /`F- i?2 bi22T `Bb2 Q7 +m``2Mi- /m2 iQ i?2
QMb2i Q7 BKT+i BQMBxiBQM Bb 7QmM/ i E = e× Ry9ofKX 6B;m`2 *XRU#V b?Qrb i?2
/Bbi`B#miBQM Q7 TQi2MiBH- 2H2+i`B+ }2H/ U?2`2 H#2HH2/ F V- 7`22 +``B2` M/ BQMBb2/
/QMQ` +QM+2Mi`iBQM M/ +m``2Mi rBi?BM i?2 /2pB+2 BM i?2 /`F 7Q` p`BQmb +m``2Mi
/2MbBiB2bX
6Q` i?2 HQr2` +m``2Mi /2MbBiB2b-  bT+2 +?`;2 `2;BQM Q7 +QKTH2i2Hv BQMBx2/ /QMQ`b
7Q`Kb i i?2 2KBii2`- r?B+? KBMiBMb i?2 ?B;? 2H2+i`B+ }2H/ `2[mB`2/ 7Q` imMM2HBM;
i i?2 2KBii2` UBX2X biBbB}2b i?2 #QmM/`v +QM/BiBQMV M/ #`BM;b i?2 2H2+i`B+ }2H/
iQ  HQr2` pHm2 BM i?2 #mHFX >2`2 2H2+i`QM M/ BQMBb2/ /QMQ` +QM+2Mi`iBQMb `2
2[mH M/ i?2 2H2+i`B+ }2H/ Bb +QMbiMi rBi?  K;MBim/2 Dmbi 2MQm;? iQ T`QpB/2
2MQm;? 2H2+i`QMb pB BKT+i BQMBxiBQM iQ bmbiBM i?2 `2[mB`2/ +m``2Mi J X #Qp2
J = ∼j× RydfKk- i?2 MmK#2` Q7 BMD2+i2/ +``B2`b Bb ;`2i2` i?M i?2 MmK#2` Q7
/QMQ`b- r?B+? Bb FMQrM b +``B2` BMD2+iBQM `2;BK2 M/ Bb /Bb+mbb2/ BM 7m`i?2` /2iBH
2X;X BM `272`2M+2b (RNj)X Ai Bb b22M i?i 7Q` i?2 KDQ`Biv Q7 i?2 /2pB+2- M/ 2bT2+BHHv
7Q` HQr2` +m``2Mi /2MbBiB2b- i?2 2H2+i`B+ }2H/ BM i?2 #mHF Q7 i?2 /2pB+2 UbQHB/ HBM2b Q7
ky8
kye *?Ti2` * .2iBHb Q7 i?2 MYMMY `2bBbiQ` bBKmHiBQMb
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'JHVSF $ >B;? #Bb bBKmHiBQM 7Q`  `M;2 Q7 Hb2` BQMBbiBQM `i2b 7Q`  Ry ƒK
/2pB+2 H2M;i?X 6Q` /2iBHb `272` iQ i2tiX
i?2 2H2+i`B+ }2H/ THQibV Bb 2bb2MiBHHv ;Bp2M #v i?2 pQHi;2 Qp2` i?2 +QMi+i b2T`iBQM
U/b?2/ HBM2VX
6B;m`2 *XRU+V THQib i?2 2z2+i Q7  Hb2` 7Q`  }t2/ +m``2Mi /2MbBiv Q7 J =
R× Ry9fKkX >2`2- b i?2 Hb2` BQMBbiBQM `i2 Γ.ys BM+`2b2b- H2bb M/ H2bb 2H2+i`B+
}2H/ Bb `2[mB`2/ iQ KBMiBM i?2 bK2 2H2+i`B+ +m``2Mi- #2+mb2 i?2 MmK#2` Q7 7`22
+``B2`b BM+`2b2b /m2 iQ i?2 ?B;?2` Hb2` BQMBbiBQM `i2X aBM+2 i?2 }2H/ /Bbi`B#miBQM
i i?2 2KBii2` Bb mM+?M;2/- M Qp2`HH bKHH2` pQHi;2 Bb bm{+B2Mi iQ KBMiBM i?2
bK2 +m``2Mi /2MbBivX
-PX CJBT TJNVMBUJPO
AM i?2 HQr #Bb `2;BK2- #Qi? /`B7i M/ /BzmbBQM +m``2Mib `2 +QMbB/2`2/ M/ 
i?2`KBQMB+ 2KBbbBQM +m``2Mi Ji?2 ≈ R× RyjfKk Bb mb2/ b  #QmM/`v +QM/BiBQM
kyd
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'JHVSF $ GQr #Bb bBKmHiBQM- BM+Hm/BM; /`B7i M/ /BzmbBQM +m``2Mib- 7Q` 
`M;2 Q7 Hb2` BQMBbiBQM `i2b 7Q`  Ry ƒK /2pB+2 H2M;i?X 6Q` /2iBHb `272` iQ
i2tiX
7Q` i?2 +``B2` /2MbBiv i #Qi? 2KBii2` M/ +QHH2+iQ` U7QHHQrBM; +HQb2Hv (kyj- ky9)VX
6B;m`2 *XkUV Bb ;BM i?2 J@V +?`+i2`BbiB+b QM HQ;@HQ; THQi rBi? i?2 HBKBiBM; +m`@
`2Mi /2MbBiv /m2 iQ i?2 }MBi2 bmTTHv Qp2` i?2 #``B2` Q7 2H2+i`QMb T2` mMBi iBK2 i
i?2 2KBii2`X 6B;m`2 *XkU#V Bb ;BM i?2 /2iBHb 7Q`  p`B2iv Q7 +m``2Mi /2MbBiB2b BM
i?2 /`FX 6Q` p2`v HQr #Bb UHQr JV Bi Bb b22M i?i /`B7i M/ /BzmbBQM +m``2Mib QTTQb2
2+? Qi?2` #Qi? i 2KBii2` M/ +QHH2+iQ` M/ i?2 TQi2MiBH /Bbi`B#miBQM bF2i+?2/ BM
6B;X dXk 7Q`  HQM;2` /2pB+2 Bb 7QmM/X b i?2 #Bb UM/ JV BM+`2b2b- i?2 /`B7i +m``2Mi
#2+QK2b /QKBMMi Qp2` i?2 /BzmbBQM +m``2Mi M/ i?2M bim`i2b /m2 iQ Ji?2X N+
Bb HQr BM HH +b2bX *HQb2 iQ Ji?2- i?2 2H2+i`B+ }2H/ BM i?2 #mHF Q7 i?2 /2pB+2 UbQHB/
HBM2b Q7 i?2 2H2+i`B+ }2H/ THQibV Bb 2bb2MiBHHv ;Bp2M #v i?2 pQHi;2 Qp2` i?2 +QMi+i
b2T`iBQM U/b?2/ HBM2VX

"QQFOEJY %
4DBOOJOH QIPUPDVSSFOU NJDSPTDPQZ
EFQFOEFODJFT
h?Bb TT2M/Bt 72im`2b b2p2`H bmTTH2K2Mi`v };m`2b iQ i?2 b+MMBM; T?QiQ+m``2Mi
KB+`Qb+QTv UaS*JV 2tT2`BK2Mib T`2b2Mi2/ BM *?X dXjX
6B`biHv- 6B;X .XR b?Qrb i?2 pQHi;2 #Bb /2T2M/2M+2 7Q` /Bz2`2Mi Hb2` 2M2`;B2b-
Dmbi HBF2 6B;X dX3- #mi Qp2`  H`;2` #Bb pQHi;2 `M;2 mT iQ k8oX 1bb2MiBHHv i?2
bK2 /2T2M/2M+2 Bb b22M- rBi? i?2 PG = dXjKq /i b?QrBM; i?2 ?B;?2bi +QMi`bi
#2ir22M QM@ M/ Qz@`2bQMM+2X Ai Bb b22M i?i 7Q` ?B;?2` #Bb2b- i?2 +m``2Mi bB;MH
Bb `2HiBp2Hv bi`QM; B``2bT2+iBp2 Q7 Hb2` bTQi@HQ+iBQM- b HQM; b Bi Bb BHHmKBMiBM;
BM@#2ir22M i?2 2H2+i`Q/2bX i HQr2` #Bb-  bi`QM;2` bB;MH Bb Q#b2`p2/ rBi? i?2 Hb2`
bTQi i i?2 +QHH2+iQ`- Dmbi b T`2pBQmbHv /Bb+mbb2/X
L2ti 6B;X .Xk 2tTHQ`2b i?2 i2KT2`im`2 /2T2M/2M+2 Q7 i?2 aS*J KTbX Ai Bb
7QmM/ i?i i HQr i2KT2`im`2b Q7 kE iQ jE  `2HiBp2Hv bKHH .ys bB;MH Bb ;2M2`@
i2/- r?BH2 i?2 bi`QM;2bi /Bz2`2M+2 #2ir22M QM@ M/ Qz@`2bQMM+2 +m``2Mi Bb K2@
bm`2/ i eEX h?2 bB;MH Bb ;BM bi`QM;2bi i i?2 +QHH2+iQ` 7Q` HQr #Bb2b M/ KQp2b
i?2M iQr`/b i?2 2KBii2`fi?2 r?QH2 `2;BQM BM@#2ir22M i?2 2H2+i`Q/2b 7Q` ?B;?2` #B@
b2bX h?Bb i`MbBiBQMb b22Kb iQ /2T2M/ bHB;?iHv QM i2KT2`im`2- BX2X rBi? ?B;?2`
i2KT2`im`2 i?Bb i`MbBiBQM Q++m`b  HBiiH2 #Bi 2`HB2`X
6BMHHv- 6B;m`2 .Xj- b?Qrb i?2 K;M2iB+ }2H/ /2T2M/2M+2 Q7 i?2 aS*J BK;2bX
6Q` 2+? K;M2iB+ }2H/-  rp2H2M;i? b+M Bb +QM/m+i2/ iQ }M/ i?2 +Q``2bTQM/BM;
QM@ M/ Qz@`2bQMM+2 rp2H2M;i?bX h?2 /i b?Qrb  `2/m+iBQM Q7 +m``2Mi rBi?
?B;?2` K;M2iB+ }2H/ r?B+? Bb /m2 iQ i?2 K;M2iQ `2bBbiM+2 /Bb+mbb2/ BM *?X jX8XjX
h?2 RyyKh aS*J BK;2b /Q MQi bB;MB}+MiHv /Bz2` 7`QK i?2 yKh BK;2b- #mi
BMi2`2biBM;Hv i?2 eyyKh KTb HQQF +QKTH2i2Hv /Bz2`2Mi rBi?  bi`QM; bB;MH #Qi?
QM@ M/ Qz@`2bQMM+2 i i?2 2KBii2` 2H2+i`Q/2X h?Bb bB;MH Bb 7m`i?2`KQ`2 QMHv 7QmM/
r?2`2 #Qi? n+ `2;BQM M/ T?QbT?Q`mb BKTHMi Qp2`HT- r?B+? Bb BM +QMi`bi iQ i?2
kyN
kRy *?Ti2` . a+MMBM; T?QiQ+m``2Mi KB+`Qb+QTv /2T2M/2M+B2b
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'JHVSF % h?2 bK2 /i T`2b2Mi2/ BM 6B;X dX3 7Q` i?2 HQr2` Hb2` TQr2` #mi
THQii2/ Qp2`  H`;2` pQHi;2 #BbX h?2 x@tBb Bb b?B7i2/ iQ ?p2 i?2 +2Mi2`
Q7 i?2 /2pB+2 i x 4 yKKX
T`2pBQmbHv Q#b2`p2/ 2KBii2` bB;MH i +2`iBM pQHi;2ěHb2` TQr2` +QK#BMiBQMb
U+7X 6B;X dXdVX
"Qi? i?2 Q#b2`p2/ i2KT2`im`2 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;M2iB+ }2H/ /2T2M/2M+2 Q7 i?2 aS*J /i
Bb MQi mM/2`biQQ/X
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'JHVSF % h2KT2`im`2 /2T2M/2M+2 Q7 i?2 aS*J BK;2b 7Q` PG = dXjKq
M/ yhX h?2 +QHQ`KT Bb ;BM b+H2/ 7Q` i?2 KtBKmK Qz@`2bQMMi +m``2Mi
IKtQ77 - rBi? IKtQ77 +Q``2bTQM/BM; iQ RfjX8 i? Q7 i?2 +QHQ` b+H2 7Q` RyE- Rf8 i?
7Q` eE- Rfj `/ 7Q` eE M/ QM2 ?H7 Q7 i?2 +QHQ` b+H2 7Q` jE M/ kEX
kRk *?Ti2` . a+MMBM; T?QiQ+m``2Mi KB+`Qb+QTv /2T2M/2M+B2b
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'JHVSF % J;M2iB+ }2H/ /2T2M/2M+2 Q7 i?2 aS*J BK;2b 7Q` PG = dXjKq
M/ 9X8EX h?2 +QHQ`KT Bb b+H2/ 7Q` i?2 KtBKmK Qz@`2bQMMi +m``2Mi
IKtQ77 i 2+? #Bb- rBi? IKtQ77 +Q``2bTQM/BM; iQ Rf8 i? Q7 i?2 +QHQ` b+H2 7Q`
yKh- RfRX8 i? 7Q` RyyKh M/ QM2 ?H7 7Q` eyyKhX
#JCMJPHSBQIZ
(R) EX .rQMX 1H2+i`B+ }2H/ +QMi`QHH2/ b2KB+QM/m+iQ` /2pB+2X lXaX Si2Mi LQX j
Ryk kjyX kdX m;X URNejV U+BiX QM TX RVX
(k) AMi2`MiBQMH _Q/KT *QKBii22X AMi2`MiBQMH h2+?MQHQ;v _Q/KT 7Q`
a2KB+QM/m+iQ`b kXyc 1t2+miBp2 _2TQ`iX kyR8 U+BiX QM TX RVX
(j) aX JB//2H?Q2F 2i HX ǳaBHB+QM b2MbQ`bǴX J2bm`2K2Mi a+B2M+2 M/ h2+?MQHQ;v
e URkV- Re9RĜRe83- URNN8V U+BiX QM TX kVX
(9) _X "Q;m2X ǳ_2+2Mi /2p2HQTK2Mib BM J1Ja b2MbQ`b,  `2pB2r Q7 TTHB+iBQMb-
K`F2ib M/ i2+?MQHQ;B2bǴX a2MbQ` _2pB2r jj U9V- jyyĜjy9- UkyRjV U+BiX QM
TX kVX
(8) .X SX .BoBM+2MxQX ǳh?2 S?vbB+H AKTH2K2MiiBQM Q7 ZmMimK *QKTmi@
iBQMǴX 6Q`ib+?`Bii2 /2` S?vbBF 93 UN@RRV- ddRĜd3j- UkyyyV U+BiX QM TX kVX
(e) hX .X G//- 6X C2H2xFQ- _X G~KK2- uX LFKm`- *X JQM`Q2- M/ CX GX
PfǶ"`B2MX ǳZmMimK +QKTmi2`bǴX Lim`2 9e9 Udk38V- 98Ĝ8j- UkyRyV U+BiX QM
TX kVX
(d) X ai2M2X ǳh?2 BQM i`T [mMimK BM7Q`KiBQM T`Q+2bbQ`ǴX TTHB2/ S?vbB+b
" e9 UeV- ekjĜe9j- URNNdV U+BiX QM TX kVX
(3) .X EB2HTBMbFB- *X JQM`Q2- M/ .X CX qBM2HM/X ǳ`+?Bi2+im`2 7Q`  H`;2@
b+H2 BQM@i`T [mMimK +QKTmi2`ǴX Lim`2 9Rd Ue3NyV- dyNĜdRR- UkyykV U+BiX
QM TX kVX
(N) aX .2#Mi?- LX JX GBMF2- *X 6B;;ii- EX X GM/bKM- EX q`B;?i- M/ *X
JQM`Q2X ǳ.2KQMbi`iBQM Q7  bKHH T`Q;`KK#H2 [mMimK +QKTmi2` rBi?
iQKB+ [m#BibǴX Lim`2 8je UdeR9V- ejĜee- UkyReV U+BiX QM TX kVX
(Ry) CX GX PǶ"`B2M- X 6m`mbr- M/ CX om+FQpB+X ǳS?QiQMB+ [mMimK i2+?MQHQ@
;B2bǴX Li S?QiQM j URkV- e3dĜeN8- UkyyNV U+BiX QM TX kVX
(RR) sX *B 2i HX ǳAMi2;`i2/ *QKT+i PTiB+H oQ`i2t "2K 1KBii2`bǴX a+B2M+2
jj3 UeRy8V- jejĜjee- UkyRkV U+BiX QM TX kVX
kRj
kR9 "B#HBQ;`T?v
(Rk) CX *`QHM 2i HX ǳlMBp2`bH HBM2` QTiB+bǴX a+B2M+2 j9N Uek9NV- dRRĜdRe-
UkyR8V U+BiX QM TX kVX
(Rj) _X "`2M/b 2i HX ǳamT2`+QM/m+iBM; [mMimK +B`+mBib i i?2 bm`7+2 +Q/2
i?`2b?QH/ 7Q` 7mHi iQH2`M+2ǴX Lim`2 8y3 Ud9NdV- 8yyĜ8yj- UkyR9V U+BiX QM
TX kVX
(R9) _X "`2M/b 2i HX ǳ*Q?2`2Mi CQb2T?bQM Zm#Bi amBi#H2 7Q` a+H#H2 ZmMimK
AMi2;`i2/ *B`+mBibǴX S?vbB+H _2pB2r G2ii2`b RRR U3V- y3y8yk- UkyRjV U+BiX QM
TX kVX
(R8) CX E2HHv 2i HX ǳaii2 T`2b2`piBQM #v `2T2iBiBp2 2``Q` /2i2+iBQM BM  bmT2`+QM@
/m+iBM; [mMimK +B`+mBiǴX Lim`2 8RN Ud89RV- eeĜeN- UkyR8V U+BiX QM TX kVX
(Re) X JX hv`vb?FBM 2i HX ǳ1H2+i`QM bTBM +Q?2`2M+2 2t+22/BM; b2+QM/b BM ?B;?@
Tm`Biv bBHB+QMǴX Lim`2 Ji2`BHb RR UkV- R9jĜR9d- UkyRkV U+BiX QM TTX j- ke-
jR- j8- 83Ĝey- RRk- RR8- Rjy- Rj8VX
(Rd) :X qQH7QrB+x 2i HX ǳiQKB+ +HQ+F i`MbBiBQMb BM bBHB+QM@#b2/ bTBM [m#BibXǴ
Lim`2 LMQi2+?MQHQ;v 3 U3V- 8eRĜ9- UkyRjV U+BiX QM TTX j- 9- d- 9N- RjeVX
(R3) EX a22/B 2i HX ǳ_QQK@h2KT2`im`2 ZmMimK "Bi aiQ`;2 1t+22/BM; jN
JBMmi2b lbBM; AQMBx2/ .QMQ`b BM aBHB+QM@k3ǴX a+B2M+2 j9k UeReyV- 3jyĜ3jj-
UkyRjV U+BiX QM TTX j- 8- e- Nd- RRR- Rjy- Rj9VX
(RN) CX CX GX JQ`iQM 2i HX ǳaQHB/@bii2 [mMimK K2KQ`v mbBM; i?2 jRS Mm+H2`
bTBMǴX Lim`2 988 UdkReV- Ry38ĜRy33- Ukyy3V U+BiX QM TTX j- j8- Nd- RjNVX
(ky) SX "2+F2`- >X CX SQ?H- >X _B2KMM- M/ LX #`QbBKQpX ǳ1M`B+?K2Mi Q7 bBHB+QM
7Q`  #2ii2` FBHQ;`KǴX T?vbB+ biimb bQHB/B UV kyd URV- 9NĜee- UkyRyV U+BiX
QM TTX j- 8N- eNVX
(kR) uX Em#Q 2i HX ǳ>v#`B/ ZmMimK *B`+mBi rBi?  amT2`+QM/m+iBM; Zm#Bi
*QmTH2/ iQ  aTBM 1Mb2K#H2ǴX S?vbB+H _2pB2r G2ii2`b Ryd UkkV- kky8yR-
UkyRRV U+BiX QM TX 9VX
(kk) CX JX 1Hx2`KM- _X >MbQM- GX >X qBHH2Kb pM "2p2`2M- "X qBiFKT-
GX JX EX oM/2`bvT2M- M/ GX SX EQmr2M?Qp2MX ǳaBM;H2@b?Qi `2/@Qmi Q7
M BM/BpB/mH 2H2+i`QM bTBM BM  [mMimK /QiǴX Lim`2 9jy UeNN3V- 9jRĜ9j8-
Ukyy9V U+BiX QM TX 9VX
(kj) X JQ`2HHQ 2i HX ǳaBM;H2@b?Qi `2/Qmi Q7 M 2H2+i`QM bTBM BM bBHB+QMǴX Lim`2
9ed UdjReV- e3dĜeNR- UkyRyV U+BiX QM TTX 9- j8VX
(k9) CX CX SH 2i HX ǳ bBM;H2@iQK 2H2+i`QM bTBM [m#Bi BM bBHB+QMǴX Lim`2
93N Ud9RdV- 89RĜ898- UkyRkV U+BiX QM TTX 9- ke- j8- je- N9VX
"B#HBQ;`T?v kR8
(k8) CX CX SH 2i HX ǳ>B;?@}/2HBiv `2/Qmi M/ +QMi`QH Q7  Mm+H2` bTBM [m#Bi BM
bBHB+QMǴX Lim`2 9Ne Ud998V- jj9Ĝjj3- UkyRjV U+BiX QM TTX 9- NdVX
(ke) CX hX Jm?QM2M 2i HX ǳaiQ`BM; [mMimK BM7Q`KiBQM 7Q` jy b2+QM/b BM 
MMQ2H2+i`QMB+ /2pB+2ǴX Lim`2 LMQi2+?MQHQ;v N URkV- N3eĜNNR- UkyR9V U+BiX
QM TTX 9- 8- ke- j8- je- 88- NdVX
(kd) CX hX Jm?QM2M 2i HX ǳZmMiB7vBM; i?2 [mMimK ;i2 }/2HBiv Q7 bBM;H2@iQK
bTBM [m#Bib BM bBHB+QM #v `M/QKBx2/ #2M+?K`FBM;ǴX CQm`MH Q7 S?vbB+b,
*QM/2Mb2/ Jii2` kd UR8V- R89ky8- UkyR8V U+BiX QM TTX 8- ke- j8VX
(k3) qX a+?KB/X ǳm;2` HB72iBK2b 7Q` 2t+BiQMb #QmM/ iQ M2mi`H /QMQ`b M/ +@
+2TiQ`b BM aBǴX T?vbB+ biimb bQHB/B U#V 39 UkV- 8kNĜ89y- URNddV U+BiX QM TTX 8-
e- 38- 3dVX
(kN) X uM; 2i HX ǳPTiB+H .2i2+iBQM M/ AQMBxiBQM Q7 .QMQ`b BM aT2+B}+ 1H2+@
i`QMB+ M/ Lm+H2` aTBM aii2bǴX S?vbB+H _2pB2r G2ii2`b Nd UkkV- kkd9yR-
UkyyeV U+BiX QM TTX 8- dRVX
(jy) JX ai2;2` 2i HX ǳPTiB+HHv@/2i2+i2/ LJ_ Q7 QTiB+HHv@?vT2`TQH`Bx2/ jRS
M2mi`H /QMQ`b BM k3aBǴX CQm`MH Q7 TTHB2/ S?vbB+b RyN URyV- Ryk9RR- UkyRRV
U+BiX QM TX 8VX
(jR) JX ai2;2`- EX a22/B- M/ JX h?2rHiX ǳZmMimK BM7Q`KiBQM biQ`;2 7Q`
Qp2` R3y b mbBM; /QMQ` bTBMb BM  k3aB ǳb2KB+QM/m+iQ` p+mmKǴǴX a+B2M+2
jje UCmM2V- UkyRkV U+BiX QM TTX 8- Ry3- RRR- RjyVX
(jk) *X *X GQ 2i HX ǳ>v#`B/ QTiB+HĜ2H2+i`B+H /2i2+iBQM Q7 /QMQ` 2H2+i`QM bTBMb
rBi? #QmM/ 2t+BiQMb BM bBHB+QMǴX Lim`2 Ji2`BHb R9 U8V- 9NyĜ9N9- UkyR8V
U+BiX QM TTX e- je- RNkVX
(jj) X uM; 2i HX ǳaBKmHiM2Qmb am#b2+QM/ >vT2`TQH`BxiBQM Q7 i?2 Lm+H2`
M/ 1H2+i`QM aTBMb Q7 S?QbT?Q`mb BM aBHB+QM #v PTiB+H SmKTBM; Q7 1t+BiQM
h`MbBiBQMbǴX S?vbB+H _2pB2r G2ii2`b Ryk Uk8V- k8d9yR- UkyyNV U+BiX QM TTX e-
RRR- RRkVX
(j9) "X 1X EM2X ǳ bBHB+QM@#b2/ Mm+H2` bTBM [mMimK +QKTmi2`ǴX Lim`2
jNj Uee3RV- RjjĜRjd- URNN3V U+BiX QM TX eVX
(j8) :X qQH7QrB+x 2i HX ǳ*QM/BiBQMH *QMi`QH Q7 .QMQ` Lm+H2` aTBMb BM aBHB+QM
lbBM; ai`F a?B7ibǴX S?vbB+H _2pB2r G2ii2`b RRj UR8V- R8deyR- UkyR9V U+BiX QM
TTX e- j8- 98- 9NVX
(je) :X SB+ 2i HX ǳ>vT2`}M2 ai`F 2z2+i Q7 b?HHQr /QMQ`b BM bBHB+QMǴX S?vbB+H
_2pB2r " Ny URNV- RN8ky9- UkyR9V U+BiX QM TTX e- 98VX
kRe "B#HBQ;`T?v
(jd) X Gm+?i 2i HX ǳ1H2+i`B+HHv +QMi`QHHBM; bBM;H2@bTBM [m#Bib BM  +QMiBMmQmb
KB+`Qrp2 }2H/ǴX a+B2M+2 /pM+2b R UjV- UkyR8V U+BiX QM TTX e- j8- 9NVX
(j3) *X *X GQ 2i HX ǳai`F b?B7i M/ }2H/ BQMBxiBQM Q7 `b2MB+ /QMQ`b BM k3aB@
bBHB+QM@QM@BMbmHiQ` bi`m+im`2bǴX TTHB2/ S?vbB+b G2ii2`b Ry9 URNV- RNj8yk-
UkyR9V U+BiX QM TX eVX
(jN) JX 6X :QMxH2x@wH#- X a`Bp- JX CX *H/2`ƦM- .X >2Bbb- "X EQBHH2`- M/
X CX 62`;mbQMX ǳM 1t+?M;2@*QmTH2/ .QMQ` JQH2+mH2 BM aBHB+QMǴX LMQ
G2ii2`b R9 URyV- 8edkĜ8ede- UkyR9V U+BiX QM TX eVX
(9y) CX SX .2?QHHBM 2i HX ǳaBM;H2@a?Qi _2/Qmi M/ _2HtiBQM Q7 aBM;H2i M/
h`BTH2i aii2b BM 1t+?M;2@*QmTH2/ 31S 1H2+i`QM aTBMb BM aBHB+QMǴX S?vbB+H
_2pB2r G2ii2`b RRk UkjV- kje3yR- UkyR9V U+BiX QM TX eVX
(9R) aX _X a+?Q}2H/ 2i HX ǳiQKB+HHv S`2+Bb2 SH+2K2Mi Q7 aBM;H2 .QTMib BM
aBǴX S?vbB+H _2pB2r G2ii2`b NR URjV- RjeRy9- UkyyjV U+BiX QM TTX d- kd- jeVX
(9k) JX 6m2+?bH2 2i HX ǳ bBM;H2@iQK i`MbBbiQ`ǴX Lim`2 LMQi2+?MQHQ;v d U9V-
k9kĜk9e- UkyRkV U+BiX QM TTX d- kd- j9- jeVX
(9j) uX GB M/ aX *X "2MDKBMX ǳPM2@/BK2MbBQMH [mMimK +QKTmiBM; rBi? 
Ƕb2;K2Mi2/ +?BMǶ Bb 72bB#H2 rBi? iQ/vǶb ;i2 }/2HBiB2bǴX `sBp 2@T`BMib-
UkyRdVX `sBp, RdykXy8e8d ([mMi@T?) U+BiX QM TX dVX
(99) X 6QrH2`- JX J`BMiQMB- CX J`iBMBb- M/ X *H2HM/X ǳam`7+2 +Q/2b,
hQr`/b T`+iB+H H`;2@b+H2 [mMimK +QKTmiiBQMǴX S?vbB+H _2pB2r -
UkyRkV U+BiX QM TTX d- R3- RN- kRVX
(98) GX *X GX >QHH2M#2`;- X .X :`22Mi`22- X :X 6QrH2`- M/ *X CX q2HH`/X ǳhrQ@
/BK2MbBQMH `+?Bi2+im`2b 7Q` /QMQ`@#b2/ [mMimK +QKTmiBM;ǴX S?vbB+H
_2pB2r " d9 U9V- y98jRR- UkyyeV U+BiX QM TX dVX
(9e) *X .X >BHH 2i HX ǳ bm`7+2 +Q/2 [mMimK +QKTmi2` BM bBHB+QMǴX a+B2M+2
/pM+2b R UNV- 2R8yydyd- UkyR8V U+BiX QM TX dVX
(9d) :X SB+- "X qX GQp2ii- _X LX "?ii- hX a+?2MF2H- M/ aX X GvQMX ǳam`7+2
+Q/2 `+?Bi2+im`2 7Q` /QMQ`b M/ /Qib BM bBHB+QM rBi? BKT`2+Bb2 M/ MQMmMB@
7Q`K [m#Bi +QmTHBM;bǴX S?vbB+H _2pB2r " Nj UjV- RĜRR- UkyReV U+BiX QM TX dVX
(93) EX CX JQ`b2 2i HX ǳ T?QiQMB+ THi7Q`K 7Q` /QMQ` bTBM [m#Bib BM bBHB+QMǴX
`sBp 2@T`BMib- UkyReVX `sBp, ReyeXyj933 ([mMi@T?) U+BiX QM TX dVX
(9N) :X hQbB 2i HX ǳaBHB+QM [mMimK T`Q+2bbQ` rBi? `Q#mbi HQM;@/BbiM+2 [m#Bi
+QmTHBM;bǴX`sBp 2@T`BMib- UkyR8VX `sBp, R8yNXy38j3 (+QM/@KiXK2b@?HH)
U+BiX QM TTX d- 8jVX
"B#HBQ;`T?v kRd
(8y) *X GX .2;2M- 6X _2BM?`/- M/ SX *TT2HH`QX ǳZmMimK b2MbBM;ǴX `sBp
2@T`BMib- UkyReVX `sBp, ReRRXyk9kd ([mMi@T?) U+BiX QM TTX N- RyVX
(8R) X S2i2`b- EX uX *?mM;- M/ aX *?mX ǳJ2bm`2K2Mi Q7 ;`pBiiBQMH ++2H2`@
iBQM #v /`QTTBM; iQKbǴX Lim`2 9yy Ued9dV- 39NĜ38k- URNNNV U+BiX QM TX NVX
(8k) 6X .QH/2 2i HX ǳ1H2+i`B+@}2H/ b2MbBM; mbBM; bBM;H2 /BKQM/ bTBMbǴX Lim`2
S?vbB+b d UeV- 98NĜ9ej- UkyRRV U+BiX QM TTX N- j8VX
(8j) JX 6X :QMxH2x@wH#- aX "``m/- X CX 62`;mbQM- M/ X *X "2ixX ǳS`Q#BM;
i?2 HBKBib Q7 ;i2@#b2/ +?`;2 b2MbBM;ǴX Lim`2 *QKKmMB+iBQMb e- ey39-
UkyR8V U+BiX QM TX NVX
(89) EX C2Mb2M 2i HX ǳLQM@BMpbBp2 /2i2+iBQM Q7 MBKH M2`p2 BKTmHb2b rBi? M
iQKB+ K;M2iQK2i2` QT2`iBM; M2` [mMimK HBKBi2/ b2MbBiBpBivǴX a+B2MiB}+
_2TQ`ib e- kNej3 1S @- UkyReV U+BiX QM TX NVX
(88) X qB+F2M#`Q+F- aX Cm`;BHb- X .Qr- GX J`Km;B- M/ 6X _2MxQMBX ǳJ;@
M2iB+ BM/m+iBQM iQKQ;`T?v mbBM; M HH@QTiB+H 3d_# iQKB+ K;M2iQK2@
i2`ǴX PTiB+H G2ii2`b jN UkkV- ejedĜejdy- UkyR9V U+BiX QM TX NVX
(8e) _X GX 6;HvX ǳamT2`+QM/m+iBM; [mMimK BMi2`72`2M+2 /2pB+2 BMbi`mK2Mib M/
TTHB+iBQMbǴX _2pB2r Q7 a+B2MiB}+ AMbi`mK2Mib dd URyV- RyRRyR- UkyyeV U+BiX
QM TTX N- Ry- ReyVX
(8d) EX ai2`MB+F2H M/ X AX "`;BMbFBX ǳ"BQK;M2iBbK mbBM; aZlA.b, biimb M/
T2`bT2+iBp2bǴX amT2`+QM/m+iQ` a+B2M+2 M/ h2+?MQHQ;v RN- aReyĜaRdR- UkyyeV
U+BiX QM TTX N- ReyVX
(83) .X obvmFQp 2i HX ǳ b+MMBM; bmT2`+QM/m+iBM; [mMimK BMi2`72`2M+2 /2pB+2
rBi? bBM;H2 2H2+i`QM bTBM b2MbBiBpBivXǴ Lim`2 LMQi2+?MQHQ;v 3 UNV- ejNĜ99-
UkyRjV U+BiX QM TX NVX
(8N) *X qX >B+Fb- GX GmM- EX X JQH2`- 1X w2H/Qp- M/ >X a?i`BFKMX ǳLQBb2
+?`+i2`BbiB+b Q7 Ryy MK b+H2 :b į Ht:RƐtb b+MMBM; >HH T`Q#2bǴX T@
THB2/ S?vbB+b G2ii2`b Ny URjV- Rjj8Rk- UkyydV U+BiX QM TX NVX
(ey) *X GX .2;2M- JX SQ;;BQ- >X CX JKBM- *X hX _2iiM2`- M/ .X _m;`X
ǳLMQb+H2 K;M2iB+ `2bQMM+2 BK;BM;XǴ S`Q+22/BM;b Q7 i?2 LiBQMH
+/2Kv Q7 a+B2M+2b Q7 i?2 lMBi2/ aii2b Q7 K2`B+ Rye U8V- RjRjĜd-
UkyyNV U+BiX QM TX NVX
(eR) CX JX hvHQ` 2i HX ǳ>B;?@b2MbBiBpBiv /BKQM/ K;M2iQK2i2` rBi? MMQb+H2
`2bQHmiBQMǴX Lim`2 S?vbB+b 9 URyV- 3RyĜ3Re- Ukyy3V U+BiX QM TTX N- R8NVX
kR3 "B#HBQ;`T?v
(ek) CX _X Jx2 2i HX ǳLMQb+H2 K;M2iB+ b2MbBM; rBi? M BM/BpB/mH 2H2+i`QMB+
bTBM BM /BKQM/XǴ Lim`2 988 UdkRjV- e99Ĝd- Ukyy3V U+BiX QM TTX N- R8NVX
(ej) :X "Hbm#`KMBM 2i HX ǳLMQb+H2 BK;BM; K;M2iQK2i`v rBi? /BKQM/
bTBMb mM/2` K#B2Mi +QM/BiBQMbXǴ Lim`2 988 UdkRjV- e93Ĝ8R- Ukyy3V U+BiX QM
TX NVX
(e9) .X G2 a;2 2i HX ǳPTiB+H K;M2iB+ BK;BM; Q7 HBpBM; +2HHbǴX Lim`2
9Ne Ud99eV- 93eĜ93N- UkyRjV U+BiX QM TX NVX
(e8) aX ai2BM2`i 2i HX ǳJ;M2iB+ bTBM BK;BM; mM/2` K#B2Mi +QM/BiBQMb rBi? bm#@
+2HHmH` `2bQHmiBQMXǴ Lim`2 *QKKmMB+iBQMb 9- Reyd- UkyRjV U+BiX QM TTX N-
R8NVX
(ee) >X LQrF 2i HX J;M2iBbK BM K2/B+BM2,  ?M/#QQFX CQ?M qBH2v  aQMb-
kyyd U+BiX QM TX NVX
(ed) >X :`B{i?bX ǳJ;M2iB+ BM/m+iBQM iQKQ;`T?vǴX J2bm`2K2Mi a+B2M+2 M/
h2+?MQHQ;v Rk U3V- RRkeĜRRjR- UkyyRV U+BiX QM TX NVX
(e3) >X JHBbb- .X AX a+?mbi2`- X JX hv`vb?FBM- X X >Qm+F- M/ aX X GvQMX
ǳamT2`+QM/m+iBM; +QTHM` rp2;mB/2 `2bQMiQ`b 7Q` HQr i2KT2`im`2 TmHb2/
2H2+i`QM bTBM `2bQMM+2 bT2+i`Qb+QTvǴX _2pB2r Q7 a+B2MiB}+ AMbi`mK2Mib
39 UkV- yk8RRe- UkyRjV U+BiX QM TX RyVX
(eN) X "B2M7Bi 2i HX ǳ_2+?BM; i?2 [mMimK HBKBi Q7 b2MbBiBpBiv BM 2H2+i`QM bTBM
`2bQMM+2ǴX Lim`2 LMQi2+?MQHQ;v RR UjV- k8jĜk8d- UkyReV U+BiX QM TX RyVX
(dy) CX PǶ:Q`KM- LX >X LB+F2`bQM- SX _Qbb- CX CX JQ`iQM- M/ aX *X "2MDKBMX ǳ
bBHB+QM@#b2/ bm`7+2 +Q/2 [mMimK +QKTmi2`ǴX LSC ZmMimK AM7Q`KiBQM
k- R8yRN- UkyReV U+BiX QM TTX Rj- k9- jy- jR- RNkVX
(dR) JX X LB2Hb2M M/ AX GX *?mM;X ZmMimK *QKTmiiBQM M/ ZmMimK AM7Q`@
KiBQM, Ryi? MMBp2`b`v 1/BiBQMX Ryi?X L2r uQ`F- Lu- la, *K#`B/;2
lMBp2`bBiv S`2bb- kyRR U+BiX QM TTX R9- Re- 8k- 8j- Rj3- R9y- R8RVX
(dk) SX qX a?Q`X ǳa+?2K2 7Q` `2/m+BM; /2+Q?2`2M+2 BM [mMimK +QKTmi2` K2K@
Q`vǴX S?vbB+H _2pB2r  8k U9V- _k9NjĜ_k9Ne- URNN8V U+BiX QM TX ReVX
(dj) .X X GB/` M/ hX X "`mMX ZmMimK 1``Q` *Q``2+iBQMX *K#`B/;2 lMB@
p2`bBiv S`2bb- kyRy U+BiX QM TX ReVX
(d9) X :X 6QrH2`- X JX ai2T?2Mb- M/ SX :`QbxFQrbFBX ǳ>B;?@i?`2b?QH/ mMBp2`@
bH [mMimK +QKTmiiBQM QM i?2 bm`7+2 +Q/2ǴX S?vbB+H _2pB2r  3y U8V-
y8kjRk- UkyyNV U+BiX QM TX R3VX
"B#HBQ;`T?v kRN
(d8) .X aX qM;- X :X 6QrH2`- M/ GX *X GX >QHH2M#2`;X ǳZmMimK +QKTmiBM;
rBi? M2`2bi M2B;?#Q` BMi2`+iBQMb M/ 2``Q` `i2b Qp2` RWǴX S?vbB+H _2pB2r
3j UkV- UkyRRV U+BiX QM TX R3VX
(de) X JX aQmx- :X X Hp`2x- M/ .X ami2`X ǳ_Q#mbi .vMKB+H .2+QmTHBM;
7Q` ZmMimK *QKTmiBM; M/ ZmMimK J2KQ`vǴX S?vbB+H _2pB2r G2ii2`b
Rye Uk9V- k9y8yR- UkyRRV U+BiX QM TX jjVX
(dd) hX :mHHBQM- .X "X "F2`- M/ JX aX *QM`/BX ǳL2r- +QKT2Mbi2/ *``@Sm`+2HH
b2[m2M+2bǴX CQm`MH Q7 J;M2iB+ _2bQMM+2 3N UjV- 9dNĜ939- URNNyV U+BiX QM
TX jjVX
(d3) lX "Q2ii+?2`- >X GB- _X X /2 *HH7QM- M/ 6X 1X hHF2X ǳ.vMKB+ ~vBM;
?2B;?i /DmbiK2Mi BM ?`/ /BbF /`Bp2b i?`Qm;? 722/7Q`r`/ +QMi`QHǴX A111
h`Mb+iBQMb QM J;M2iB+b 9d UdV- R3kjĜR3kN- UkyRRV U+BiX QM TX jjVX
(dN) hX >`M2bb M/ _X _X X avKbX ǳ*?`+i2`BbiB+ KQ/2b Q7 2H2+i`QbiiB+ +QK#@
/`Bp2 s @ u KB+`Q+imiQ`bǴX CQm`MH Q7 JB+`QK2+?MB+b M/ JB+`Q2M;BM22`@
BM; Ry URV- d- UkyyyV U+BiX QM TX jjVX
(3y) .X JmF?QT/?vv- CX .QM;- 1X S2M;rM;- M/ SX 62``2B`X ǳ aPA@J1Ja@
#b2/ j@.P6 THM` T`HH2H@FBM2KiB+b MMQTQbBiBQMBM; bi;2ǴX a2MbQ`b M/
+imiQ`b , S?vbB+H R9d URV- j9yĜj8R- Ukyy3V U+BiX QM TX jjVX
(3R) CX .QM;- .X JmF?QT/?vv- M/ SX JX 62``2B`X ǳ.2bB;M- 7#`B+iBQM M/
i2biBM; Q7  bBHB+QM@QM@BMbmHiQ` UaPAV J1Ja T`HH2H FBM2KiB+b su bi;2ǴX
CQm`MH Q7 JB+`QK2+?MB+b M/ JB+`Q2M;BM22`BM; Rd UeV- RR89- UkyydV U+BiX
QM TX jjVX
(3k) "X EQQ- sX w?M;- CX .QM;- aX aHTF- M/ SX 62``2B`X ǳ k .2;`22@
Q7@6`22/QK aPA@J1Ja h`MbHiBQM ai;2 qBi? *HQb2/@GQQT SQbBiBQMBM;ǴX
CQm`MH Q7 JB+`Q2H2+i`QK2+?MB+H avbi2Kb kR URV- RjĜkk- UkyRkV U+BiX QM
TX j9VX
(3j) GX GX *?m M/ uX "X :BM+?M/MBX ǳ KB+`QK+?BM2/ k. TQbBiBQM2` rBi?
2H2+i`Qi?2`KH +imiBQM M/ bm#@MMQK2i2` +T+BiBp2 b2MbBM;ǴX CQm`MH Q7
JB+`QK2+?MB+b M/ JB+`Q2M;BM22`BM; Rj UkV- kdN- UkyyjV U+BiX QM TX j9VX
(39) >X@>X GBQ- >X@>X a?2M- "X@hX GBQ- uX@CX uM;- uX@*X *?2M- M/ qX@qX SBX
ǳ J1Ja 2H2+i`QbiiB+ `2bQMiQ` 7Q`  7bi@b+M ahJ bvbi2KǴX 8i? A111
AMi2`MiBQMH *QM72`2M+2 QM LMQfJB+`Q 1M;BM22`2/ M/ JQH2+mH` avbi2Kb
UL1JaV- 89NĜ88k- UkyRyV U+BiX QM TX j9VX
kky "B#HBQ;`T?v
(38) aX CX >BH2 2i HX ǳ_/BQ 7`2[m2M+v `2~2+iQK2i`v M/ +?`;2 b2MbBM; Q7 
T`2+BbBQM TH+2/ /QMQ` BM bBHB+QMǴX TTHB2/ S?vbB+b G2ii2`b Ryd UNV- yNj8y9-
@- UkyR8V U+BiX QM TX j9VX
(3e) 1X oX PQ`i M/ JX :Hb#22FX ǳ1H2+i`B+@}2H/@BM/m+2/ KQ/mHiBQM Q7 bTBM
2+?Q2b Q7 L@o +2Mi2`b BM /BKQM/ǴX *?2KB+H S?vbB+b G2ii2`b Re3 UeV- 8kNĜ
8jk- URNNyV U+BiX QM TX j8VX
(3d) X GX 6HF 2i HX ǳ1H2+i`B+HHv M/ J2+?MB+HHv hmM#H2 1H2+i`QM aTBMb BM
aBHB+QM *`#B/2 *QHQ` *2Mi2`bǴX S?vbB+H _2pB2r G2ii2`b RRk UR3V- R3deyR-
UkyR9V U+BiX QM TX j8VX
(33) CX CX GX JQ`iQM- X JX hv`vb?FBM- X `/pM- EX SQ`7v`FBb- aX X GvQM-
M/ :X X .X "`B;;bX ǳ>B;? 6B/2HBiv aBM;H2 Zm#Bi PT2`iBQMb lbBM; SmHb2/
1H2+i`QM S`K;M2iB+ _2bQMM+2ǴX S?vbB+H _2pB2r G2ii2`b N8 UkyV- kyy8yR-
Ukyy8V U+BiX QM TX jeVX
(3N) *X oB2m 2i HX ǳ1H2+i`QM #2K HBi?Q;`T?v, `2bQHmiBQM HBKBib M/ TTHB+@
iBQMbǴX TTHB2/ am`7+2 a+B2M+2 Re9 URĜ9V- RRRĜRRd- UkyyyV U+BiX QM TX jeVX
(Ny) .X JX hQvHB- *X .X q2Bb- :X .X 6m+?b- hX a+?2MF2H- M/ .X .X rb+?HQKX
ǳ*?BT@a+H2 LMQ7#`B+iBQM Q7 aBM;H2 aTBMb M/ aTBM ``vb BM .BKQM/ǴX
LMQ G2ii2`b Ry U3V- jRe3ĜjRdk- UkyRyV U+BiX QM TX jeVX
(NR) *X .X q2Bb 2i HX ǳaBM;H2 iQK /QTBM; 7Q` [mMimK /2pB+2 /2p2HQTK2Mi BM
/BKQM/ M/ bBHB+QMǴX CQm`MH Q7 o+mmK a+B2M+2  h2+?MQHQ;v " ke UeV-
k8NeĜkeyy- Ukyy3V U+BiX QM TX jeVX
(Nk) .X LX CKB2bQM 2i HX ǳ*QMi`QHH2/ b?HHQr bBM;H2@BQM BKTHMiiBQM BM bBHB@
+QM mbBM; M +iBp2 bm#bi`i2 7Q` bm#@kyɢF2o BQMbǴX TTHB2/ S?vbB+b G2ii2`b
3e UkyV- kykRyR- @- Ukyy8V U+BiX QM TX jeVX
(Nj) GX _Q#H2/Q- GX *?BH/`2bb- >X "2`MB2M- "X >2Mb2M- SX 6X X HF2K/2- M/
_X >MbQMX ǳ>B;?@}/2HBiv T`QD2+iBp2 `2/@Qmi Q7  bQHB/@bii2 bTBM [mMimK
`2;Bbi2`ǴX Lim`2 9dd UdjeeV- 8d9Ĝ8d3- UkyRRV U+BiX QM TTX je- j3VX
(N9) qX S7z 2i HX ǳlM+QM/BiBQMH [mMimK i2H2TQ`iiBQM #2ir22M /BbiMi bQHB/@
bii2 [mMimK #BibǴX a+B2M+2 j98 UeRNeV- 8jkĜ8j8- UkyR9V U+BiX QM TX jeVX
(N8) :X qH/?2`` 2i HX ǳZmMimK 2``Q` +Q``2+iBQM BM  bQHB/@bii2 ?v#`B/ bTBM
`2;Bbi2`ǴX Lim`2 8ye Ud93dV- ky9Ĝkyd- UkyR9V U+BiX QM TX jeVX
(Ne) LX "`@:BHH- GX JX S?K- X C`KQH- .X "m/F2`- M/ _X GX qHbrQ`i?X
ǳaQHB/@bii2 2H2+i`QMB+ bTBM +Q?2`2M+2 iBK2 TT`Q+?BM; QM2 b2+QM/ǴX Lim`2
*QKKmMB+iBQMb 9- Rd9j- UkyRjV U+BiX QM TX jeVX
"B#HBQ;`T?v kkR
(Nd) SX Pp`i+?BvTQM;- GX JX X Sb+H- "X X Jv2`b- SX Gm`B- M/ X *X
"H2bxvMbFB CvB+?X ǳ>B;? [mHBiv 7+iQ` bBM;H2@+`vbiH /BKQM/ K2+?MB+H
`2bQMiQ`bǴX TTHB2/ S?vbB+b G2ii2`b RyR UReV- Rej8y8- @- UkyRkV U+BiX QM
TX jdVX
(N3) JX AK#Q/2M- PX X qBHHBKb- M/ SX JQ?MivX ǳP#b2`piBQM Q7 LQMHBM@
2` .BbbBTiBQM BM SB2xQ`2bBbiBp2 .BKQM/ LMQK2+?MB+H _2bQMiQ`b #v
>2i2`Q/vM2 .QrM@JBtBM;ǴX LMQ G2ii2`b Rj UNV- 9yR9Ĝ9yRN- UkyRjV U+BiX QM
TX jdVX
(NN) PX X qBHHBKbX ǳLMQ+`vbiHHBM2 /BKQM/ǴX .BKQM/ M/ _2Hi2/ Ji2`BHb
ky U8V- ekRĜe9y- UkyRRV U+BiX QM TX jdVX
(Ryy) aX S2xx;M 2i HX ǳLMQb+H2 1M;BM22`BM; M/ PTiB+H //`2bbBM; Q7 aBM;H2
aTBMb BM .BKQM/ǴX aKHH e URNV- kRRdĜkRkR- UkyRyV U+BiX QM TX jdVX
(RyR) JX G2bBF 2i HX ǳJbFH2bb M/ i`;2i2/ +`2iBQM Q7 ``vb Q7 +QHQm` +2Mi`2b
BM /BKQM/ mbBM; 7Q+mb2/ BQM #2K i2+?MQHQ;vǴX T?vbB+ biimb bQHB/B UV
kRy URyV- ky88Ĝky8N- UkyRjV U+BiX QM TX jdVX
(Ryk) "X Lv/2MQp 2i HX ǳ1M?M+2/ ;2M2`iBQM Q7 bBM;H2 QTiB+HHv +iBp2 bTBMb BM
/BKQM/ #v BQM BKTHMiiBQMǴX TTHB2/ S?vbB+b G2ii2`b Ne UReV- RejRy3- @-
UkyRyV U+BiX QM TX jdVX
(Ryj) .X MiQMQp 2i HX ǳaiiBbiB+H BMp2biB;iBQMb QM MBi`Q;2M@p+M+v +2Mi2` +`2@
iBQMǴX TTHB2/ S?vbB+b G2ii2`b Ry9 URV- yRkRy8- UkyR9V U+BiX QM TX jdVX
(Ry9) JX aX :`BMQH/b 2i HX ǳLMQb+H2 K;M2iB+ BK;BM; Q7  bBM;H2 2H2+i`QM bTBM
mM/2` K#B2Mi +QM/BiBQMbǴX Lim`2 S?vbB+b N U9V- kR8ĜkRN- UkyRjV U+BiX QM
TX jdVX
(Ry8) qX 6X EQ2?H- "X "X "m+FH2v- 6X CX >2`2KMb- :X *HmbBM2- M/ .X .X
rb+?HQKX ǳ_QQK i2KT2`im`2 +Q?2`2Mi +QMi`QH Q7 /272+i bTBM [m#Bib BM
bBHB+QM +`#B/2ǴX Lim`2 9dN UdjdRV- 39Ĝ3d- UkyRRV U+BiX QM TX jdVX
(Rye) EX /+?B- LX qiM#2- >X PFKQiQ- >X uK;m+?B- hX EBKQiQ- M/ CX
am/X ǳaBM;H2@+`vbiHHBM2 9>@aB* KB+`Q +MiBH2p2`b rBi?  ?B;? [mHBiv 7+@
iQ`ǴX a2MbQ`b M/ +imiQ`b , S?vbB+H RNd UyV- RkkĜRk8- UkyRjV U+BiX QM
TX jdVX
(Ryd) .X CX *?`BbiH2 2i HX ǳAbQHi2/ 2H2+i`QM bTBMb BM bBHB+QM +`#B/2 rBi? KBHHBb2+QM/
+Q?2`2M+2 iBK2bǴX Lim`2 Ji2`BHb R9 UkV- ReyĜRej- UkyR8V U+BiX QM TX jdVX
(Ry3) "X LX "`Q+F?Qmb2X ǳGiiB+2 pB#`iBQMb BM bBHB+QM M/ ;2`KMBmKǴX S?vbB+H
_2pB2r G2ii2`b k UeV- k8eĜk83- URN8NV U+BiX QM TX 9yVX
kkk "B#HBQ;`T?v
(RyN) aX >mMFHBM;2`X 62biFƺ`T2`T?vbBFX PH/2M#Qm`; o2`H;- kyyN U+BiX QM TTX jN-
eRVX
(RRy) EX _DFMM- _X aBM;?- M/ CX a?2r+?mMX ǳ#bQ`TiBQM +Q2{+B2Mi Q7 bBHB+QM
7Q` bQH` +2HH +H+mHiBQMbǴX aQHB/@aii2 1H2+i`QMB+b kk UNV- dNjĜdN8- URNdNV
U+BiX QM TTX 9y- NRVX
(RRR) CX _X *?2HBFQrbFv M/ JX GX *Q?2MX ǳ1H2+i`QMB+ bi`m+im`2 Q7 bBHB+QMǴX S?vb@
B+H _2pB2r " Ry URkV- 8yN8Ĝ8Ryd- URNd9V U+BiX QM TX 9RVX
(RRk) SX um M/ JX *`/QMX 6mM/K2MiHb Q7 b2KB+QM/m+iQ`b, T?vbB+b M/ K@
i2`BHb T`QT2`iB2bX aT`BM;2` a+B2M+2  "mbBM2bb J2/B- kyRy U+BiX QM TTX 9k-
99Ĝ9d- ej- 3kVX
(RRj) aX wr2`/HBM;- EX CX "miiQM- "X Gt- M/ GX JX _Qi?X ǳAMi2`MH AKTm`Biv
G2p2Hb BM a2KB+QM/m+iQ`b, 1tT2`BK2Mib BM p@hvT2 aBHB+QMǴX S?vbB+H _2pB2r
G2ii2`b 9 U9V- RdjĜRde- URNeyV U+BiX QM TX 9kVX
(RR9) 1X X :miB2``2x@.X- JX CX .22M- M/ *X GX *H2vbX GQr h2KT2`im`2 1H2+@
i`QMB+b, S?vbB+b- .2pB+2b- *B`+mBib- M/ TTHB+iBQMbX +/2KB+ S`2bb- aM
.B2;Q- kyyR U+BiX QM TTX 9k- ej- ee- ed- Re8VX
(RR8) JX *`/QM- hX J2v2`- M/ JX h?2rHiX ǳh2KT2`im`2 .2T2M/2M+2 Q7 i?2
1M2`;v :T Q7 a2KB+QM/m+iQ`b BM i?2 GQr@h2KT2`im`2 GBKBiǴX S?vbB+H
_2pB2r G2ii2`b Nk URNV- RNe9yj- Ukyy9V U+BiX QM TTX 9k- NRVX
(RRe) qX "Hm/m- X PMiQM- M/ qX >2BMF2X ǳh2KT2`im`2 /2T2M/2M+2 Q7 i?2 #M/
;T Q7 bBHB+QMǴX CQm`MH Q7 TTHB2/ S?vbB+b 98 U9V- R39eĜR393- URNd9V U+BiX QM
TTX 9k- NyVX
(RRd) *X >2``BM; M/ 1X oQ;iX ǳh`MbTQ`i M/ .27Q`KiBQM@SQi2MiBH h?2Q`v
7Q` JMv@oHH2v a2KB+QM/m+iQ`b rBi? MBbQi`QTB+ a+ii2`BM;ǴX S?vbX _2pX
RyR UjV- N99ĜNeR- URN8eV U+BiX QM TX 9jVX
(RR3) .X EX qBHbQM M/ :X 62?2`X ǳ1H2+i`QM aTBM _2bQMM+2 1tT2`BK2Mib QM
.QMQ`b BM aBHB+QMX AAAX AMp2biB;iBQM Q7 1t+Bi2/ aii2b #v i?2 TTHB+iBQM
Q7 lMBtBH ai`2bb M/ h?2B` AKTQ`iM+2 BM _2HtiBQM S`Q+2bb2bǴX S?vbB+H
_2pB2r Rk9 U9V- Rye3ĜRy3j- URNeRV U+BiX QM TTX 9j- 9eVX
(RRN) AX "HbH2pX ǳAM~m2M+2 Q7 lMBtBH ai`2bb QM i?2 AM/B`2+i #bQ`TiBQM 1/;2 BM
aBHB+QM M/ :2`KMBmKǴX S?vbB+H _2pB2r R9j UkV- ejeĜe9d- URNeeV U+BiX QM
TTX 9j- 99VX
(Rky) EX a22;2`X a2KB+QM/m+iQ` S?vbB+b, M AMi`Q/m+iBQMX /pM+2/ h2tib BM
S?vbB+bX aT`BM;2`- kyy9 U+BiX QM TTX 9jĜ98- eRĜe9VX
"B#HBQ;`T?v kkj
(RkR) oX X E`bvmF- .X JX "`F2- M/ JX GX qX h?2rHiX ǳlHi`?B;?@`2bQHmiBQM
T?QiQHmKBM2b+2M+2 bim/B2b Q7 2t+BiQMb #QmM/ iQ #Q`QM BM bBHB+QM BM K;M2iB+
}2H/bǴX S?vbB+H _2pB2r " 9d UR8V- Nj89ĜNjey- URNNjV U+BiX QM TTX 99- 3j-
RyNVX
(Rkk) X uM; 2i HX ǳ>B;?@`2bQHmiBQM T?QiQHmKBM2b+2M+2 K2bm`2K2Mi Q7 i?2
BbQiQTB+@Kbb /2T2M/2M+2 Q7 i?2 HiiB+2 T`K2i2` Q7 bBHB+QMǴX S?vbB+H _2@
pB2r " dd URRV- RRjkyj- Ukyy3V U+BiX QM TTX 99- RyNVX
(Rkj) X aX EKBMbFBŕ- oX X E`bvmF- M/ uX 1X SQF`QpbFBŕX ǳGmKBM2b+2M+2 Q7
2t+BiQMb #QmM/ iQ T?QbT?Q`mb iQKb BM bBHB+QM bm#D2+i2/ iQ  K;M2iB+ }2H/ǴX
aQpB2i CQm`MH Q7 1tT2`BK2MiH M/ h?2Q`2iB+H S?vbB+b 8k- kRR- URN3yV U+BiX
QM TX 99VX
(Rk9) :X SBFmb M/ :X "B`X avKK2i`v M/ bi`BM@BM/m+2/ 2z2+ib BM b2KB+QM/m+iQ`bX
oQHX ek9X qBH2v L2r uQ`F- RNd9 U+BiX QM TX 99VX
(Rk8) SX oX SpHQp- 1X AX wQ`BM- .X AX h2i2H#mK- M/ X 6X E?QF?HQpX ǳLBi`Q;2M
b /QTMi BM bBHB+QM M/ ;2`KMBmKǴX T?vbB+ biimb bQHB/B UV j8 URV- RRĜje-
URNdeV U+BiX QM TX 98VX
(Rke) :X 62?2`- CX *X >2Mb2H- M/ 1X X :2`2X ǳS`K;M2iB+ `2bQMM+2 #bQ`TiBQM
7`QK ++2TiQ`b BM bBHB+QMǴX S?vbB+H _2pB2r G2ii2`b 8 UdV- jyNĜjRR- URNeyV
U+BiX QM TX 98VX
(Rkd) CX EX :K#H2 2i HX ǳJmHiBpHH2v 2z2+iBp2 Kbb i?2Q`v bBKmHiBQM Q7 /QMQ`b
BM bBHB+QMǴX S?vbB+H _2pB2r " NR UkjV- kj8jR3- UkyR8V U+BiX QM TX 98VX
(Rk3) CX aH} 2i HX ǳaTiBHHv `2bQHpBM; pHH2v [mMimK BMi2`72`2M+2 Q7  /QMQ` BM
bBHB+QMǴX Lim`2 Ji2`BHb Rj UeV- ey8ĜeRy- UkyR9V U+BiX QM TX 98VX
(RkN) qX EQ?M M/ CX JX GmiiBM;2`X ǳh?2Q`v Q7 .QMQ` aii2b BM aBHB+QMǴX S?vbB+H
_2pB2r N3 U9V- NR8ĜNkk- URN88V U+BiX QM TTX 98Ĝ9dVX
(Rjy) JX 6`B2b2MX ǳh?2Q`v Q7 i?2 ai`F 1z2+i 7Q` S .QMQ`b BM aBǴX S?vbB+H _2pB2r
G2ii2`b N9 UR3V- R3e9yj- Ukyy8V U+BiX QM TX 9eVX
(RjR) _X GX ;;`rH M/ X EX _K/bX ǳPTiB+H .2i2`KBMiBQM Q7 i?2 avKK2i`v
Q7 i?2 :`QmM/ aii2b Q7 :`QmT@o .QMQ`b BM aBHB+QMǴX S?vbB+H _2pB2r R9y-
Rk9eĜRk8j- U9 RNe8V U+BiX QM TTX 9e- 9dVX
(Rjk) X EX _K/b M/ aX _Q/`B;m2xX ǳaT2+i`Qb+QTv Q7 i?2 bQHB/@bii2 MHQ;m2b
Q7 i?2 ?v/`Q;2M iQK, /QMQ`b M/ ++2TiQ`b BM b2KB+QM/m+iQ`bǴX _2TQ`ib QM
S`Q;`2bb BM S?vbB+b 99 URkV- RkNd- URN3RV U+BiX QM TX 9dVX
kk9 "B#HBQ;`T?v
(Rjj) .X SX 6`MF2- JX SX .X S~Ƀ;2`- SX@X JQ`i2KQmb[m2- EX JX AiQ?- M/ JX aX
"`M/iX ǳZm/`mTQH` 2z2+ib QM Mm+H2` bTBMb Q7 M2mi`H `b2MB+ /QMQ`b BM
bBHB+QMǴX S?vbB+H _2pB2r " Nj UReV- ReRjyj- UkyReV U+BiX QM TX 93VX
(Rj9) :X 62?2`X ǳ1H2+i`QM aTBM _2bQMM+2 1tT2`BK2Mib QM .QMQ`b BM aBHB+QMX AX
1H2+i`QMB+ ai`m+im`2 Q7 .QMQ`b #v i?2 1H2+i`QM Lm+H2` .Qm#H2 _2bQMM+2
h2+?MB[m2ǴX S?vbB+H _2pB2r RR9 U8V- RkRNĜRk99- URN8NV U+BiX QM TX 9NVX
(Rj8) LX aiQM2X ǳh#H2 Q7 Mm+H2` K;M2iB+ /BTQH2 M/ 2H2+i`B+ [m/`mTQH2 KQ@
K2MibǴX iQKB+ .i M/ Lm+H2` .i h#H2b Ny URV- d8ĜRde- Ukyy8V U+BiX
QM TX 9NVX
(Rje) 6X _X "`/#m`v- X JX hv`vb?FBM- :X a#Qm`2i- CX "QFQ`- hX a+?2MF2H- M/
aX X GvQMX ǳai`F hmMBM; Q7 .QMQ` 1H2+i`QM aTBMb BM aBHB+QMǴX S?vbB+H
_2pB2r G2ii2`b Nd URdV- Rde9y9- UkyyeV U+BiX QM TX 9NVX
(Rjd) X a+?r2B;2` M/ :X C2b+?F2X S`BM+BTH2b Q7 TmHb2 2H2+i`QM T`K;M2iB+ `2b@
QMM+2X Pt7Q`/ lMBp2`bBiv S`2bb- kyyR U+BiX QM TTX 8kĜ89- 83- 8N- R9RVX
(Rj3) :X :`vM#2`;- X bT2+i- M/ *X 6#`2X AMi`Q/m+iBQM iQ ZmMimK PTiB+bX
oQHX RX *K#`B/;2, *K#`B/;2 lMBp2`bBiv S`2bb- kyRy- RĜeNd U+BiX QM TX 89VX
(RjN) .X X ai2+FX ZmMimK M/ iQK PTiB+bX pBH#H2 QMHBM2- U`2pBbBQM yXRRX9-
ke P+iQ#2` kyReVX kyRe U+BiX QM TTX 89- 3e- N8- RydVX
(R9y) :X qQH7QrB+xX ǳZmMimK *QMi`QH Q7 .QMQ` aTBMb BM aBHB+QM M/ i?2B` 1MpB@
`QMK2MiǴX S?. i?2bBbX lMBp2`bBiv Q7 Pt7Q`/- kyR8 U+BiX QM TTX 8dĜeyVX
(R9R) X "B2M7Bi 2i HX ǳ*QMi`QHHBM; bTBM `2HtiBQM rBi?  +pBivǴX Lim`2
8jR Ud8NkV- d9Ĝdd- UkyReV U+BiX QM TX 83VX
(R9k) 1X #2 2i HX ǳ1H2+i`QM bTBM +Q?2`2M+2 Q7 T?QbT?Q`mb /QMQ`b BM bBHB+QM, 17@
72+i Q7 2MpB`QMK2MiH Mm+H2BǴX S?vbB+H _2pB2r " @ *QM/2Mb2/ Jii2` M/
Ji2`BHb S?vbB+b 3k URkV- NĜRk- UkyRyV U+BiX QM TTX 8N- Rj8- RjeVX
(R9j) oX oX Em`b?2p M/ hX A+?BFrX ǳ1z2+i Q7 bTBM ~BT@~QT QM 2H2+i`QM@bTBM@
2+?Q /2+v /m2 iQ BMbiMiM2Qmb /BzmbBQMǴX CQm`MH Q7 J;M2iB+ _2bQMM+2
URNeNV Ne UjV- 8ejĜ8dj- URNNkV U+BiX QM TTX 8N- Rj8VX
(R99) aX JX ax2 M/ EX EX L;X S?vbB+b Q7 b2KB+QM/m+iQ` /2pB+2bX CQ?M qBH2v 
aQMb- kyye U+BiX QM TTX ej- Re3VX
(R98) *X C+Q#QMB- *X *MHB- :X PiipBMB- M/ X X Zm`MiX ǳ `2pB2r Q7
bQK2 +?`;2 i`MbTQ`i T`QT2`iB2b Q7 bBHB+QMǴX aQHB/@aii2 1H2+i`QMB+b ky UkV-
ddĜ3N- URNddV U+BiX QM TX ejVX
"B#HBQ;`T?v kk8
(R9e) *X@hX a?- SX *X >X *?M- *X@EX qM;- _X GX uX a?- EX X uKFr- M/
_X Gmir+FX ǳ1z2+i Q7 xBM+ BKTm`Biv QM bBHB+QM bQH`@+2HH 2{+B2M+vǴX A111
h`Mb+iBQMb QM 1H2+i`QM .2pB+2b k3 UjV- jy9ĜjRj- URN3RV U+BiX QM TX edVX
(R9d) LX a+H`X ǳL2mi`H AKTm`Biv a+ii2`BM; BM a2KB+QM/m+iQ`bǴX S?vbB+H _2pB2r
Ry9 UeV- R88NĜR8eR- URN8eV U+BiX QM TX edVX
(R93) SX LQ`iQM- hX "`;;BMb- M/ >X G2pBMbi2BMX ǳAKTm`Biv M/ HiiB+2 b+ii2`BM;
T`K2i2`b b /2i2`KBM2/ 7`QK >HH M/ KQ#BHBiv MHvbBb BM M@ivT2 bBHB+QMǴX
S?vbB+H _2pB2r " 3 URkV- 8ejkĜ8e8j- URNdjV U+BiX QM TTX ed- 3d- 33VX
(R9N) X LX a7QMQp- :X .pB2b- M/ 1X *X GB;?iQrH2`bX ǳGBM2 b?T2 Q7 i?2 MQ@
T?QMQM HmKBM2b+2M+2 Q7 2t+BiQMb #QmM/ iQ T?QbT?Q`mb BM +`#QM@/QT2/ bBHB@
+QMǴX S?vbB+H _2pB2r " 89 UdV- 99yNĜ99Rk- URNNeV U+BiX QM TX dRVX
(R8y) AX S2HMi M/ CX oH2MiX GmKBM2b+2M+2 bT2+i`Qb+QTv Q7 b2KB+QM/m+iQ`bX Pt@
7Q`/ lMBp2`bBiv S`2bb- kyRk U+BiX QM TTX 3kĜ38- 33- 3N- NkVX
(R8R) JX X :`22MX ǳAKT`Qp2/ pHm2 7Q` i?2 bBHB+QM 7`22 2t+BiQM #BM/BM; 2M2`;vǴX
AS /pM+2b j URRV- RRkRy9- UkyRjV U+BiX QM TTX 3k- Ny- NRVX
(R8k) _X _?KM 2i HX ǳ"mHF M/ bm#@bm`7+2 /QMQ` #QmM/ 2t+BiQMb BM bBHB@
+QM mM/2` 2H2+i`B+ }2H/bǴX `sBp 2@T`BMib- UkyR8VX `sBp, R8Ry X yyye8
(+QM/@KiXK2b@?HH) U+BiX QM TTX 3j- R3R- R3kVX
(R8j) :X EB`+x2MQrX ǳ b?2HH KQ/2H Q7 #QmM/ KmHiB2t+BiQM +QKTH2t2b BM bBHB+QMǴX
*M/BM CQm`MH Q7 S?vbB+b 88- Rd3dĜR3yR- URNddV U+BiX QM TX 3jVX
(R89) JX h?2rHiX ǳ1t+Bi2/ bii2b Q7 /QMQ` #QmM/ 2t+BiQMb M/ #QmM/ KmHiB2t+BiQM
+QKTH2t2b BM bBHB+QMǴX aQHB/ aii2 *QKKmMB+iBQMb kR URyV- NjdĜNjN- URNddV
U+BiX QM TX 3jVX
(R88) 1X AX _b?#X ǳGmKBM2b+2M+2 M/ bT2+i`Qb+QTvǴX CQm`MH Q7 GmKBM2b+2M+2
Ryy URĜ9V- 8dĜe9- UkyykV U+BiX QM TX 38VX
(R8e) SX CX .2M- qX 6X 6HQQ/- M/ :X EKBMbFvX ǳ#bQ`TiBQM /m2 iQ #QmM/
2t+BiQMb BM bBHB+QMǴX S?vbB+H _2pB2r Rej UjV- dkRĜdk8- URNedV U+BiX QM TX 38VX
(R8d) _X *X >BH#Q`MX ǳ1BMbi2BM +Q2{+B2Mib- +`Qbb b2+iBQMb- 7 pHm2b- /BTQH2 KQK2Mib-
M/ HH i?iǴX `sBp S?vbB+b 2@T`BMib- UkyykVX 2T`BMi, T?vbB+bfykykykN U+BiX
QM TTX 38- 3e- NjVX
(R83) aX >QQF2` M/ *X q2##X Gb2` S?vbB+bX Pt7Q`/ lMBp2`bBiv S`2bb- kyRy U+BiX
QM TX 3eVX
kke "B#HBQ;`T?v
(R8N) EX@JX *X 6m- hX .X G//- *X aMiQ`B- M/ uX uKKQiQX ǳPTiB+H /2i2+iBQM
Q7 i?2 bTBM bii2 Q7  bBM;H2 Mm+H2mb BM bBHB+QMǴX S?vbB+H _2pB2r " eN URkV-
Rk8jye- Ukyy9V U+BiX QM TX 3dVX
(Rey) hX .X G//- SX pM GQQ+F- EX L2KQiQ- qX CX JmM`Q- M/ uX uKKQiQX
ǳ>v#`B/ [mMimK `2T2i2` #b2/ QM /BbT2`bBp2 *Z1. BMi2`+iBQMb #2ir22M
Kii2` [m#Bib M/ #`B;?i +Q?2`2Mi HB;?iǴX L2r CQm`MH Q7 S?vbB+b 3 UNV- R39-
UkyyeV U+BiX QM TX 3dVX
(ReR) LX a+H`X ǳS`QT2`iB2b Q7 /QT2/ bBHB+QM M/ :2`KMBmK BM7``2/ /2i2+iQ`bǴX
S`Q;`2bb BM ZmMimK 1H2+i`QMB+b N UjV- R9NĜk8d- URN39V U+BiX QM TTX 3d- Nj-
N9- RNjVX
(Rek) LX a+H`X ǳbvKK2i`B2b BM T?QiQ+QM/m+iBp2 T`QT2`iB2b Q7 /QMQ` M/ ++2TiQ`
BKTm`BiB2b BM bBHB+QMǴX CQm`MH Q7 TTHB2/ S?vbB+b 88 U3V- kNdkĜkNde- URN39V
U+BiX QM TTX 3d- 33- N9VX
(Rej) JX GQ2r2Mbi2BM M/ X >QMB;X ǳS?QiQ2t+Bi2/ 2H2+i`QM +Tim`2 #v BQMBx2/ M/
M2mi`H b?HHQr BKTm`BiB2b BM bBHB+QM i HB[mB/@?2HBmK i2KT2`im`2bǴX S?vbB+H
_2pB2r R99 UkV- d3R- URNeeV U+BiX QM TTX 3d- 33VX
(Re9) SX LQ`iQM M/ >X G2pBMbi2BMX ǳh?2`KHBxiBQM hBK2 Q7 >Qi S?QiQ2t+Bi2/
>QH2b BM p@hvT2 :2`KMBmKǴX S?vbB+H _2pB2r " e UkV- 9d3Ĝ933- URNdkV U+BiX
QM TX 33VX
(Re8) AX S2HMi 2i HX ǳS?QiQHmKBM2b+2M+2 bb2bbK2Mi Q7 "- S- M/ H BM aB r72`b,
h?2 T`Q#H2K Q7 bKTH2 ?2iBM; #v  Hb2` #2KǴX CQm`MH Q7 TTHB2/ S?vbB+b
dj UdV- j9ddĜj93R- URNNjV U+BiX QM TX 3NVX
(Ree) _X CX 1HHBQiiX ǳAMi2MbBiv Q7 PTiB+H #bQ`TiBQM #v 1t+BiQMbǴX S?vbB+H _2pB2r
Ry3 UeV- Rj39ĜRj3N- URN8dV U+BiX QM TX NyVX
(Red) "X SDQiX PTiB+H #bQ`TiBQM Q7 AKTm`BiB2b M/ .272+ib BM a2KB+QM/m+iBM;
*`vbiHb, >v/`Q;2M@HBF2 *2Mi`2bX Rbi 2/X aT`BM;2`@o2`H; "2`HBM >2B/2H#2`;-
kyRy- 9dy U+BiX QM TX NyVX
(Re3) CX _X >vM2b- JX Gt- M/ qX 6X 6HQQ/X ǳMHvbBb Q7 BMi`BMbB+ `2+QK#BMiBQM
`/BiBQM 7`QK bBHB+QM M/ ;2`KMBmKǴX CQm`MH Q7 S?vbB+b M/ *?2KBbi`v
Q7 aQHB/b 3- jNkĜjNe- URN8NV U+BiX QM TX NRVX
(ReN) :X J+7`HM2- hX J+G2M- CX Zm``BM;iQM- M/ oX _Q#2`ibX ǳ6BM2 bi`m+im`2
BM i?2 #bQ`TiBQM@2/;2 bT2+i`mK Q7 aBǴX S?vbB+H _2pB2r RRR U8V- Rk98- URN83V
U+BiX QM TX NRVX
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(Rdy) JX 6QtX PTiB+H T`QT2`iB2b Q7 bQHB/bX oQHX jX Pt7Q`/ lMBp2`bBiv S`2bb- kyRy
U+BiX QM TX NkVX
(RdR) _X "X >KKQM/ M/ _X LX aBHp2`X ǳh2KT2`im`2 /2T2M/2M+2 Q7 i?2 2t+BiQM
HB72iBK2 BM ?B;?ɢTm`Biv bBHB+QMǴX TTHB2/ S?vbB+b G2ii2`b je URV- URN3yV U+BiX QM
TX NkVX
(Rdk) >X LFvK- hX LBb?BMQ- M/ uX >KFrX ǳMHvbBb Q7 i?2 2t+BiQM HmKB@
M2b+2M+2 Q7 bBHB+QM 7Q` +?`+i2`BxiBQM Q7 i?2 +QMi2Mi Q7 BKTm`BiB2bǴX CTM2b2
CQm`MH Q7 TTHB2/ S?vbB+b RN UjV- 8yRĜ8RR- URN3yV U+BiX QM TX NkVX
(Rdj) :X a+?`KKX ǳ.2i2`KBMiBQM Q7 i?2 6`22 1t+BiQM *Tim`2 :`Qbb a2+iBQMb Q7
"Q`QM M/ S?QbT?Q`mb BM aBHB+QM #v S?QiQHmKKBM2b22M+2ǴX T?vbB+ biimb
bQHB/B UV Rk8 UkV- ERRjĜERRe- URNNRV U+BiX QM TX NkVX
(Rd9) _X >X "m#2X S?QiQ2H2+i`QMB+ T`QT2`iB2b Q7 b2KB+QM/m+iQ`bX *K#`B/;2 lMB@
p2`bBiv S`2bb- RNNk U+BiX QM TTX Nj- RyjVX
(Rd8) aX *?m/?m`BX ǳPTiB+H@i`MbBiBQM +`Qbb b2+iBQMb BMpQHpBM; BKTm`BiB2b BM b2KB@
+QM/m+iQ`bǴX S?vbX _2pX " ke URkV- e8NjĜeeyk- URN3kV U+BiX QM TX NjVX
(Rde) qX qX M/2`bQMX ǳa?HHQr BKTm`Biv bii2b BM b2KB+QM/m+iQ`b, #bQ`TiBQM
+`Qbb@b2+iBQMb- 2t+BiiBQM `i2b- M/ +Tim`2 +`Qbb@b2+iBQMbǴX aQHB/@aii2 1H2+@
i`QMB+b R3 UjV- kj8Ĝk98- URNd8V U+BiX QM TX NjVX
(Rdd) :X Gm+QpbFvX ǳPM i?2 T?QiQBQMBxiBQM Q7 /22T BKTm`Biv +2Mi2`b BM b2KB+QM@
/m+iQ`bǴX aQHB/ aii2 *QKKmMB+iBQMb j UNV- kNNĜjyk- URNe8V U+BiX QM TX NjVX
(Rd3) X uM;X ǳPTiB+H >vT2`TQH`BxiBQM M/ .2i2+iBQM Q7 1H2+i`QM M/ Lm+H2`
aTBM Q7 S?QbT?Q`mb .QMQ`b BM >B;?Hv 1M`B+?2/ k3aBǴX S?. i?2bBbX aBKQM
6`b2` lMBp2`bBiv- kyRy U+BiX QM TX N8VX
(RdN) SX .B`Fb2M- X >2Mbi`- M/ qX hX q2M+F2#+?X ǳM 2H2+i`QM bTBM 2+?Q bim/v
Q7 /QMQ`@++2TiQ` `2+QK#BMiBQMǴX CQm`MH Q7 S?vbB+b, *QM/2Mb2/ Jii2`
R UjNV- dy38- URN3NV U+BiX QM TTX N3- RyjVX
(R3y) GX CX pM /2` SmrX ǳ J2i?Q/ Q7 J2bm`BM; aT2+B}+ _2bBbiBpBiv M/ >HH
1z2+i Q7 .Bb+b Q7 `#Bi``v a?T2ǴX S?BHBTb _2b2`+? _2TQ`ib Rj- RĜN- URN83V
U+BiX QM TX RyyVX
(R3R) 1X X *`B/B M/ CX "X ai`FX ǳai`BM i2MbQ` 2H2K2Mib 7Q` KBb}iɢbi`BM2/
(??F)ɢQ`B2Mi2/ +m#B+ +`vbiHbǴX TTHB2/ S?vbB+b G2ii2`b ey URkV- R99RĜR99j-
URNNkV U+BiX QM TX RyNVX
kk3 "B#HBQ;`T?v
(R3k) :X 62?2` M/ 1X X :2`2X ǳ1H2+i`QM aTBM _2bQMM+2 1tT2`BK2Mib QM .QMQ`b
BM aBHB+QMX AAX 1H2+i`QM aTBM _2HtiBQM 1z2+ibǴX S?vbB+H _2pB2r RR9 U8V-
Rk98ĜRk8e- URN8NV U+BiX QM TX RRkVX
(R3j) CX E`mTF- CX "`22x2- X *2Mi2MQ- LX H7Q`/- hX *Hmbb2M- M/ GX C2Mb2MX
ǳJ2bm`2K2Mib Q7 T2`KBiiBpBiv- /B2H2+i`B+ HQbb iM;2Mi- M/ `2bBbiBpBiv Q7
~Qi@xQM2 bBHB+QM i KB+`Qrp2 7`2[m2M+B2bǴX A111 i`Mb+iBQMb QM KB+`Qrp2
i?2Q`v M/ i2+?MB[m2b 89 URRV- jNN8Ĝ9yyR- UkyyeV U+BiX QM TX RkeVX
(R39) aX .?` M/ X >X J`b?FX ǳaiiB+ /B2H2+i`B+ +QMbiMi Q7 ?2pBHv /QT2/ b2KB@
+QM/m+iQ`bǴX aQHB/@aii2 1H2+i`QMB+b k3 U3V- dejĜdee- URN38V U+BiX QM TX RkeVX
(R38) hX _mbi2`- *X hX a+?KB2;2HQr- >X Em7KMM- *X q`b+?#m`;2`- 6X a+?KB/i@
EH2`- M/ lX :X SQb+?BM;2`X ǳ HQM;@HBp2/ w22KM i`TT2/@BQM [m#BiǴX T@
THB2/ S?vbB+b ", Gb2`b M/ PTiB+b Rkk- k89- k89- UkyReV U+BiX QM TX Rj9VX
(R3e) CX 1X Gm/KM M/ CX aBHp2`KMX ǳh?2 i?2Q`v Q7 ?B;?@HQr DmM+iBQM +QMi+ib
i HQr i2KT2`im`2 rBi? TTHB+iBQM iQ 2ti`BMbB+ bBHB+QM /2i2+iQ`bǴX AM7``2/
S?vbB+b Rd UjV- RddĜR39- URNddV U+BiX QM TX ReRVX
(R3d) uX LX uM;- .X .X *QQM- M/ SX 6X a?2T`/X ǳh?2`KBQMB+ 2KBbbBQM BM bBHB+QM
i i2KT2`im`2b #2HQr jy EǴX TTHB2/ S?vbB+b G2ii2`b 98 UdV- d8kĜd89- URN39V
U+BiX QM TX RekVX
(R33) .X .X *QQM- _X SX .2piv- X :X lX S2`2`- M/ _X 1X a?2``BzX ǳAMi2`7+BH
rQ`F 7mM+iBQMb M/ 2ti`BMbB+ bBHB+QM BM7``2/ T?QiQ+i?Q/2bǴX TTHB2/ S?vbB+b
G2ii2`b 88 URdV- Rdj3ĜRd9y- URN3NV U+BiX QM TTX Rek- RedVX
(R3N) X :X lX S2`2`- >X sX umM- M/ JX >X 6`M+QK#2X ǳ>QKQDmM+iBQM BMi2`MH
T?QiQ2KBbbBQM 7`@BM7``2/ /2i2+iQ`b, S?QiQ`2bTQMb2 T2`7Q`KM+2 MHvbBbǴX
CQm`MH Q7 TTHB2/ S?vbB+b dd UkV- NR8ĜNk9- URNN8V U+BiX QM TTX Rek- RedVX
(RNy) aX CBM M/ .X _QmHbiQMX ǳ bBKTH2 2tT`2bbBQM 7Q` #M/ ;T M``QrBM; U":LV
BM ?2pBHv /QT2/ aB- :2- :b M/ :2taBRƐt bi`BM2/ Hv2`bǴX aQHB/@aii2
1H2+i`QMB+b j9 U8V- 98jĜ9e8- URNNRV U+BiX QM TX RekVX
(RNR) 1X X :miBû``2x@.X- GX .272`K- aX .2+Qmi2`2- M/ :X .2+H2`+FX ǳ1tT2`BK2M@
iH /2i2`KBMiBQM Q7 b2H7?2iBM; BM bBHB+QM `2bBbiQ`b QT2`i2/ i +`vQ;2MB+
i2KT2`im`2bǴX JB+`Q2H2+i`QMB+ 1M;BM22`BM; RN URV- 3e8Ĝ3e3- URNNkV U+BiX QM
TX Re9VX
(RNk) 1X aBKQ2M- "X .B2`B+Ft- GX .272`K- M/ *X *H2vbX ǳMHviB+H KQ/2H 7Q` i?2
+m``2Mi@pQHi;2 +?`+i2`BbiB+b Q7  bBHB+QM `2bBbiQ` i HB[mB/ ?2HBmK i2KT2`@
im`2bǴX *`vQ;2MB+b jy URkV- RR8kĜRR8N- URNNyV U+BiX QM TX Re9VX
"B#HBQ;`T?v kkN
(RNj) 1X aBKQ2M- "X .B2`B+Ft- GX .272`K- *X *H2vb- M/ :X .2+H2`+FX ǳh?2 +?`;2
i`MbTQ`i BM  bBHB+QM `2bBbiQ` i HB[mB/@?2HBmK i2KT2`im`2bǴX CQm`MH Q7
TTHB2/ S?vbB+b e3 U3V- 9yNRĜ9yNN- URNNyV U+BiX QM TTX Re9ĜRee- ky8VX
(RN9) "X .B2`B+Ft- 1X aBKQ2M- M/ :X .2+H2`+FX ǳh`MbB2Mi `2bTQMb2 Q7 bBHB+QM /2@
pB+2b i 9Xk EX AX h?2Q`vǴX a2KB+QM/m+iQ` a+B2M+2 M/ h2+?MQHQ;v 3Ne-
URNNRV U+BiX QM TTX Re9ĜReeVX
(RN8) "X .B2`B+Ft- 1X aBKQ2M- M/ :X .2+H2`+FX ǳaKHH@bB;MH X+X BKT2/M+2 Q7 M
aB `2bBbiQ` i HB[mB/@?2HBmK i2KT2`im`2bǴX aQHB/@aii2 1H2+i`QMB+b j9 URRV-
RkR8ĜRkk9- URNNRV U+BiX QM TX Re9VX
(RNe) X X :`BM#2`;- aX Gm`vB- JX _X SBMiQ- M/ LX GX a+?`v2`X ǳaT+2@+?`;2@
HBKBi2/ +m``2Mi BM  }HKǴX A111 h`Mb+iBQMb QM 1H2+i`QM .2pB+2b je UeV-
RRekĜRRdy- URN3NV U+BiX QM TX Re9VX
(RNd) *X *MHB- *X C+Q#QMB- 6X Lp- :X PiipBMB- M/ X H#2`B;B@Zm`MiX
ǳ1H2+i`QM /`B7i p2HQ+Biv BM bBHB+QMǴX S?vbB+H _2pB2r " Rk UeV- kke8Ĝkk39-
URNd8V U+BiX QM TX Re8VX
(RN3) >X .2 GQb aMiQb M/ CX :`vX ǳ6B2H/@/2T2M/2Mi 2H2+i`QM KQ#BHBiv BM bBHB+QM
#2ir22M 3 M/ dd E@ b2KB@2KTB`B+H KQ/2HǴX A111 h`Mb+iBQMb QM 1H2+i`QM
.2pB+2b j8 URRV- RNdkĜRNde- URN33V U+BiX QM TX Re8VX
(RNN) GX 6X a?KTBM2- CX EB2`x2MF- M/ JX qX _2B+?2HiX aQHpBM; #QmM/`v pHm2
T`Q#H2Kb 7Q` Q`/BM`v /Bz2`2MiBH 2[miBQMb BM JhG" rBi? #pT9+X kyyy
U+BiX QM TX ReeVX
(kyy) >X umM M/ X S2`2`X ǳaT+2 +?`;2 MHvbBb Q7 aB n+ − i bi`m+im`2b rBi?
TTHB+iBQM iQ 7`@BM7``2/ /2i2+iQ`bǴX aQHB/@aii2 1H2+i`QMB+b jN U8V- ekRĜ
ek3- URNNeV U+BiX QM TX RedVX
(kyR) .X .X *QQM M/ aX .X :mMTHX ǳL2r BMD2+iBQM KQ/2 BM7``2/ /2i2+iQ`ǴX
CQm`MH Q7 TTHB2/ S?vbB+b 8d URkV- 88k8Ĝ88k3- URN38V U+BiX QM TX RedVX
(kyk) >X EX >2MBb+?X a2KB+QM/m+iQ` +QMi+ib, M TT`Q+? iQ B/2b M/ KQ/2HbX
dyX Pt7Q`/ lMBp2`bBiv S`2bb- la- RN39 U+BiX QM TX Re3VX
(kyj) >X sX umM M/ X :X lX S2`2`X ǳaT+2@+?`;2@HBKBi2/ +QM/m+iBQM BM aB
n+ĜiĜn+ ?QKQDmM+iBQM 7`@BM7``2/ /2i2+iQ`bǴX CQm`MH Q7 TTHB2/ S?vbB+b
dN U3V- 99R3- URNNeV U+BiX QM TTX Re3ĜRdy- kydVX
(ky9) uX umM M/ X :X lX S2`2`X ǳ1z2+i Q7 i@Hv2` T`K2i2`b QM i?2 T2`7Q`@
KM+2 Q7 aB n+−i−n+ ?QKQDmM+iBQM 7`@BM7``2/ /2i2+iQ`bǴX A111 h`Mb+@
iBQMb QM 1H2+i`QM .2pB+2b 99 URkV- kR3yĜkR3e- URNNdV U+BiX QM TTX ReN- kydVX
kjy "B#HBQ;`T?v
(ky8) .X oX GM; M/ *X >X >2M`vX ǳa+MMBM; T?QiQ+m``2Mi KB+`Qb+QTv,  M2r
i2+?MB[m2 iQ bim/v BM?QKQ;2M2QmbHv /Bbi`B#mi2/ `2+QK#BMiBQM +2Mi2`b BM
b2KB+QM/m+iQ`bǴX aQHB/ aii2 1H2+i`QMB+b kR URR@RkV- R8RNĜR8k9- URNd3V U+BiX
QM TX RdRVX
(kye) _X :`?K M/ .X umX ǳa+MMBM; S?QiQ+m``2Mi JB+`Qb+QTv BM a2KB+QM/m+@
iQ` LMQbi`m+im`2bǴXJQ/2`M S?vbB+b G2ii2`b " kd Uk8V- RjjyyR3- UkyRjV U+BiX
QM TX RdRVX
(kyd) >X uK;m+?B 2i HX ǳaTiBHHv `2bQHp2/ T?QiQ2t+Bi2/ +?`;2@+``B2` /vMKB+b
BM T?b2@2M;BM22`2/ KQMQHv2` JQakǴX *a LMQ N URV- 39yĜ39N- UkyR8V U+BiX
QM TX RdRVX
(ky3) _X :`?K- *X JBHH2`- 1X P?- M/ .X umX ǳ1H2+i`B+ }2H/ /2T2M/2Mi T?QiQ+m`@
`2Mi /2+v H2M;i? BM bBM;H2 H2/ bmH}/2 MMQrB`2 }2H/ 2z2+i i`MbBbiQ`bǴX LMQ
G2ii2`b RR UkV- dRdĜdkk- UkyRRV U+BiX QM TX RdRVX
(kyN) .X 6X "HQbb2vX ǳqMMB2` 1t+BiQM BM M 1H2+i`B+ 6B2H/X AX PTiB+H #bQ`TiBQM
#v "QmM/ M/ *QMiBMmmK aii2bǴX S?vbB+H _2pB2r " k URyV- jNdeĜjNNy-
URNdyV U+BiX QM TX R3kVX
(kRy) >X q2KM- ZX sX w?Q- M/ "X JQM2K`X ǳAKT+i BQMBxiBQM Q7 2t+BiQMb M/
2H2+i`QM@?QH2 /`QTH2ib BM bBHB+QMǴX S?vbX _2pX " je UNV- 8y89Ĝ8y8d- URN3dV U+BiX
QM TX R3jVX
(kRR) X _Q;HbFBX ǳAM7``2/ /2i2+iQ`b, aiimb M/ i`2M/bǴX S`Q;`2bb BM ZmMimK
1H2+i`QMB+b kd Uk@jV- 8NĜkRy- UkyyjV U+BiX QM TX RNjVX
(kRk) 6X axKmHQrB+x M/ 6X GX J/`bxX ǳ"HQ+F2/ BKTm`Biv #M/ /2i2+iQ`běM
MHviB+H KQ/2H, 6B;m`2b Q7 K2`BiǴX CQm`MH Q7 TTHB2/ S?vbB+b ek UeV- k8jjĜ
k89y- URN3dV U+BiX QM TX RNjVX
